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A new cluster development for the logarithm of the grand partition function of a system of interacting 
particles is derived. The leading term in this expansion is the pressure exerted by an ideal Bose or Fermi gas 
at the same temperature and absolute activity Z as the actual system. Succeeding terms involve quantum 
cluster integrals which themselves depend upon Z, unlike their classical analogs. The definition of these 
cluster integrals follows in a natural fashion using techniques illustrated by construction (in closed form) 
of the successive Z derivatives of the Bose and Fermi ideal gas grand partition functions. It is not possible 
(except in the classical limit) to eliminate Z explicitly between the pressure and density series, so that the 


equation of state must remain in parametric form. 


I. INTRODUCTION 


ECENTLY there has been considerable interest 

in the quantum-mechanical behavior of large 
systems of interacting particles. For the most part, 
the approach of these many-body theories has limited 
the analysis to properties of the ground state or low- 
lying excited states.'~* Of equal intrinsic interest for 
equilibrium statistical mechanics are details of the 
system’s properties during the entire passage from the 
high-temperature classical realm to absolute zero, 
requiring knowledge of the complete energy spectrum. 
It is the purpose of the present note to clarify this 
transition from the standpoint of the cluster theory of 
the equation of state in a form which need make no 
special appeal to the usual quantum mechanical 
perturbation theory; our formalism is valid for arbi- 
trarily strong interactions. In this respect primarily, 
the present quantum cluster development differs from 
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that of both Green* and of Montroll and Ward.’ As in 
the corresponding classical treatment, we find it 
convenient to employ the powerful techniques of the 
grand ensemble to derive expressions for the funda- 
mental thermodynamic quantities. In the following, 
it will be supposed that the reader is familiar with 
classical cluster theory.* 

The next section reviews, very briefly, the funda- 
mental properties of the canonical (CPF) and grand 
partition functions (GPF). In particular, the effects of 
quantum statistics (wave-function symmetry condi- 
tions) are separated from the interparticle force contri- 
butions by introducing a modified Hamiltonian 
operator. Section III develops further the basis of our 
cluster approach in the ideal gas case, obtaining directly 
the successive activity derivatives of the Fermi and 
Bose GPF’s. In IV, the quantum mechanical cluster 
integrals are introduced in a way which retains the 
same formal structure of the activity expansion of the 
GPF as in classical statistics; now, however, the 
quantum analogs of the singly and doubly connected 
cluster integrals themselves depend upon the activity, 
reflecting statistical degeneracy. It must be pointed out 
that the quantum clusters as defined below are by no 
means unique, even if the usual classical forms are 
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M. G. Mayer, Statistical Mechanics (John Wiley & Sons, Inc,, 
New York, 1940), Chap. 13. 
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regarded proper high-temperature limits. Our 
purpose has been to emphasize the role played by 
particle indistinguishability, insofar as it determines a 
degenerate momentum distribution. 

Section V examines the cluster equation of state, 
which must remain in parametric form except in the 
classical realm. In a final section certain integral 
equation relations satisfied by the exponential of the 
modified Hamiltonian are derived, and this function is 
expressed in terms of the wave functions for the actual 
(unmodified) Hamiltonian. 


as 


Il. CANONICAL AND GRAND PARTITION 
FUNCTIONS 


For the purposes of the present article it will be 
sufficient to suppose that the particles (of mass m) 
comprising our single-component, nonidea! system are 
spinless, and interact through central forces. Generali- 
zation to include more complicated interactions, as 
well as particle structure, will not require fundamental 
revision of our procedure. The N-particle Hamiltonian 
is therefore written 

i? 


N N 
Vit >» v(F jx). (1) 


2m j~1 i<k=1 


Hy=Hy™+Vy 


The eigenfunctions of Hy are presumed to constitute 
an orthonormal! set over the system volume V. 

The CPF for quantum assemblies is the trace of the 
density matrix’ 


QOn=exp(—BAy) BHy)|, B=1/kT; (2) 


Ir Lexp( 


Ay is the Helmholtz free energy. The value of the trace 
in (2) is independent of the representation chosen. 
Kirkwood"! shown that for certain purposes, 
plane particularly convenient 
Specifically, it is important to choose only those linear 
combinations, ¢“’’, of plane-wave functions which 
possess the same symmetry properties as the wave 
functions of our interacting system. Consequently, set 


has 


waves are a basis. 


1 } 


4 N 
(r,p) > (+1)!?! exp 2 ry Pps|, (3) 
ht jm 


(N!)t P 


where the upper sign refers to Bosons, the lower to 
Fermions. ? is the permutation operator (of parity 
P) for the N momenta, and the summation in (3) 
is over all NV! possible permutations. Equation (10) 
of reference 10 provides the starting point for our 
analysis, 


1 . 


a aa ~ | of%*(pp) 
Cs dt be 


Xexp(—8Hy)¢e'(r,p)\d*rd**p, (4) 
*J. von Neumann, Mathematical Foundations of Quantum 
Mechanics (Princeton University Press, Princeton, 1955), Chap. V. 
” J. G. Kirkwood, Phys. Rev. 44, 31 (1933). 
uJ. G. Kirkwood, Phys. Rev. 45, 116 (1934). 
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n the plane-wave represen- 
in the 
be eliminated 


by expressing the trace . 2), 


tation. One of the 
(N) 


summations 


permutation 


g™ in (4) is redundant 


1 n 
Qw=— Je Y)*(¢.p) exp(—SHy) 
(N1)4He 


ry Bs JPA 5) 


i N 
xexp( Zz 
Ne jm 


The exponential of the Hamiltonian Hy appearing in 
(5) is to be interpreted as its expanded form, 


exp(—SHy Hy (6) 
j 

We therefore make use of 

function g of the po 


the identity (for an arbitrary 
i im coordinates) 


ind moment 


iN 
Hy exp(_ > ry py 


1 pl 


D; 


— \T jk ’ 
2m fmt 


to move the plane wave on the right of exp(—8Hy) in 
(5) to the left: 


On= (1/N 1h**) fo. )(r,p)F (r,p)d**rd*"p, 


‘ } s (8) 
o,™(r,p)= > (+1)'” exp( > fj p-Pp))), 
P h im 


F)(r,p)=exp(—8Hy’)-1 

The exponential of the modified Hamiltonian operator 
is now left to operate just on unity, defining thereby 
the function F?. 

The result (8) has simplified the statistical problem 
to this extent: the detailed quantum dynamics of the 
N-body Schrédinger equ: the latter’s compli- 
cated hanical properties, are 
contained entirely F(r,p), which is the same for 
both Fermi and Bose sy We note in passing, from 
the last of Eq. (8), that F satisfies a Bloch differential 
equation involving the modified Hamiltonian 


OF N Hy'F 7 . 


ition, with 


wave me diffraction 


stems 


(9) 


is particularly simple in the classical 
ng A=0), where obviously 


N 
rp? +x) | (10) 


og 


In addition, F™ 
limit (obtained by setti 


Fy 





QUANTUM STATISTICS 
Equations (9) and (10) are shown to be equivaient to a 
single integral equation in VI, which in principle may be 
employed to find F“?. 

Statistical degeneracy, on the other hand, affects Ow 
only through o,“. Even if there were no pair forces 
acting in our system, the exchange function o,? in 
(8) would provide coupling between the particles; the 
effect is to create nonvanishing virial coefficients for 
degenerate ideal gases. 

The GPF yields the pressure directly in terms of the 
chemical potential », 


pV I 
G(z)=exp(— = > OnZ*, 
kT N=0 


Qo=1, Z=exp(Su). (11) 
The grand ensemble average number of particles, N, 


and energy, E, are obtained by differentiating G(Z), 
N= (4 InG/A InZ),,v; (12) 
E= — (4 InG/0B)z,v. (13) 


The expression (8) for the CPF’s of various orders will 
presently be.shown particularly useful for computing 
InG in a cluster series; relations (11), (12), and (13) in 
turn allow evaluation of all thermodynamic properties 


Ill. THE IDEAL GAS 


Before investigating the general interacting system 
in quantum statistics, we examine the degenerate ideal 
gas, for which the particle pair potential »(r) vanishes. 
The ideal N particle CPF then is 


Oy? = —— J 
P 


Nives 


(+1)! 


N Bp? 1 
x f ep » ¥ | -—+-11-(-Pp | 
ei 2m h 


Kae * rd’ p; 


the zero superscipt refers to this noninteracting case. 
Every permutation P of the NV momenta p; may be 
factored into disjoint “‘cycles,” * each of which permutes 
a subset of the p,’s cyclically.“ One may show easily by 
induction that if P factors into / cycles, the parity 
of this permutation (even or odd) is the same as the 
parity of VN—J. Consequently we set 
P| =N—I. (15) 

The ideal gas CPF, therefore, consists of a sum of NV! 
contributions, one for each distinct permutation. Every 


2G. Birkhoff and S. MacLane, A Survey of Modern Algebra 
(Macmillan Company, New York, 1941), p. 136. 

“ Thus, for example, if N=7 and if P permutes the momenta 
PiP2P2P<PsPeP tO PePsPiPsPoPPs 80 that Ppi=ps, Ppe= Pr, Ppr=pr, 
Ppi=pi; Ppe=ps, Ppi=p2; Pps=ps; then P is factored (pipep:p:) 
(pop«) (ps); i-e., a four-cycle, a two-cycle, and a one-cycle. 


(14), 
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one of these contributions may be expressed as a product 
of | factors, one for each cycle of the permutation to 
which that term corresponds. If P has /; one-cycles, J, 


two-cycles, ---, then 


(16) 


Now Qy“ may be exhibited as a sum over such sets 
of integers {/;} subject to the restriction (16), 


N 
LD (1) 4c (,) TT (14), 


(44) il 


P- Bp.” i 
I ;= fe yi- oa ro (po 2e-)]| 
| = 2m h 


x d*rd* ip, 


Oy = 


(17) 
NvUe% 


Po= 9;, 


where the summation over {/;} is subject to the re- 
striction }> jlj=N. The combinatorial factor C{l,} is 
the number of distinct permutations which conform 
to the set {1,;} of cycles of different orders. This is 
precisely the number of essentially different ways of 
arranging N objects (particles) on oriented loops 
(cycles) such that J; loops contain one object, J, loops 
contain two By straightforward 
computation, 


objects, 


(18) 


N 
CULjy=N1/ TLL tj). 
fol 


To develop a technique useful in construction of the 
quantum cluster integrals for imperfect systems, we 
now obtain 0°G™/dZ* (for any integral s) by a simple 
approach. In Eq. (17), defer for the moment the 
position and momentum integrations for a set of s 
particles, 1---s. A particular permutation P of all N 
particles will have these s particles combined with 
n—s others to provide the “s-containing” cycles. It 
should be realized there may be from 1 to s such cycles, 
depending on P. The n—s particles may be chosen in 


€* be 
n—s 

distinct ways. Taking proper account of the essentially 
different ways in which the s-containing cycles may be 
formed from a given set of m particles, and summing 


the non-s-containing cycles to obtain a lower order 
CPF, (17) leads to a difference equation satisfied by 


(N—s): 


“(n—s)\(N—n)! 
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the ideal CPF’s of various orders 


N 
Oy = ‘ik aE . ——— z Qn-2” (+1)*-* 
N(N—1)-+-(N—s+1) n=« 


n Bp? 
exp _ | 
2m 


xdper, , (19) 


x } 3 a, (r,p) Il 


{"/} yl 


where the summation over {n;} is subject to the 
restriction 


> nj=n. 
1 
We now pass to the grand ensemble by multiplying 
both sides of (19) by Z%, and summing. The facter 
[N(N—1)---(N—s+1)}" occurring in (19) may 
subsequently be eliminated by an s-fold Z differentiation 


0G (Z) « N 
- = ps ZN-*hy-* > On 


— a (+ 1)" 
aZ* News 


nes 


. = feos) II {exo| -"**] 
i 2m 


ny} 
(2nj =n) 


X d*p,d*r; ; (20) 


Qv_.© (with the appropriate factor Z‘-") on the 
right-hand side of (20) sums separately to give a factor 
G®(Z), upon suitable change of summation variables. 
The remaining terms may be put into closed form 
1 dG (Z) 
G(Z) az 
d*p a'r; 
h «fos — . (21) 
exp 8p ?/2m |Z 


1, the relation (21) may be integrated to yield 
G(Z) in closed form (since the classical partition 
function must be obtained for sufficiently small Z) 


V bP 
E f nf 12 exp(-—) lao}. (22) 
i} 2m 


Clearly it is much simpler to find high order deriva- 
tives of G (Z) from (21) rather than by tedious differ- 
entiation of (22). 


(rp) I 


1 


For s 


G(Z)=exp 


IV. QUANTUM MECHANICAL CLUSTER INTEGRALS 


For the more realistic case in which the particles of 
our quantum mechanical system interact via non- 
vanishing potentials »(r), the fundamental quantity 


JR. 
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F™) is no longer a simple function of just the momenta 
as it is for the ideal gas. Since the modified Hamiltonian 
Hy’ is a differential operator, the last of Eq. (8) shows 
that F™ involves not only v(r), but its derivatives as 
well, the latter being interpreted as the of 
quantum diffraction effects. 

The quantum cluster development is introduced by 
the set of relations (V=2, 3, ---) 


result 


N N 
b?) (jk) TT FW) 
l i=1 
ei,k 
~ 
&® (jk) TI F(m) 


m=1 
fi, kt 


-+-6)(1---N), 


v } 
FM(1---N)= TT F(f)+ ¥ 
i=l i<k 


ote 


N 
> 
— 

i<k< 


l=] 


+: (23) 


The first term, a product of N free particle factors F®, 
is precisely the ideal gas F“”’. The following members of 
the sum, through the 6°, 6®---, correct for inter- 
actions of pairs of particles, triplets, ---. By successive 
reversion of the expressions (23), the #“) may be 
related to sums of products of the F‘”, The general 
term is found to be 


b() (1 ---m)=(—1) n—1 I] Fe j) 


8 ae 


*4,) 


<i, = 1 


x IIT F(j), (24) 
j=i 
wotis* *te 


which may be verified by substitution in (23). The first 
members of this sequence are readily seen to be 


b® (jk) =F (jk) —F™ (7) F™ (R), 
}® ( jkl) =F (jkl)— F® (jk) F™ (D) 
— F® (jl) F® (k)— F® (kD) F™ (7) 
+ 2F(7)F(R)F©(D, etc. (25) 
When the positions of particles 1---m are such that 
they are separated into two sets (1---& and k+1---n, 
for example) such that every member of the first set is 
significantly farther from members of the 
second set than the range of o(r), then PF‘ (1---n) 
reduces to the product of F’s for each subset 
[FM (1---k)Fo-» (k+1---m)]. So far as Eq. (24) is 
concerned, this property of the F’s 
implies that if none of the particles 1---m are close 
enough to interact through the o(r), then ®“ vanishes 
identically. It must be realized, however, that 6“ does 
not necessarily vanish if 1---m separates into subsets 
each of more than just a single particle." 
The expansion (23) is now inserted for F“ 


all 


factorization 


in the 


4 @) (1234) for example reduces to &®)(12)@®)(34) when the 
only particle pair distances which are small are ri2 and rae. 
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CPF (8). The first member of the resulting sum is 
Qv™. Since the &“ are complicated functions of both 
the position and momentum coordinates of a set of s 
particles, it is advantageous to separate the integrations 
over these 6s coordinates in the terms containing a 
®), The remaining integrations are treated in the 
manner of Sec. IIT. When it is remembered that exactly 
N(N—1)---(N—s+1)/s! terms contain a #, one 
has finally the counterpart of the difference equation 
(19) 


N 4 N 


Qvn=Qn+ & ~ LD Qv—s® (+1)"-* 


S| 


s n Bp? 
= L© (r,p) TT exp - - ~| (26) 
elt! ) rl 2m 


Xap a'r; 
L® (r,p)=05 (r,p)® (r,p)/LF™ (1) ---F®(s)). 


The quantity L“ represents the coupling between the 
momenta and positions of an s-particle set induced 
both by forces and by exchange effects. 

The techniques used to construct G®(Z) and its 
derivatives previously are likewise applicable to this 
interacting case. When (26) is multiplied on both 
sides by Z*, and summed over N, each term on the 
right gives rise to a factor G (Z), so that finally 


=i+ ¥ B(Z)z*, 


o-2 


hr 
B“ (Z)=— 
s! 


L“ (r,p) 


’ 
x {——“~ _}. 
1 exp[8p ?/2m]#Z} 
A significant feature of the integrals B“)(Z) is their 
momentum denominators, which exhibit clearly the 
quantum degeneracy induced by the Fermi or Bose 
statistics. These denominators are, in fact, the mo- 
mentum distribution in an ideal gas at activity Z and 
temperature T= 1/8. In rough terms, the form (27) for 
the cluster integrals B“ shows that the interactions 
among the members of an s-particle set act in a highly 
degenerate (though ideal) bath of other particles; this 
bath affects the s particles by establishing a charac- 
teristic nonclassical momentum distribution. 
Finally, our quantum analogs, b;(Z), of the classical 
singly connected cluster integrals are introduced as the 
Thiele semi-invariants'® of the B“(Z), 


%*H. Cramér, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, 1946), p. 185. 


£ 1 V "j 
B(Z)= > I] 6(2)] 
(nj) | in2 A®(Z) 
(Zjnj =) 


(s=2,3,-++), (28) 


1 -f dp 
A*(Z) Te exp Sp*/2m }+ Zz 


which is equivalent to 

A®(Z) wd 

b;(Z)=— >~ (-1)"(> 2-1)! 
V {ns} i 


e [B“(Z) 
x II , 


(ati = 3) 


(29) 
an] n,! 


B® (Z)=0. 

The “degenerate” mean de Broglie wavelength A(Z) is 
introduced to nondimensionalize the 6,(Z); it reduces 
to the usual value 4/(2xmkT)! for small Z (vanishing 
degeneracy). It will be recognized that since the 
momentum and position integrations in (27) commute 
with the summation and product operations in (28) 
and (29), b;(Z) may be written 


A*(Z) j d’p,a'r, 
b,(Z)=— front ~ 

Vie j! et lexp[Sp.2/2m }FZ 

As regards the relation between the L’s in the inte- 

grands of the B’s, (27), and the /’s in the 06’s, (30), 
Eqs. (29), the first members of which are 

b:(Z) = B® (2), 

b;(Z)= B® (Z), 

b,(Z) = B® (Z)—4[ B® (Z) P, 

bs(Z)= B® (Z) — B® (Z) B™ (Z). etc., 


. (30) 


lead directly to the results 
1,( jk) = L® (jk), 
1( jkl) = L® (jk), 
1,( jklm) = L™ (jkim)—4(L™ (jk) L® (Im)), 
1s( jkimn) = L® (jkimn)—(L (jk) L® (mn)), etc. 


(32) 


The angular brackets, ( ), denote in (32) the sym- 
metrical function obtained by averaging over all ways 
of interchanging arguments between the functions 
contained in the brackets ; for example: 


(L® (jk) L™ (lm)) 
= 4 L (jk) L® (lm) + L® (7D L® (km) 

+L” (jm)L®(kl)J. (33) 

The properties of the semi-invariant relations (28) 

and (29) lead now to the major result of this section 

G(Z) 4 


In- =BV (p— p®) = 


- x 6,(Z)Z4, (34) 
G®(Z) A*(Z) m2 
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which is the desired expansion of the logarithm of the 
GPF. 

At this point, it is instructive to examine the behavior 
of the quantum cluster integrals B“(Z) and 6,;(Z) in 
the classical region. Here it is necessary to consider only 
the identity permutation in o,“. On account of the 
simple form of F.,'", (10), L“ becomes independent 
of the momentum coordinates, so that one is left with 


just 
Be = (A-*, st) fs »(n)d™r, 


by = (AH V3!) fa (r)d*r, 


We hasten to emphasize that coupling of momentum 
and position coordinates in the cluster integral inte- 
grands in the nonclassical region means that generally 
the B“™ and 6; are much more complicated than the 
special cases (35) might indicate. 

For N= 2, 3, , Eq. (23) may be rewritten (in the 
classical limit) 


they (1-+-N). (36) 
Equation (36), which determines the LZ,“ uniquely, 
may be compared now with the Mayer f expansion 

N 
8 ‘2 UT jx 
j<k=1 


exp 


exp| 


It will be recalled that the curly brackets in (37) 
collect functions 
involving the position coordinates of two, three, 

different particles. Examining both (36) and (37) for 
each N>1 in turn, one finds that Z,)°*(i,---#,) must 
be precisely the curly bracket for arguments 4: - -tg, 
thereby establishing the relation of the present develop- 


successively distinct products of f 
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ment to the Mayer theory. Specifically, one may use 
the f-product interpretation of L, to assign cluster 
diagrams to the corresponding contributions to B,,“. 
Subsequently, /.:°” is 
the reducible 
particles; in contrast to 6“ 


identified in the usual fashion as 


(singly connected) cluster sum for 7 
l vanishes if any pair 
of its arguments are separated by a distance large 


compared with the range of intermolecular forces. 

In a later paper we shall examine at some length the 
utilization of cluster diagrams 
cal case. In particular, 


n the 
sible to employ the 
iblish, in 


expre ssions 


quantum mechani- 


classical identity (37 
fashion, the 


1 unique 
previously for our 


quantum mechanical funct 
V. THE CLUSTER EQUATION OF STATE 


The activity series (34) may be rewritten 


A*(Z)p A*(Z)p® re 
= P . P Z-4 7. 


Z)Z', b(Z) (38) 


kT kT 
the corre- 


This expansion is similar to 


sponding classical expression involving singly connected 


superi ially 


classical cluster integrals as coefficients. The quantum 
statistical situation, however, is compli ated by the fact 
that the 6;(Z) are, themselves, dependent on Z. There- 
fore, we find it no longer possible to undergo the usual 
elimination of Z between (38) and the expression (12) 
for the density p N/V, to obtain a virial expansion 
of the pressure. We shall, 
what extent Kahn’s classi 
to cope with the 


nevertheless, examine to 

® may be modified 
inical problem. 

tives of the irreducible 


il appl al h 
quantum mec! 
The quantum statistical rel 
(doubly connected cluster 

defined by the 
classical theory (7=2, 


integrals are implicitly 
encountered in the 


Same 


Pb (Z 


J 


The inversion of Eq 


B.(Z) 


In particular, one finds 
B,(Z 
B2(Z) = 3b3(Z 
B3(Z) = 4b,(Z 


rh (7 
at é " 


6 b.(Z 
2463(Z)b.(Z 


‘ 
, © 


as B. Kahn, dissertatior 
i7 3 E Mayer, J Chem 


t. 1938 (ur 


10, 629 


published ). 


1942 


Utrecl 
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Although it is true that in the classical realm our §;(Z) 
(the “irreducible” cluster integrals) are proportional 
to the virial coefficients for the nonideal system, they 
are, on the other hand, very complicated functions of 
the mean density p when quantum degeneracy appears. 
It is for this reason that they include many-body 
effects determined by the thermodynamic state of the 
entire interacting system. 
An auxiliary variable y is introduced by setting 
an 
Z=yexp[—r(y)], rly)= L Bay". (42) 
k= 
On account of the definitions (39), Lagrange’s theorem'* 
allows (42) to be inverted 
a 


y(Z)= L jbi2'. 


ml 


(43) 


The sum occurring in (38) may be rewritten as an 
integral, making use of (42) 


. 7 y(a) 
,™ oyzim f te 
I 6 


a 
-) 
p(B,u) me 
Ou 8. 


(44) 





A( Z) Op 8. 


obtained by differentiating (46). 

As already remarked, the equation of state must 
remain in parametric form. Having chosen values for 
the chemical potential » and B=1/kT, the quantities 
Z and [by (43) ] y are numerically determined. Substi- 
tution of these values into (46) and (47) yield the 
simultaneous values of p and p. 


VI. THE MODIFIED HAMILTONIAN 


Determination of the quantum cluster integrals 
b,(Z) and #,(Z) requires knowledge of the F of 
various orders. The behavior of these functions may 
be displayed in a number of ways. One can, for example, 
easily obtain a series development of F‘” in ascending 
orders in Planck’s constant A (the general term of which 
would be given recursively); alternatively F™ would 
admit of a perturbation expansion in the interaction 
potentials. In the present section, though, we shall 
illustrate properties of the F in a manner appropriate 
to all temperatures (not merely the near classical 
region) as well as all interaction strengths. 

We have already seen that F™ satisfies a Bloch 
equation, (9). Without significant loss of generality, 


1% E. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, New York, 1942), p. 133. 


3(p—p) s@A(Z) 
<a pieayee) , = 
sv <A*(Z) 


If we replace Z by a in (42), (44) is seen to be 


cs Zz 
> 5,Zi= exp[r(y(a))] 
, pl a-0 


Xd{y(a) expl— r(y(a)) }} 


viz Or 
~ f 1 ~y li 
0 Oy. 


o k 
=y— > —A#;(Z)y"", 
komt +1 


(45) 


where reference has been made to the definition of r, 
(42). The pressure is therefore 


A'(Z)p A*(Z)p® we k 
wa -Z+y- © —#,(Z)y""|. 
+1 


km 


kT 


kT 


(46) 


Referring to (11) and (12), the mean density p is 
the w derivative of » at constant temperature and 


volume, 
kT (2) Z 
Ops av kT 


” y £08:(Z) oy 
E by} - (- =) +0(2)(~) |} (47) 
ret LR+IN Op Joey Ou? pv 





it may be assumed that the pair potentials o(r) are 
bounded, though possibly very large in magnitude. At 
sufficiently high temperatures, then, F™ is asymptotic 
to the classical ideal gas form 


Fo (r,p : B) = exp — Bp?/2m). 


F™ is completely determined by this boundary 
condition in conjunction with the Bloch differential 
equation. Consequently, (9) and (48) may be combined 
to give a single integral equation 


FO (rnp; B) =exp[ —Sf*/2m] 


(48) 


-f exp (8’—8) H.W a(r)F™ (1,9; 8')d8", (49) 


0 


from which (9) may be recovered by differentiation. 
That part of the integrand of (49) containing H,’ 
may be transformed 


(8’—B) 1 
—(ip+nv)? -— fot 
2m nds 


6—p’\! 
xexp| —#—2k- (ip +av)(—) } (50) 
2m 


exp| - 
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The exponential gradient operator on the right side of 
(SO) is the Taylor’s operator; when operating on 
functions of the 3n-dimensional configuration vector 
r, it makes the replacement 

r— cr’ =r— 2h (B—P’)/2m )'k. (51) 


The integral equation (49) is consequently modified 


to read 
1 4 
~ f ag {ak 
ae 2 0 


p - B’ j 
Xexp] — #’ 2i( Jk V(r’) 
2m 


XF™ (r’,p; 8’). (52) 


bp 


2m 


F (r,p; B) exp| - 


The variables of integration are 
k, 8’ to r’, x, where 


now changed from 


r= 6/(B—8’); (53) 
after the correct transformation Jacobian is computed, 


(52) leads to the result 


Fi (rp; B) 


BP m Sass o 
exp] — -6( ) fowl dx x3*/2-2 
2m 2rh*8 , 


; > 


| m\t s $4 
x exp] — + 
2h'*B h 
XFL r'p;8(1—1/x)]}. (54) 
Thus an integral equation for F‘ has been derived 
whose solution, in principle at least, should represent 
this function over the entire temperature range from 
absolute zero to the classical region. 
The formal similarlity of the Bloch equation (9) 
to the time-dependent Schrédinger equation, upon 
replacing 8 by 1 


been recognized 


h (t is the time variable), has long 
In consequence, the well-developed 
formalism of time-dependent perturbation theory in 
quantum mechanics is applicable to determination of 
the F™ as an alternate method of analysis, by consider- 
ing temperature differences to be equivalent to imagi- 
nary time intervals. It is our purpose only to use the 
structure of perturbation theory to re-establish the 
general result (54). This viewpoint is in contrast to that 
of Montroll and Ward’ who evaluate their quantum 
cluster integrals in perturbation series. 

In order to examine the relation between the Bloch 
and Schrédinger equations, we define a 


first trans- 


formation function K‘” which, as an integral kernel, 


serves to connect the values of F‘ at different tem- 


AND J G KIRKWOOD 


peratures and parti le configurations 


K™(2\1)=0 i>Be 


K(2)1)=K™ (ro,p; 


It is possible to show” tha atisfies the differential 
equation 
[ (8/dB2)+ H,'(2) Ki‘ (2/1) 6(re—1r)6(B2— 1) (57) 


subject to the boundary condition (56). This latter 
implies 


lim K“™(ro.p; 8i4-¢ 


e+ 


r,p; 61) =4(re—r1), (58) 
so that 
B2= Bi. 

It is known that (56) and (5 
integral equation 


K™(211)=Ky (2/1 fo 


a 


(55) reduces, as it must, to an identity when 


/ 


are equivalent to the 


3/1), (59) 


where K 
defined by 


[ (0/082) +H, 


5(ro—11)5(82—81), (60) 


and the boundary condition (56). If u(r) 
orthonormal the 
tonian H,’, 
(82> 1) the 
form 


the 
modified Hamil- 
E,', then 
(59) may be expressed in the 


are 
eigenfunctions of 


with associated eigenvalues 


. ° 
solution fo 


r oe ry exp Bo —By E,' |. (61) 


leads to an immediate evaluation of 


nections of H, 


This result (61 


Ky” since the eigenfi ’ are plane waves 


1 
rl 
h (62) 


Replacing as usual the a by an inte- 


® See S. S. Schweber, H. A. Bethe, and | 
and Fieds (Row, Peterson and Company, Evanston, 1956), pp. 
54-58, for a review of perturbation theory in this form, including 


justification of the results concerning K‘*) which we quote here 
without proof 


de Hoffmann, Mesons 
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gration over q, we see that 


Ky‘ (2) 1) 


| (3) a ro 


(Be 


— B31) i 
xexr| _ ~~ (ota +-(r2—n)-a] 


zm 


m 3n/2 
ees 


m(f2—1%)" i 
xexp| — —p: (an) (63) 
2h*(82—B1) he 
Upon multiplying both sides of (59) by 
F (11,p; B1=0) 


and integrating with respect to mr over V, we obtain 


F (r9,p; 82) =expl—Bp’/2m]— fern 


x [48s Ko (2) 3)VA(SDP (0096. (64) 
0 


Now if (63) is inserted in (64) for the free particle 
transformation function Ko, and if we make the 
substitutions 
B2=8, 
Bs=6’, 
B—p’ =B/x, 
the integral equation (54) is exactly reproduced, 
demonstrating thereby the relation between the two 
approaches outlined in this section. 


(65) 
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Finally, it is a simple matter to express F™ in 
terms of the eigenfunctions y,‘")(r) of the unmodified 
Hamiltonian H,. By making use of the identity (7), 
one has that 


F (r,p; 8)=expl_— (i/A)p-r] 


X {exp(—B8H,) expl(i/h)p-r]}}. (66) 


If E, denotes the energy eigenvalue corresponding 
to the wave function ¥,"")(r), then it is easy to see that 


i 
pr) 
h 


x E x." (pha (r) exp(—BE,), (67) 


ant 


FPO (rp; B)= exp) = 


when the completeness property of the entire set of 
va‘ is utilized in expansion of the plane-wave in (66) 


i = 
exp(-p r) => 
h anv 


x, ("?(p) Y fiver *(r’) exp (i, h)p-r’ \d**r’. 


X,‘" (p)Wa'" (Fr), 


(68) 


At sufficiently low temperatures, only the lowest 
eigenvalues £,"" (i.e., the ground state and low-lying 
excited states) contribute appreciably to the sum (67), 
and in certain cases it may be convenient to establish 
the properties of F\ from known behavior of the 
wave functions y,‘". For intermediate temperatures, 
where a large number of energy levels in (67) are 
involved, it will undoubtedly be necessary to solve the 
integral equation (54) in detail. A later communication 
will deal with application of known solutions of the 
quantum mechanical two-body problem to computation 
of thermodynamic properties of systems in interaction. 
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The pseudopotential method is used to calculate that low-lying excitation energi 
spheres at T =0 to an order beyond that previously calculated by this techniq 
with those obtained by Beliaev using a different approach. The phonon velo 
velocity of compressional waves to the order of approximation considered 


INTRODUCTION 
ECENTLY, a 


developed for 


have been 
systematically calculating the 
properties of a many-body system at low temperatures. 
Although most of these methods have so far only been 


number of methods 


applied to the calculation of ground-state properties, 
several, e.g., the pseudopotential method'* and the 
binary collision method of quantum statistics,’ have 
also been used for calculating thermodynamical 
properties at finite temperatures. 

Considerable attention has been given to the appli- 
cation of these methods to the Bose gas of hard spheres. 
The reason is that the small number of parameters in 
the problem greatly simplifies the theoretical investi- 
gation. Moreover, there is the hope that the study of 
this idealized problem will eventually lead to a better 
understanding of the observed properties of liquid Het. 
One considers the case of infinite matter in which both 
the number, V, of bosons and the volume, Q, of the 
confining box approach infinity while the density, 
p= N/Q, is held constant. For this problem Lee, Huang, 
and Yang have shown that a low density expansion of 
the thermodynamical properties can be made in terms 
of the parameter (pa*)! where “a” is the diameter of 
the hard spheres.‘ 

At any temperature less than the critical temperature 
T., the low-lying excitation energies of a system of 
bosons are associated with unique wave numbers and, 
therefore, they exhibit particle-like properties. The 
energy-momentum relation for these quasi-particles 
can be measured for He‘ by neutron scattering experi- 
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Commission 
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Commission and in part by the Office of Naval Research. This 
research was started while the second author was at Columbia 
University 
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ments.® For the idealized hard sphere model the leading 
dependence in the low density approximation was first 
calculated by Lee and Yang for all T<T,.2 Inde- 
pendently, Beliaev has also derived the energy-mo- 
mentum dependence of the low-lying excitations from 
a study of the one-particle propagator in the Bose 
many-body system.® Beliaev’s r ch apply only 
to the ground state (i.e., T=0) of the system, include 
the leading correction to the excitation energy in terms 


ilts, w 


of the parameter (pa*)'. This correction 
imaginary part which is, of course, to be 
the line width of the excitations 


ncludes an 
issociated with 
ipply the pseudopotential 
the 
energies of the low-lying excitations above the ground 


In the present paper we 


r 
method to calculate the O(pa*)! correction to 


state of a Bose gas of hard spheres. The interest of this 


investigation is twofold. On the one hand, the pseudo- 


potential approach is one of the methods best under- 


stood in principle for the treatment of the Bose gas of 


hard spheres. Therefore, it is of considerable interest 


to extend the application of method beyond the 
On the 


the present technique 


approximations used in previous calculations 
other hand, there is the hope that 
can be extended to the case T+0 

We begin in Sec 
for the 


which is useful for our calculation. 


I by writing down the Hamiltonian 


many-body system in an approximate form 
Our final results, 
given in Secs. IV and V, are in agreement with those of 


Beliaev. 


1. HAMILTONIAN OF THE SYSTEM 


In the low 


energy, V, 


density approximation the interaction 


in a box of Bose hard spheres (spin=0) 


| can 


be approximated by the sum over all two-body pseudo- 
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potentials, i.e., 
V=> V(x,,), 
) 


where 


+([terms corresponding to partial waves 


with Z21], (1.1) 
and we use units for which A= 2m=1.' The interaction 
V,; has meaning only when it operates on an eigen- 
function of relative momentum k=4(k,;—k,). In the 
many-body problem it is convenient to use the language 
of quantized fields. One therefore introduc’s the 
operators p(x) = (1/02!)>°y axe"** and 


y' (x)= (1/2)>°. a,'é ik 7 


where ay and a,’ are, respectively, the annihilation and 
creation operators of free-particle states with mo- 
mentum k in a box of volume 2 with periodic boundary 
conditions. In this representation the approximate 
interaction )> <j V (xi) is written as: 


1 
ye f Pada WW" (a) (xu)¥ (x(a). (T.2) 
2 


It is usually assumed that ka<1, for then the pseudo- 
potential V (x,,) is greatly simplified by the replacement 
tanka/k&a. This assumption is inherent to the low 
density approximation. The dominant part of the 
interaction energy, V’, can then be written in the 


he 
2 


‘ 


Hy=4rpaN+D' (+k) Nat 
k 


> 
k 
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following form: 


4ra 0 
V’=lim 


; 
rz exo| 
“oO 2 ari 


ky, ks 2 


(k. - kt] 


x >. a;'a2'a306 k, t ky koko}. (I.3a) 
ki, ke 
Wu has shown that the S-wave interaction V’ can 
also be expressed as’ 


4ra 


> ay 'aeta3agd (ty +he — ky — ky) 


> k ok 


ks 


‘ 
Xcos—|k;—ky!. (1.3b) 
2 


[his last form for V’ is useful because it greatly simpli- 
fies calculations. It is to be understood that the limit 
«—» 0+ is to be taken afler all momentum sums over 
matrix elements have been performed. In the limit of 
infinite volume, i.e., 2, VN —+ © and p= N/Q=constant, 
the limits may be performed in the order lim,.o, lime., 
with the ¢ limit taken last. 

The total Hamiltonian, H, of the gas of hard spheres 
is given by the sum of the interaction energy V and the 
kinetic energy, T7=)>0 x k’ay'ay. In Appendix I we show 
that the part of H which is necessary for our present 
calculation consists of four terms. 


H&Dy BNa+V’ 


Hot+-H,+-Hit+-Hyt+ = (higher order terms) (1.4) 


where Vy=a,'a, is the number operator for particles 
with momentum k, and 


(a,'a * + d,a k ‘ oske iP 


4ra 4ra . 
H,=—-—(>’ N;)*- = ly N,)>’ a;‘a i+ a\a 1 cosle " 
k 2 » 1 


Q 


el 
— 


a,'a x’ aya k cosk’ e. 


and 
(1.6) 


The summation symbol >>’ means that the zero 
momentum term is to be omitted. The Hamiltonian 
H, includes the dominant (for low densities) diagonal 
terms in the plane wave representation plus those terms 
in the interaction which describe the annihilation or 
creation of a pair of particles of momentum (k, —k). 
When the interaction is switched off, only the states 


€ € 
(ar'a.%an.. COs k+k’ tOns kn’ CnC cos hk k’ ), 
) ) 


(I, 


5d) 


with k=O are occupied so that the zero momentum 
occupation number (NV) equals V. When the interaction 
is present, some of the zero momentum states are 
excited so that (No)<N. The depletion of the zero- 
momentum state due to the pair terms in Hy leads to 
higher order corrections in H, and these are given by 


7T. T. Wu, Phys. Rev. 115, 1390 (1959). The limitation on 
the validity of the pseudopotential method has been discussed by 
Wu in his examination of higher order terms. 
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H,. In a similar fashion H includes the leading terms 
in H which change the occupation number of the zero- 
momentum state by one. Finally, H; consists of those 
terms in which a pair of particles of momentum 
(k’, —k’) is converted into a pair of momentum 
(k, —k). Our Hamiltonian differs somewhat from that 
given in Eq. (4.8) of reference 7 because, in our case, 
the depletion factor §=1—(1/N)Dox’ Nx cannot be 
replaced by its ground state expectation value, but 
must be explicitly exhibited in operator form. 


II. LOW-LYING EXCITATIONS IN FIRST 
APPROXIMATION 


The program of this calculation is to obtain the 


eigenvalues and eigenstates of Ho, which is the dominant 
term in the Hamiltonian, and to evaluate the contri- 
butions of 17,, H., and H; by perturbation theory. 
The Hamiltonian H is not Hermitean and, therefore, 
it cannot clearly be diagonalized by a canonical trans- 
formation. However, by means of the transformation® 


(II. 1a) 
(IL.1b) 


(1 —«a;,") ‘(a,+a,a »'), 


(1—a;’ 


i ; 
*\d_% apa, ly 


where 


a, = (ke? coske) {k? + py? 


-([k*+ 2ho?h?+ ko'(1—coske) |*}. (11.2) 


Wu has shown that H» may be diagonalized aside from 
a term of the form —4}ko? }>4(1—cosek) inex.” Intro- 


ducing “‘right’”’ vacuum states |0,) by means of 


(II.3a) 


Ey | Ox fy O.) =90, 
one can see immediately that 


(I1.3b) 


is in fact a “right” eigenstate of Ho, corresponding to 
the lowest energy. Similarly, the first “right” excited 


eigenstate is given by 
1x) = Ke &x"|0), (I1.3c) 


where K,‘ is a normalization factor. The vector | 1,) 
defines a one quasi-particle state of momentum k. The 
eigenvalues of the eigenstates |0) and |1,) are the 


well-known quantities® 
Eo= 4wapN(1+ (128/154/2) (pa*)*], (I1.4a) 
Eo(k) = Eot kh( P+ 2h?)!. (1I.4b) 


Because of the presence of the off-diagonal term 
proportional to & ¢. the Hermitean adjoints of [0 
and |1,) are not “left” eigenstates of Ho. In order to 
construct these left eigenstates, Wu made use of a 
canonical transformation of the form of Eq. (11.1) with 


S.S.R.) 11, 23 (1947 
that the next term beyond 
relative order 


B' N. N. Bogoliubov, J. Phys. (1 

* T. T. Wu has shown in reference (7 
Eq. (I].4a) for the ground-state energy is of 
pa* In (pa* 


AND A 


SIRLIN 


as, replac ed by 


ay a, cosek. (I1.5) 


The corresponding operators are called & and £_,. 
By means of this transformation, the expression (I.5a) 
for H, can be diagonalized aside from an off-diagonal 
term of the form (h,?/2)}-4(1—cosek) &tE y*. Intro- 
ducing the “‘left”’ vacuum states by means of 


(On| Ex Ox | &_-.'=0, (I1.6a) 


one can easily check that 
v ; I1.6b) 


and 
(LI.6c) 


are the “left” eigenstates of H corresponding to the 
eigenvalues of Eqs. (II.4a) and (II.4b), respectively. 
The constant A,’K,“ may be determined from the 
1x|1x)=1 which yields 


normalization condition 
KOR, 1 a 1 t~) (1 


In the limit «— 0+, A,K 1. The eigenstates of 
H, corresponding to several quasi particles of momenta 
k, k’--- a similar manner by 
judic ious application of the &* and Ey operators. 

By making use of the right and left eigenstates of Ho 
constructed above, to see that the nondiagonal 
part of Hy can be disregarded the calculation of the 
ground and one quasi-particle energy levels. 


(11.7) 


apa.) 


can be obtained in 


it Is €asy 


The ‘“‘bare”’ vacuum states e., the vacuum states 


in the absence of interaction) are defined by ax! )y 
0. It can then be verified that the relations 
the “real”? and “bare’ 


x are given by 


+ 
«\ | @x 


between vacuum states |0x) 


and 
Oy K, exp 
0.|=K, 


(II.8a) 
(I1.8b) 


where the normalization 
the result K,K 1 
of the ground state of a dilute gas 
is seen to be the presence 


(k, —k). 


Ox|Ox)=1 yields 
pay the dominant feature 
of hard spheres 
tions of momenta 


Ill. LOW-LYING EXCITATIONS IN SECOND 
APPROXIMATION 


We have seen in lat the 
H are a combination of all possible pair excitations of 
momenta (k, —k). Because of find that 
H, and H; have diagonal elements in the £,-represen- 
contribute in first-order 
s clear that H» has 
ind contributes in 
second-order perturbation theory. We now make order 
of magnitude estimates of the 


eigenfunctions of 
this fact, we 


tation, and, therefore, they 
perturbation theory. Similarly, 
only off-diagonal matrix elements 
contributions of these 
perturbations to the low-lying excitation energies of the 
system. 
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Using first-order perturbation theory the relative contribution of HW; to the ground-state energy is esti- 


mated as follows: 


lim 


ror 


1 
lim lim —0) H; 0 


«0+ Q-m Eo 


= lim 
e 0+ 


p 


4rra 


1 
lim (0 
ow 5 


forev flaxar, coske, cosk’e) ~ ko! ‘pe ~ pa’. 


> ig a,'a «aya w’ cosh’ ¢ ») 


(2 kik’ | 


This same terms makes a contribution to the excitation energy of a quasi-particle of momentum k which is esti- 


mated to be: 


H; lim lim 


e+ Q +e 


lim lim {(1e 


e+ 0 


1,)—(0| H;|0)}= 


fora 
I¢n 
Q2 


where {(k/ko) and f’(k/ko) are certain functions of 
k/ko. Thus, 
citation energy is ~ (pa*)!/’(k/ko) times the leading 
terms which is k(k?+2k,?)!. Moreover, one can show 
that H, contributes to the same order of magnitude as 
H;. In like manner we find that the second-order per- 
turbation treatment of H, gives a result which is also 
~ (pa*)*ke?g(k/ko). Similar estimates indicate that the 
contributions of H,, H2, and H; in higher orders of 
perturbation theory are negligible the 
approximation. 


the contribution of this term to the ex- 


in present 


w(k) =wo(k)+w1 (2) +we a e) +we 4(k)+-w3(k)+0( 


where 
wo(k)= k(R+ 2ke* } 


wi (k)= lim lim ((1¢)H1|1%)—(O| M1, 0)), 
e+ Qe 


we, o(k)= lim lim >-’ 


e0+ 0 + li <1 


1 
=-—lim lim >’ 


e+ D+" 1, <I <Is wol(ls \+wo (ly 


w;(k)= lim lim ((1_! Hs) 14)—(O H;,0)) 


e+ U--+-« 


The momenta in the sums of we. and w2,4 are assumed 
to be ordered so that each different intermediate state 
is counted only once. In the limit of infinite volume the 
contribution from terms with l=, say, can be neg- 
lected, and therefore in the evaluation of the matrix 
elements, we can assume that the l-momenta are all 
different. The’ (+76) in the energy denominator of w 

is included because it is possible for both wo(k) =wo(/,) 


— 
k+ 


ay'a_,'dya_y cosk’e ») | ~ ake f(k/k 


1 
( — ) 1y| Hs 
2 wo(k)—wo(l,) — wo (le) +16 


a,'a ~' Gya k cosk«| ts) 


~ (pa*)'k( k® + 2ko?)' f"(k/ko), 


The calculation of the energy of a low-lying excitation 
to a given order in (pa*)! involves the subtraction of the 
perturbation energies of the Hamiltonian H in the 
ground state from that of the one quasi-particle state. 
As H, connects a one quasi-particle state with two and 
four quasi-particle states, it gives rise to two contri- 
butions which we denote by we2(k) and we4(k), re- 
spectively. For we4(k) includes the 
subtraction of the ground state perturbation energy 
due to H,. Thus, the second approximation to the 
quasi-particle energies results from an evaluation of 
the following terms: 


convenience, 


pa*) ke? f(k/ko), (111.1) 


(III.2a) 
(I11.2b) 


Lij1te){11112| A (II1.2c) 


yur H, LiyLiolighy)(1i,1teli 1, H, 1 
+ wo (ls) 


~(O) Ho) Ut Lighig)( Ai Liglig! H2|0)}, (111.2d) 


(II1.2e) 


+wo(l,) and k=1,+1, to hold simultaneously and there- 
fore this denominator can vanish. 

As shown in Appendix II, the matrix elements which 
appear in the above equations can be written in terms 
of the quantities a, and coske. After introducing the 
dimensionless parameter 
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and going to the limit of infinite volume, we obtain the following integrals 


Sarak d’y, aya) 
lim | 2a, | 
1 y (2xr)* ~ yy 


Srak y 


1 
Qe COS5 


Ae Tajay Tad, ja, 


\+wol v1) +w 
1 
€ Tat? COS 


- 1 
@1 COS> y 


1 1 ) 
TWo\ V2 1 a, | ae 
iTagTay @);Qle Ar} a fits T ( 
x 1 
7 i 


167rak,* lim 


« “+ 


where where fos(¥1,€) is the 
yi— © (in the cases of 


P—y(2+y*)!; ay=ay:, (111.5) zero). We then observe tha 


’ 


ay i+ y 
wo(y) = y(2+-*)!. ( 


The procedure used to evaluate 3 


— is defined for «>0O and for e=0 
ay; J 91,€) 


rrals in question 


change the operations of limit and integrati 


obtain" 
is the following: (A) We write F= /d*y, f(¥:,0) when 
the latter integral exists. (8) When this is not the case, 
we first subtract 


” See reference 
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In the next two sections the results for the above 
quantities in low and high momentum limits will be 
stated and then discussed. 


IV. LOW MOMENTUM EXCITATIONS, k<k, 


The various integrals in the previous section can be 
performed in the low momentum region, i.e., for 
y=k/keK1. In this region we expect the excitation 
energy to be of the form w(k)= (velocity)k, as was the 
case for wo(k) = k(k®+2k?)'. We obtain the following 
expressions for the corrections to wo(k) from Eqs. 
(IIT.4)." 


16 ko*(pa*)! 
| —{2(1+a,7)—a, | 
3/9 (1—a,?) 


8 3+4y’ 
3/3 y(2+y*)! 


(we2)e—t(we,2)1, 
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yt Oly") I, 
3v2 


(wo .2), = (34/2/10V2)ko*(pa*)+y*14+-O(y) | 


~3k5/320xp, 


1 
y(2+y*)! 


ko?(pa*)! 43 
+- —S5r+—y+0(y*) I, 
Vr 3v2 


16 ay 
w3=— ko? pa')\( ) 
VT 1—a,? 


8 1 
ky? (pa*)? 
\/T 


—, [V.1d 
y(2+y*)! 


Upon adding these expressions together, we obtain for 
the energy of a low momentum quasi-particle [see 
Eq. (IIL.1) }*: 
"! The function a, has several very useful properties, e.g 
y(2+y¥); atel+y¥+y(24+)) 
a,?)=2y(2+y¥)la,; (1+a,? 


2 Note that our results are given in terms of the density of all 
particles, V/Q, and not the density of zero-momentum particles, 


a,=1+y¥ 


l—a,P=2ya,; (1 =2(1+ yay 
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ba} 
w(k) — 2b +—(pa*)! 
Vr 


ke 
34/ ky‘ k\? 
i iat) ) -o(—) | (TV.2) 
20 ky ko 


The velocity, »,,, of the low momentum quasi-particles, 
which are also called phonons, is seen to be: 


4 (apa) *L 1+ (8/./) (pa*)*+-O(pa*) J. 


For the ground state, the phonon velocity must be 
directly related to the velocity of compressional waves, 
?., in the gas, and in fact we can verify that these two 
velocities are equal to the order of our calculation. The 
velocity », is related to the compressibility by : 


(IV.3) 


Dor 


ve= (2dP/dp)!, (IV.4) 


where in our units 2m 
temperature is given by: 


1. The pressure, P, at zero 


~4rap"{ 1+ (64/54/1) (pa*)*), 


(IV.5) 
where we have used Eq. (II.4a). Thus, it can readily 
be proved up to terms of order pa* that the phonon 
velocity equals the velocity of compressional waves in 
the gas, i.€., Dp,= Ve. 

The imaginary part of the quasi-particle energy, 
corresponds in this calculation to the decay of one 
quasi-particle into two other quasi-particles with a 
mean life, r= 1/[2(we,2),}. In the low momentum limit 
we obtain for r: 


160rp Sv2 I 
1 > (Ro/k)*. (TV.6) 
kKhe 3p $4, WT k*(pa*)! 
Thus, in the low momentum region the mean life of 
the phonons becomes very long and we conclude that 
these states are essentially eigenstates of the system.” 


V. HIGH MOMENTUM EXCITATIONS, kk, 


In the high momentum regions characterized by 
k>>ko, we have wo(k) =k +k? +O(ko'/k*). We will keep 
only those terms in w(k) which are > kg (pa*)'. It then 
becomes unnecessary to calculate (we,2)z and (we) for 


N.)fQ. For the ground 
quantities is 
N . ie 8 
=— aw (Nx) = 9] 1—=——(pa*)'+-O(pa’) }. 
aa at” * | al i ae } 


state, the relation between these two 


“ Equations (IV.6) and (V.3) for the quasi-particle lifetimes 
were obtained previously by T. D. Lee and C. N. Yang [reference 


(2)] 





376 
we can show that (wo2)r~ko?(pa*)*(ko/k) and we,, 
~ kh? (pa*)*(ko/k)? when k>>ko. The quantity w, is also 
negligible in this approximation, and therefore we only 
need to write down the terms w; and (w».»);. 


w= — (32/34/m) ke? (pa*)*[14+-O(ko/k)*], (V.1a) 


2 (2m) 'kok(pa*)[1+O(ko/k)?]. (V.1b) 


(we,2)1 
Thus, the expression for the energy of the quasi- 
particles in the high momentum region is: 

+ kel 
— i2(2m) *kok (pa*) 4+ kePOL(pa*)*ko/k]. (V.2) 


w(k) (32/3x_ m)(pa*)*] 


We observe that when we speak of high momentum 
excitations, k>>ko, we are always limited by our original 
approximation to momenta for which ka<1. But these 
two inequalities can be compatible, for we may have 
1>>ka>>koa~ (pa*)!. 

The imaginary part of the quasi-particle energy 
corresponds to a mean life which for high momenta is: 


1 


T > 


kh 


(V.3) 


16mpa*k 


In this region, as for the phonon region, the line width 
due to quasi-particle decay is small compared to the 
excitation energy. 
CONCLUSION 
We have shown that the pseudopotential method can 


be used to calculate the energies of low-lying excitations 


4rra 


MOHLING AND A. 


SIRLIN 


ina gas of Bose hard sphere sat T=0 to an order beyond 
that: previously calculated by the method. The phonon 
velocity, ¥,,, as calculated in this paper is equal to the 
velocity of compressional waves, v., as determined from 
a lower order calculation of the ground-state energy. 
One feels intuitively that these velocities must be equal, 
since at T=0 the phonon excitations are the only 
degrees of freedom of the gas which can coherently add 
up to give a compressional wave. The detailed results of 
Secs. IV and V are in agreement with those obtained 
by Beliaev by means of his investigation of the Green’s 
functions of the Bose many body system.*® 

It would be of int to obtain the generalization 
of the in arbitrary temperature 
T<T,. Our calculation suggests that it might indeed 


erest 
present re sults to 


be possible to pt rform such an investigation using the 


method of pseudopotentials 
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APPENDIX I. DERIVATION OF THE 
APPROXIMATE HAMILTONIAN 


In this appendix we outline the derivation of the 


approximate Hamiltonian given in Sec. I starting from 
the low-density, 


Eq (1.3b). 


many-body interaction Hamiltonian of 


ay" a2'a3a46(k, T k» kh k, 


() ki kokgk, 


diagonal terms of V’ can be written down in a straightforward manner 


fra | . ; € 
V-—Ny)+2 pm VN cos 
ki tke ) 


ke 
T Sap >.’ Vy 2 cos - 


V ding 


k, ki} 


= 
o |r 


Arrap| \ 1 


a 4ra = 
4rrap.\ tT Srap : Thy Vy - oh Ni? + pal) | 1 - 
- Q) k 


where we can consistently replace (2 coske/2—1) by 1 without affecting calculations." 
Because of the special role played by the zero-momentum state, we classify the off-diagonal terms in V’ according 


to the number of operators ao and do’. Thus: 


4 This replacement is justified in reference (7) below Eq. (3.32). 
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4ra 


r , ’ it - 
V’— Vaieg. = Dd’ Lex'a_x'aodo+ ao’ ao'aya_y coske | 
Q & 


Sra € € 
+- z Ay’ dy’ xs eo COS k+k’ + do'dusn’'dydy’ COS |k—k’ 
QQ kk’ k+k’ 2 2 


4ra 


+ 


€ 
a,’ ay" a;a.b(k, + ky . k; - k,) cos \k3—k,!. (A.2) 
? 


(2) ki, kotha, ky 


Now, in the representation in which Ny, is diagonal The quantity >>,’ Nx is, of course, an operator and 


and (N_x)=(Nx)=x, the matrix elements of the first cannot be replaced by its ground state expectation 
term in Eq. (A.2) are value, because 


4ra ; , 
i ‘ S , y ( , 4 ) 
{ny—2, me +1! aoae >.’ ay'a_;t| mony) (1 “ Ni) 1k) (0 -. V, 0). 
2 1 


= (89a/2)myno(1—1/no)'=(8ra/Q)nxno. The approximate Hamiltonian given by Eqs. (1.4) 


and (1.5) now follows from Eqs. (A.1) and (A.2) with 


Although the total number of particles is conserved, jal Rea Sa: 
the substitutions (A.3). The justification for the terms 


we may suppress the quantum number mo=(No) in 
matrix elements if instead we always write 


(No)=N—LiaN2). 


retained is made according to the order of magnitude 
estimates of Sec. III. For example, in the term with no 
zero-momentum operators, only 


With this notation, the above matrix element can be 


written 
’ ayta_y'ay-a_y cosk’e 
4ra ‘ Sra Ps ; 
{ny +1) aoao 5-’ ayta_;*| ny) =—m [LN —-S’ ny |, 
Q 1 ¢) k : ' » “r whic re calcul: 
contributes to the order which we calculate. 


where terms of O(1/N) have been negiected. Thus, we 
can calculate matrix elements correctly by making the APPENDIX II. EVALUATION OF A TYPICAL 
following substitutions into Eq. (A.2) MATRIX ELEMENT 


ao —(N—-L’ Nx}, Consider the matrix element (li; lu:|H_|14) with 
« k,~k., which occurs in the expression for ws, Eq. 

aot +[N-L’ Ny} (III.2c). Using Eqs. (I.5c), (11.1), (I1.3c), and (I1.6c) 
- 


we have: 


ray N 
(1k; Licg H, 1,)= RR, K,® _— (0 E Eo{ay,"a1,'a coshe l, T l, +a;'a4,a1, coshe 1,—h.| } Ex" | 0) 
{ lids 
(1 hy +12) 

Sra/N. | - 
= KORO K,© (1—a2)-4(1-—4a2)4(1—a?)) | (au, + &0_«,") (Gu, + G20_2,") 
lide 
= 1; +12) 


l 
x fay, ay," a1 ( oshle T a;'a),4, ( oshe l, lL. } (a,’ +a,a. ») 0) 


(1—a,?)' >’ (la x,'a-x,’ 


ne 
lids 
(1 =1i +12) 
4 {a,'a),"a ( oshle T a;'a4,4, oshe I, = L, ja,’ |0), (A.4) 


where we have also used Eqs. (II.3a) and (II.6a) in order to obtain the last line. We now apply the identities 


: ae , ae " 
(Ox | @xd_x | Ox) = — ). Oy! ay'a_x" | Ox , (A.5) 
l1—ady, 1—apd 


which can readily be verified with the aid of Eqs. (II.1), (II.3a), and (II.6a), to derive the final expression for this 
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matrix element 


l6mray _* a 
(Ny lio) Ho! 1y KR YRS R, 


x (a[a cos} hye Ta coshk é ma 
In a similar fashion we obtain for (1,| 72! 1%; 1m.) # (112! He) 1,)* 


l6ray \ = 
(ly Hy Lic; Lic A, RK Re 


2 (1—ay;&) (1—ande 
X {axl a: ( ose k + k,| +& coshe k +k, — &G_ coske/2 }4+ [ coshe k,—k ( Lk Ge k d ‘ A.6b 


After using Eq. (II.7), the product of these two matrix elements can be substituted into Eq. (III.2c) to yield Eq 
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Transport Phenomena in Slightly Ionized Gases: High Electric Fields* 
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Starting with the electron velocity distribution obtained by Chapman ar 
in the presence of an electric field, the author has investigated the 
er of transport properties, arising from a magnetic field, perpendi 
perature gradient in the gas. The applicability of the results to semi 


A constant mean free path has been assumed, which is validated by ex; 


INTRODUCTION electrons with energies | 


UMEROUS investigations of the velocity distri- be added that / has tl 

bution of electrons in a Lorentzian gas, consisting 

of a large number of neutral molecules and a small VELOCITY DISTRIBUTION FUNCTION 
number of electrons, when an electric field is present In Part I. the 
have been carried out. However no detailed discussion jn the presence 
of transport phe nomena has been made except in the 

case of vanishingly small electric fields, when the 

Maxwellian distribution of velocities is valid. In a 

recent communication! (called Part I hereafter) Sodha! 

has discussed the transport phenomena in the case of = wher; 


low electric fields (when terms involving fourth and , n we obtain 
higher power of electric field are negligible) assuming 


the time of relaxation r« x", x= (m/2kT)‘» being the (3 


where 


} 


dimensionless velocity 


4 


In this paper the author has investigated the variation 
of transport properties with electric field when the time 


/ : Equations (1) a 3) are a id® for nondegen- 
of relaxation r is given by erate semiconductors, if a t of lattice 
r=I1/x (1) vibrations ar¢ nsidered to be é e source of 

scattering and 
This corresponds to a constant mean free path and is 


helium? (for slow 


“ry aes (4A) 
valid in many cases of interest, e.g., 

* Work supported by Armour Research Foundation, Chicago, where mz is 
Illinois velocity of 

1M. S. Sodha, PI Rev. 116, 486 (1959 

7H. S. W. Masse und E. H. S. Burhop, Electronic and lon + J. Yamashita ar 
Impact Phenomena (Clarendon Press, Oxford, 1953) Kyoto 12, 443 (1954 





TRANSPORT PHENOMENA IN 


Tas.e I. Transport properties under the influence of a magnetic field 
, and saturation 


i 


second (w*rt< 


Auxillary 


condition Property Definition 
I Drift mobility p=l,/ngk, 


Hall mobility 


Magnetoresistance 


coefiicient 


Corbino coefficient 


Thermal 
conduc tivity 


Coefticient 
of thermal 
magnetoresistance 


Magnetot hermo- 
electric effect 


Coefficient of on /at=T2(Dn 


diffusion 


m/2kT)D, 





Yamashita and Watanabe’ and Sodha and Eastman‘ 
have used Eq. (3) to investigate the variation of drift 
mobility and Hall mobility (at low magnetic fields) of 
electrons with the electric field. The present investi 
tion is much wider in scope. 


ga- 


*M. S. Sodha and P. C. Eastman, Phys. Rev. 110, 1314 (1958 


SLIGHTLY IONIZED GASES 
Subscripts 1, 2, and s denote the first (w*r*<1), 
approximations. ] 


2,2 
wT 


>I 


Ex | yression 


1/3m yb(1,3) 
3on D, (1,3) 
3m )i d, (1,3) 
3 eo YP 1.3 


xh 


w 


3,3)) 


m yb (2,3)/#(1,3 
m ¥b, (2,3) /%, (1,3 

/m >, (0,3) /,(— 1,3) 
(1,3) —%, (1,3) ]/H%, (1,3 
mceo Pb, (3,3)/%, (1,3 


;2(1,5)/%,(1,3)] 


, (3,5), (1,5) 
2 


| 
) 


12T ,7(1,3) #, (1,3) 


P 7 (1,54, (3,3) 
Pb, (3,7 
q 3 
[ #, (1,7) ,7(1,5)/%,(1,3)}" 
no 


,7(1,5)@, (3,3) ,(3,5)@, (1,5) 
= som 


1,5)/@, ( 


#,7(1,3) #, (1,3) 


m/2qT > 


1/2gT (1,5) /® 


, (3,5) 
ae 1 of 


t 


, (1,5) 
3.3 
1, 


%, | 3) 


rx? 
1+? 
rs 
i i ) 
1 +r? 
(Standard results) 


j 


m/2kT)D, 


2kT)D,..= 
(2kT) Dy, 


rx? 
wo (72x? 


Eq. (3) is valid when a>>u*? or (E/H)>>(3kT/m,c*)! 
which is true up to reasonably high magnetic fields. 
TRANSPORT PROPERTIES 
The I 


current density C due to electrons when the magnetic 


electric current density and the thermal 
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field H is in the z direction and perpendicular to the electric field E are given by® 


y 


z 


—+(1,3) ——$(2,5) — ah (2,3 


“(= oT qQEz w oT gl 
2T ox m 2T Oy m 


3 


4+-(1,3) . (2, +utbh(2,3)- 
2T dy T ; m 


). 
). 


= ( 1,5) oT gE, IT gE, 
3 

= (= oT 
Goa 7 7 


6 2T 


and 


PR ae n 
+(1,5) +—<p(2,7 
2T dy m 2T 


4n 7°?) re" Ofo 
no 1+’?7? Ov 


w= gH/mceo 


= (= 1,7) oT 


6 
where 


and the symbols have the usual meanings. 
When 1’v*/(1+*r*) is not independent of » we may 


write 
i | rv" 
seo) 
v dv\1+a'7r 


Equations (5) represent four relations between 
eight quantities 7,, J,, C., Cy, Es, Ey, 8T/dx and 
0T/dy. Hence a relation between two quantities is 
unique only when three auxillary conditions are also 
specified. For the sake of convenience we use the 
following two sets of auxillary conditions 


I. E,=0T/dx= dT /dy=0 
II. E,=1,=0T/dy=0. 


u 


’ 


In the second auxillary condition 07/dx is assumed 
small so that Eq. (3) is valid. 
A few transport properties and expressions obtained 
from Eqs. (5) and the auxillary conditions are listed 
in Table I. 
Using Eq. (1), Table I, and Eq. (3), and remembering 
that 4x fox*dx is the number of electrons having veloc- 
ities between x and x+dx, we obtain 
(m/2kT)D,1=Ila,/3, (6) 
(m/2kT)D, :=o0F/3, (7) 
and 
2gla2/ 3m, (8) ; 
since 
= 49a; 3me"l, (9) 
glas/ 2m, (10) 


3glas/4m, (11) 


VERY HIGH ELECTRIC FIELDS 


(1 2) (ql MCo)*as, (12) " aos . 
For very high electric 
K,=2(knlT/3m)az, (13) Eqs. (1) and (2) we obtain 


fields sr*>1. Hence using 


) 


* Sommerfeld and Frank, Revs. Modern Phys. 3, 1 (1931). fo(x)=A exp(—-2*/2a). (17) 
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Tape II. Variation of a's with a 


ay am am amy am a 


1253 8602 0.8886 0.0652 2.3490 0.4485 0.9777 0.9576 
1633 .7256 0.8596 0.0533 2.3616 0.4647 1.0614 0.8888 
.1938 6487 0.8376 0.0480 2.4022 0.4701 1.1275 0.8389 
2203 J 5921 0.8194 0.0445 2.4496 0.4719 1.1848 0.7994 
.2439 OOS 5469 0.8038 0.0418 2.4993 0.4719 1.2365 0.7668 
2654 5093 0.7902 0.0397 2.5497 0.4710 1.2841 0.7391 
2852 4769 0.7781 0.0379 2.6002 0.4694 1.3283 0.7149 
3036 4486 0.7671 0.0364 2.6502 0.4673 1.3699 0.6935 
3208 4233 0.7571 0.0351 2.6997 0.4650 1.4093 0.6744 
337 1.4005 0.7478 0.0340 2.7487 0.4625 1.4469 0.63571 
3525 1.3799 0.7393 0.0329 2.7969 0.4600 1.4828 0.6414 
4759 1.2382 0.6775 0.0264 3.2454 0.4333 1.7835 0.5343 
5676 1.1531 0.6379 0.0229 3.6457 0.4101 2.0222 0.4716 
6422 1.0930 0.6089 0.0206 4.0128 0.3905 2.2266 0.4285 
.7059 1.0469 0.5862 0.0189 4.3555 0.3739 2.4084 0.3963 
7619 1.0096 0.5676 0.0176 4.6794 0.3595 2.5737 0.3710 
1.8120 0.9786 0.5518 0.0165 6.3469 2.7263 0.3503 
1.8577 0.9521 0.5383 0.0156 0.3358 2.8688 0.3329 
1.8997 0.9290 0.5264 0.0149 5.5 0.3258 3.0030 0.3181 
1.9387 0.9086 0.5158 0.0142 : 5 0.3169 3.1302 0.3052 


1 
1 
1 
1 
1 
1 
1 
1 
1 
l 
1 
1 
1 
1 
1 
1 





Hence NUMERICAL RESULTS 


4r 7” —Ofo - : ne “7s 
©, (r,s) =— f r’v'—do lable II illustrates the variation of a’s with a, 
n dv btained tically on the Univac 1105. 
1((s—r—3)/4) obtained numerically on the Univac 
= 41" (2kT /m)°-*2(2@)@-7-9 4 
II(1/2) 
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Plasma Oscillations of a Large Number of Electron Beams* 
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Longitudinal oscillations of a large number of electron beams are investigated. The normal modes for 
the beams are found. An orthogonality relation between the modes is obtained and is used to solve the 
initial value problem and the problem of forced oscillations. It is demonstrated that no signal propagates 
faster than the fastest beam. The problem of passing to the limit of a continuous velocity distribution is 
considered in detail. It is shown that in the limit the results of Landau, Van Kampen, and others are re- 
covered. The problem of Landau damping is discussed from the point of view of the beams. 


I. INTRODUCTION This work is, of course, closely related to the many 
papers which have appeared on the subject of plasma 


N this paper a theory for the longitudinal oscillation ~ at sapere . ; ; 
oscillations.’~* A large portion of this paper is devoted 


of a large number of electron beams is presented. 
The term beam is used here to denote a stream of 'L. Landau, J. Phys. (U.S.S.R.) 10, 25 (1946). 


° . . ° . ° ~W > la 4 > y : c 
electrons whic h is infinite in extent and which has a :D. tn ae toe irs Rev. 78 181 and 1864 
definite velocity (no random motion within a beam). (1949). 
—— *R. W. Twiss, Phys. Rev. $8, 1392 (1952). 
* This work was supported under contract with the Atomic * D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952). 
Energy Commission *G. Ecker, Z. Physik 140, 274, 293 (1955). 
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to showing that the results of Landau! and Van Kampen? 
can be obtained by passing to the limit of an infinite 
number of beams in such a way as to approach a 
continuous distribution function. 

The method of attack used here is similar to that of 
Van Kampen in that we look for normal modes. 
Through the use of a discrete set of beams the problem 
of the singular integrals which he encountered through 
the distribution function is 
avoided (see Van Kampen’). This method of avoiding 
the trouble was proposed by Ecker.* We find that any 
number of discrete beams greater than one is unstable. 
However, as one passes to the continuous distribution 
function limit the of most of these insta- 
bilities goes to zero. In the limit we recover all the 
usual results obtained by using the technique of Landau 
and Van Kampen. 

The first part of this paper is devoted to obtaining 
the normal modes for an arbitrary number of beams 
and to using them to solve the initial value problem and 
the problem of forced oscillations. The last sections 


use of a continuous 


growth rat¢ 


will be devoted to the problem of passing to the con- 
tinuous distribution function limit and to the recovering 
of the results of other authors. 


EQUILIBRIUM SITUATION AND BASIC 
ASSUMPTIONS 


The situation that we wish to investigate is the 
small-amplitude longitudinal oscillations of an arbitrary 
number of electron beams. The beams are taken to be 
infinite in extent, and to have well-defined velocity (no 
thermal individual beam). They 
a uniform neutralizing back- 
ground of positive ions which are taken to be infinitely 
massive is assumed that 
beams can be treated as continuous charged fluids, that 
collisions between 


motion of an are 


assumed to pass through 
and thus immobile. It the 
individual electrons and electrons 
and ions can be neglected, and that the motion may be 
treated by the linearized equations. 


BASIC EQUATION 


In this paper we will look for plain longitudinal 
oscillations which may be taken to propagate in the x 
direction in the y and 2z directions do 
not influence the x motion, they may be ignored. The 
linearized equations 


Since motions 


of motion for this system are 
given by Eqs. (1) through (3 


(1) 


JOHN M. 


DAWSON 


Here nm, and v, are the perturbations in the number 
de nsity and veloc ity of the eth beam while N, and V. 
are the corresponding unperturbed quantities. Z is the 


electric field and is determined from Poisson’s Eq. (3). 
DISPERSION RELATION 
We now look for solutions 
A (x, 


where A 
Substituting this form 


is any on¢ 


Eliminating £ and », 


(w- 


Since the amp itude of 
may be normalized so tl 


whence n,, 


11 


The dispersion rel 
obtained by 


ist satisfy is 


} ‘ ‘ 
suDSLI 


IS given by 
fore 
m 


and right 


If the left 


functions of w for fixed k we 
shown in Fig. 1. 


and Side s of 


Fic, 1. A plot of the quantity; 


as a fur 
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The sum becomes infinite every time one of the 
denominators goes to zero. Each of the points at which 
the sum crosses one is a root of (12). These are all real 
roots. There are in general also complex roots of the 
dispersion relation. There are in fact twice as many 
modes as beams. This may be quickly seen by writing 
(12) in polynomial form. Each of these w’s gives a 
possible mode of oscillation for the beams for the given 
k. The system has one longitudinal degree of freedom 
per beam for fixed k. These may be thought of as the 
amplitudes of the kth Fourier components of the num- 
ber density of the beams. It takes two constants 
[n.(k),v,.(k) ] per degree of freedom to specify the state 
of the system. The arbitrary amplitudes of the modes 
found above supply just this number of constants so 
that we expect to be able to express any motion of the 
beams in terms of these modes. 


ORTHOGONALITY RELATION 


The modes obtained from (10), (11), and (12) satisfy 
an orthogonality relation which may be obtained as 
follows. Let & be fixed and let w and w’ be two solutions 
of the dispersion relation (12). Let m, and n,’ be the 
corresponding perturbations of the number densities. 
Multiply (7) by the normalized perturbation number 
density m,’/N, and (7’) [(7) with primed quantities ] 
by ./N,. Subtracting the second of these results from 
the first and summing over o gives 


NoNe 
(w— w')> [wot+w’— 2k ao 


¢ 


dre? 


(n,'n,—n,'n,)=0. (13) 
m cH 


The last equality follows from interchange of o and yu. 
Now if 
ww’, 
then 
> (wt+w’—2kV,)nn,'/N,=0, 


o 


(14) 
while if w=w’ this sum is in general not zero. For 
notational convenience we will let 

23° (w— kV.) n/N = H(w,k). (15 
Equations (14) and (15) demonstrate an orthogonality 
between modes with the same &, but different w’s. 
Modes with different k’s are orthogonal in the usual 
Fourier sense. 

The only w’s for which H(w,k) is zero are those for 
which (12) has a double root. This is readily seen if it 
is noted that H(w,k) is proportional to the derivative 
of (12) with respect to w. In the case that (12) has a 
double root we must employ a slightly different pro- 
cedure. A short discussion of this is given in Appendix 
1. Here, however, it will be assumed that ZH is not zero. 
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INITIAL VALUE PROBLEM 


Equations (14) and (15) may be used to solve the 
general initial value probiem. Since the Fourier analysis 
is straight forward we will restrict ourselves to a fixed 
k. Assume that at ¢=0 the amplitude of the kth Fourier 
components of m, and 0, are n,(k) and »,(k). The ,’s 
and the v,’s may be expanded in terms of the normal 
modes so that we have 


n,(k,x,t) = X< ‘(w,k)n, (wk e"*), (16) 
C(w,k) (w—kV,) 
0,(k,x,)=> - Lied 
- Nk 


n,(w,k)e%et-**) | (17) 


where the sums are over all roots of the dispersion rela- 
tion for the given k and the n,(k,w) are given by (10). 
If (16) for ¢=0 is multiplied by [(w’—kV,)n.(w,k) |/N, 
and (17) for ‘=0 is multiplied by kn,(w’,k) and the 
results subtracted one finds, with the aid of the orthog- 
onality conditions (14) and (15), 


C(w’,k) = (1/H (w’,k) O{[ (w’ — kV.) ne (hk) ne (w'k)/N. | 
. +kn,(w',k)v.(k)}. (18) 


Thus the C’s are determined and we have found the 
motion in terms of the normal modes. 

The electric field may be found in terms of the C’s by 
making use of (11). It is given by 


Ex = (4nei/k)C (w,keo-**), (19) 


LANDAU DAMPING FOR THE BEAMS 


On the basis of the previous sections we may form 
the following physical picture of how the motion of the 
beams will develop in time. In general an initial pertur- 
bation of the beams will contain all possible modes to 
a greater or lesser degree. The amplitude of each mode 
will depend on the details of the initial perturbation. 
These modes will start out more or less in phase. If we 
confine ourselves to a fixed k we see that the various 
modes have different frequencies. As time goes on, they 
will get out of phase with each other and so their 
coherent effects will die out. All macroscopic quantities 
such as the electric field which depends on the coherence 
of the various waves will thus die out and the initial 
perturbation will appear damped. This damping is the 
result of phase mixing of the various modes. It is not 
due to the damping of individual modes. This apparent 
damping is just Landau damping. Van Kampen’s treat- 
ment of plasma oscillations yields a similar physical 
picture. 

One might expect that any finite number of beams 
would return to their original state after a sufficiently 
long time. This would indeed be true, but for the fact 
that the beams are in general unstable. For a large 
number of beams, the growth rate of the instabilities is 
in general very small as will be shown later. Thus, the 
instabilities will not be sufficiently strong to over 
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shadow the phase mixing or Landau damping, described 
above, but they are strong enough to prevent return to 
the initial state. For any finite number of beams the 
instabilities will get the upper hand on the Landau 
damping sooner or later provided some other process 
such as collisional damping does not prevent this. At 
such a time the most unstable mode will start to 
dominate the picture. 

Trapping of electrons in the wave troughs is not 
allowed in this treatment since this introduced non- 
linear effects. Thus, Landau damping cannot be 
attributed to trapped electrons. When trapping occurs, 
the linearized treatment breaks down. More discussion 
of this is given in the sections on the continuous 
distribution function limit and the discussion of the 
limits of the linearized theory. 


MAXIMUM SPEED OF PROPAGATION 
OF A DISTURBANCE 


Let us assume that at / 
as follows: 


0 the beams are disturbed 


ng(O)=n.(O)e* sinkgx, x<0 


v,(0)=v,(O)e*? sinkyx, x<0 


n, (OQ) z>0O 


v,(0) x>0. 


Here ¢ is to be small and the term e** is added only to 
give convergence at x= — ©. The Fourier components 
of m, and v, are given by 


no(O)ko/[(k—ie)?— ke}, 
ve(O)ko l (k—-ie)?— ke}. 


The C(w,k)’s will have poles at k= +ho+ie and will 
have no other poles. We assume that H(w,k)#0 for all 
w which are excited; H(w,k) is zero only when w is 
a double root of the dispersion relation. These modes 
require the slightly different treatment outlined in Ap- 
pendix 1. Now n, is given by 


n,(k) 


(20) 
v,(k) 


ng (x,t) fa > C(w,k) te (w, kee *”, (21) 


w(k) 


A similar expression gives »,. If each root w(k) of the 
dispersion relation is thought of as a continuous function 
of k then the summation and integration may be 
interchanged. We thus obtain a sum of integrals, one 
integral being obtained for each curve w(k). Now for 
very large k, the roots of (12) approach w(k)=kV, 
where the V,’s are the beam velocities. Thus, for :=0 
and x>0 the & contours may be closed by a large 
semicircle with 
Im(k) <0, 


while for x<0 they may be closed by a semicircle with 


Im(k)>0. 
For all x such that 
V maxt>0, 
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where Vmax is the maximum beam velocity, the inte- 
grals may be closed in the same manner as for ‘=0, 
x>0O. The integrals are thus zero since there are no 
poles inside the contour. Thus no signal travels faster 
than the fastest beam. 

For positions x which do not satisfy (22) some of the 
integrals must be closed on a large semicircle with 


Im(k)>0 
These are the integrals for which 


wk 
with 


Since we may assoc iate the curve w(k) which goes as 
kV, for large k with the o’th beam we see that in a very 
real sense the disturbance is carried on the beams. 


FORCED OSCILLATIONS 


The problem of forced oscillations may be solved in 
a manner similar to that used for the initial value 
problem. We must add a forcing term F, to the right- 
hand side of (1) so that it reads 


Ov, OV, 
m( +V, ) cE+F,. 
al OX 


F, is the external force per particle applied to the oth 


(24) 


beam. Such a force might be supplied by a grid inserted 
| 


in the beams. It would then arise from an electric field 


beam motion and 
which thus has its sources in charges not 


which is not self-consistent with the 
belonging to 
the beams. Here, however, it will be thought of simply 
as an external mechanical force 

The F, may be Fourier analyzed in space and time 
so that we need only solve the problem for a single 
driving frequency 2 and for a single &. The motion of 
the beams may be expanded in terms of the normal 
modes so that n,(x,t) and 1 


form 


v,/) may be written in the 
n,(k,x,Q,t 
v,(k,xQ,t) 


Here as in the case of the free oscillations the sums are 
over all the roots of the dispersion re 12) for the 
given k, and the m,(w,k) are the corresponding number 
density perturbations given by (9). Substituting in (24) 
and making use of the orthogonal relations (14) and 
(15) yields 


lation 


RQ Ne w,k) 
Q—w)H (kw 


Solutions to the free equations may, of course, be added 


to (25) and (26) so as to satisfy arbitrary initial] 
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conditions. Resonant solutions may be treated as limits 
of the nonresonant cases. 


CONTINUOUS DISTRIBUTION FUNCTION AS THE 
LIMIT OF AN INFINITE NUMBER OF BEAMS 
Consider now the problem of letting the number of 
beams go to infinity in such a way as to approach a 
continuous distribution function. One might expect 
that the dispersion relation (12) would go over into 


ang Ni(v)dV 
--— =. 
m (w—kV)? 


However, the integrand in (28) is singular and one 
does not know how to treat it a priori. One may get 
around the difficulty by treating the problem by means 
of Laplace transform theory as Landau does or by 
allowing delta functions in the perturbed distribution 
function as Van Kampen does. However, it should be 
possible to handle the trouble by taking the limit of 
(12) in the proper way. By this means we will be led 
to results which closely resemble those of Van Kampen 
and from which the results of previous authors can be 
obtained. 

In order to carry out the limiting process we will take 
the electrons to be distributed among a large number of 
beams which are equally spaced in velocity. This 
spacing will be taken to be 6. The number density will 
be a function of the beam velocity. Equation (12) now 
becomes 


4ré -" ~=—N(05)6 
ie * « 
0 Mm oma (w— kod)? 


Here o5 and N(o6)6 are the velocity and number 
density of the oth beam. N(v) is the velocity distribution 


function and is assumed to be a continuous function of 1 


If the quantity 
dre? rN (w/k) aN'(w/k) ww 
. cot ), (30) 
m \k* sin*(aw/ké) k* kb 


V'(w/k)=dN(w/k)/d(w k), 


is added to and subtracted from the left-hand side of 
(29) we find 
aN'(w/k) rw 


cot 
Re ké 


a [N(05)— Viw k) 2N'(w, k)wd k 
+Z/( —-- )| =1, 


= ©\? ° 9L°r 
(w—akéb)? (w? — ok? 5) 


aN'(w/k)b 


“| rN (w/k 


m (R’6 sin*(aw/ kd) 


& 
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where use has been made of the relations (see Knopp’) 


(32) 


sin’xx 


+E 


x  (x*—¢ 


x Ccotrwx 


(33) 
*) 
The term inside the summation in (31) has no poles so 
that the sum passes smoothly to an integral as 6 goes 
to zero. 

Equation (31) may therefore be closely approxi- 
mated by 

cot 


=| r\ (Ww k) 
m R65 sin®(ww/ kd) ké 


V’(V) 2N'(w/k)w/k 
f av ( + )]- 1, (34) 
. k(w—kV) y— kV?) 


(w 


aN'(w/k) 


Tw 


Re 


for small 6. This form closely resembles Van Kampen’s 
dispersion relation. The sin~* and cot terms give us the 
freedom which he obtained by allowing his perturbed 
distribution functions to contain delta functions. 
Consider now the roots of (34). First suppose that 
there exists an w with finite imaginary part for which 


4ré rf? N’'(V) 
f --— dV=0. 
m k(w—kV) 


ss 


i+ (35) 


Then sin~*(#w/k5) is exponentially small in 1/6 for this 


w and so is the expression 
N'(w/k) Tw * 2N'(w/k)wdV 
(0 +f ~ ). (36) 
k ks J, (w—#V?) 

Thus this w is a solution of (34) in the limit of zero 6 
and hence the roots of (35) give all modes with finite 
imaginary part. This is not surprising since for such 
modes no trouble arises from the integrand in (28) and 
we may obtain (35) by a straight forward limiting 
process plus an integration by parts. 

The complex roots of (35) cannot be all the roots of 
(34) since it was shown previously that there are two 
modes per beam for a given k and (35) can at best 
yield a small fraction of this number. The large number 
of modes which we have missed must have imaginary 
parts which go to zero with 5. We will therefore write 
w in the form 


W aT 3, (37) 


where 8 must go to zero with 6. Now 


4ré* p* N 
1+ f iv ( 
m 7 kiw—kV)  §(w&’—RV?) 


7 Konrad Knopp, Theory of Functions (Dover Book Publishers, 
Inc., New York, 1957). 


‘(v) —~*) 
4 
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is in general finite so that [6 sin*(rw/kd)}' and 
cot(mw/k5) must be finite. Therefore, sin?(#w/kd) must 
be of the order of 1/4 and hence 8 must go as 


+ § Ind. 


With this behavior for 8, cot(mw/ké) will approach +1 
as 6 goes to zero. Here + has the opposite sign from 8. 


—( —w N (ay 
m R* « os[ 28/ké ] 


Here use has been made of the fact that sinhO-~-+-coshé for |@| large. As before 
* N’'(v)dV ) 
2 k(ao—kV) J 


dre’ *N’(v)dV\2/ mk 
Gee errs, 
: mk (ao— kt bar? 


Solving (38) for a, and 8 gives 


ara dre’ N’ fao dre? 
tan ( )r ( y/( + pf 
ki km kNX\k m 


t in 
2r rN (ao 


Equation (39) yields roots 


- )+in 
kb) 


2ra/ki=0-+ nr, (41) 


a, = (kb/24)O+ (nk5/2), (42) 


where @ is the principal solution of (39) for 2ra,/ké 
and lies between 0 and +. However, only half these 
roots satisfy (38) since cos(2ra,/ké5) must have the 
opposite sign to 


tre? * N’'(V)dV 
1+ - , 
m 2 k(ao—kV) 


Thus the roots are spaced ké apart in a;. The natural 
frequencies of the beams 


(43) 


oki=a 


also have this spacing. Thus the a’s we obtain have 
real parts between the a’s associated with the beams. 
There are two roots for each a since 8 can be either 
positive or negative. Thus we obtain two modes for 
each beam as required. 


INITIAL VALUE PROBLEM FOR AN INFINITE 
NUMBER OF BEAMS 


We may now solve the initial value problem for an 
infinite set of beams. We must find the limit of (18) as 
5 goes to zero. The only w’s which give trouble are those 
whose imaginary part goes to zero with 6. These w’s 
will be considered in detail. The C(w,k)’s for complex w 
may be obtained by taking a straight forward limit of 
(18). 

First consider the limit of H(w,k 


bre?\? AN 
lim x ( ) 
iO @¢ m w@ 


This is given by 
a6 6 
limH (w,k). 


akd)* 5+ 


(44 
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This qualitative knowledge of the behavior of § tells 
us that 
limB/ké 
5+ 
Making use of this fact and writing a as nki+-a, (m an 
integer) with a, of the order of 6 so that we obtain the 
nké), (34) becomes 


1 
where a 


roots in the vicinity of a 


k) « os 29 (ao tay), kb |i sin{ 2% (ao +a) ké | imN'(ao/k ) Lr © N’(V)dV 
+ 1+ pf , 
m £ k a kt 


Be 


has the opposite sign from 8. 


® 


Here as was the case wit! 
function inside the 
limit in a manner similar to that 
the left-hand side of (44) we add a 


( bre ( N(w/k)x* cos(x 
|= - 
m ) B® sin? (1 bé 


N’ (w/k)r* 


he dispersion relation the 
ind we handled the 
employed there. To 
nd subtract 


sum is singular 


k)x cot(aw/ kd) 
) (45 


These terms may also be writ in the 


by making use of (32), 


k*5 sin? (ww/ kd 


form of sums 


16 


Sin’? 


In this way we again obtain an expression inside the 
summation which has no poles and which, hence, passes 
over into a well-defined integral in the limit. If we now 
make use of the solutions for w ich wer 
found in the previous section we find that the 
term in (45) is dominant 


of H(w,k). The limit of thi 


first 
limiting value 


lim] (w,k 


b+) 


w=a+ti8, + has tl ign of shall let H(w,k 
= hz (a,k kb 3 
Equation (47 


subscript he opposite sign to p). 


may itten in the form 
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where the + sign on a means that a is to be given an 
infinitesimal negative or positive imaginary part so that 
for the — sign the integration contour for the velocity 
(the real axis) passes above the pole of the integrand 
and for the + sign it passes below the pole. 

Returning to the numerator of (18) we must find 


4ne’ 
lim—— 
‘oO m a 


(w—akd) 


_ { 2(06,k)6 RbN (05) v(05,k) 
( ). (49) 


(w—akb)? 


As before, we have a singular function inside the. 
summation and we handle it as we did H(a,k). Adding 
and subtracting the appropriate terms so as to eliminate 
the poles inside the sum and making use of the solutions 
for w found in the previous section, (49) reduces to 


= N(0,k)dV 
m 2 (az—kV) 


f dV[LN’(V)v(v,k) +’ (0,k)N (0) ] 


- (ax—kV) 


4ré pr? N'(v)dV * 
+kv(a/kk (: + ~f unete )| gx(a,k), | 
m » (ax—kV) 


+ has sign of 8, * sign on a has same meaning as given 
above. 

The development of the electric field in time is given 
by (19) for fixed &. 


E,. (x,t) = — (4wie/k)>- C(w,k)e**”. 


The limiting form of this equation is 


r) D £4 (w kets! kz) 
dw +f — dw 
h, (wk 


sf 


f g_(w,k)eit 
x h (wk _ 


w (real —ie) w (real +ée) 


g(w,ke wl—kr 
oe 1 
h(w,k) 


where the integrals are taken over w for w real — an 
infinitesimal imaginary part and for w real + an 
infinitesimal imaginary part. In the summation, the 
subscript cr indicates the sum is over all complex roots 
of Eq. 12. Here the sums over the roots a+if (real w 
in limit) have been replaced by the integrals along th« 
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real axis by making the substitution 

(g/H)Aw= (g/H)kb= (g/h), 
since there is one root with 8>0 and one with 8<0 in 
each interval Aw= kd. The quantities k(w,k) and g(w,k) 
for the complex w may be obtained by taking a straight 


forward limit of Eqs. (15) and (18). Performing one 
integration by parts on these limits leads to (52) and (53). 


1s4re’\? 7” N’'(V)dV 
h(w,k) = ( ) ; 
k\ m . (w—kV)? 


» \@ 


—(f n(V,R)N(V)dV 
m (w—kV) 


x 


* dk N’(V)v(v,k) + N(0)v(0,k) 
- f amomnctiients ). (53) 
J. (w—kV) 


(52) 


g(w,k) 


Examination of Eqs. (52), (53), and (48), (50) shows 
that the modes with complex w’s may be included in 
the integral expressions in the following way. If we let 
w take on any complex value in the upper half plane 
then the expressions for g, and A, yield analytic 
functions of w in the upper half plane. This follows 
from the fact that as we allow w to move around in the 
upper half plane the singularity in the integrands in 
(48) and (50) does not cross the contour of integration. 
Likewise if w is allowed to take on any complex 
value in the lower half plane the expressions for 
g- and fA_ yield analytic functions in the lower 
half plane. If we wish to give analytic definitions to A, 
and g, in the lower half plane and to A_ and g_ in the 
upper half plane we must analytically continue these 
functions. 

Now g,/h, has poles at the complex roots of (35) 
which lie in the upper half plane and g_/h_ has poles 
at the roots of (35) which lie in the lower half plane 
when g,/h, and g_/h_ are given as described above. 
Further g/h for the complex modes is —2xi times the 
residue of g,/h, at the roots in the upper half plane 
and 2zi times the residue of g_/h_ at the roots in the 
iower half plane. It therefore follows that F, is given by 


rg (w.k)e* kz) 


E,(x,l)= f , 
. h_(w,k) 


£ g+(w,k)e* wt—kza) 
+ f - ae -dw, 
h,(w,k) 


dws 


(54) 


D 


contour 2 


where the contours 1 and 2 are those shown in Fig. 2. 
Contour 1 passes below al! the poles of h_ and contour 
2 passes above all poles of /, 

Now for t- 


semicircle wit! 


0 both integrals may be closed on a large 


Im(w)| <0, 


(55) 





388 


and for ‘>0 both may be closed on a semicircle with 


Im(w)| >0, (56) 


if the definitions of g, and h, are extended by analytic 
continuation into the lower half plane, and those of g_ 
and A_ are similarly extended into the upper half plane. 
In both cases the integral along the semicircle vanishes. 
For ‘<0 the first integral vanishes while for ‘>0 the 
second integral vanishes. 

The integral along contour 1 gives an expression for 
E equivalent to the expression obtained by Landau. 
It may be treated in the manner that Landau! uses and 
for the case of no complex roots of the dispersion relation 
(unstable modes) it yields the usual Landau damping. 
The integral along contour 2 is similar to Landau’s 
expression except that it gives the electric field for 
negative time. It can also be handled in a manner 
similar to that used by Landau and it yields damping 
in the negative / direction if there are no complex 
modes. Thus, the wave dies out in both the positive 
and negative ¢ directions so that we have symmetry 
between the future and past. 

Expression (54) is very similar to the expressions 
obtained by Landau and Van Kampen. There is, how- 
ever, a slight difference which is due to the difference 
in the method of attack. Both Landau and Van Kampen 
solve the problem by means of the Boltzmann equation 
and do not attempt to follow the motion of a single 
stream of particles in detail. Here, however, the motion 
of each stream is followed and so more information is 
contained in the solutions given here than in those 
given by them. This is why the g functions which 
appear in this paper are somewhat more complex than 
the corresponding expressions which appear in the 
works of these authors. 


LIMITATIONS TO THE LINEARIZED THEORY 


The theory that has been presented here is a linear- 
ized theory like that of most other treatments of plasma 
oscillations. Because of this, it breaks down if the 
amplitude of the oscillations becomes too large. For 
unstable situations this break down will always occur 
sooner or later. If we confine ourselves to the limiting 
situations for which the distribution is stable (all 8 — 0) 
the beam instabilities will give trouble only after times 
of the order of logarithm of the beam spacing. Never- 
theless, an examination of density perturbations given 
by (9), plus the fact that 8 goes to zero as 6 Ind, shows 
that the larger the number of beams the smaller the 
amplitude of the wave must be so that the theory does 
not break down for those beams for which (w—cké) is 
smallest. This restricts the amplitude to be of the order 
of 5 Iné. However, this restriction is what is required 
so that the theory will hold for times of the order of 
the beam instability growth times (6|1né| )~. If, in fact, 
the beams were not unstable, choosing the amplitude 


to be 


of this order would insure that the solutions 
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would be good for all times. If we are satisfied with 
solutions which are good for finite lengths of time then 
we need not put this restriction on the amplitude. The 
solutions that we 
nonlinear terms are not important to the motion of any 
of the beams. The length of this time will, of course, 
depend on the amplitude. We can estimate this time 
for the case of a continuous distribution function to be 
of the order of the period of oscillation of a particle 
trapped in the trough of 


obtain are then good so long as 


the wave, for this is roughly 
the time in which nonlinear terms become important 


for the trapped electrons. This time is of the order of 


r= (m/el ~k)3, (59) 


where E,nax is the maximum electric field produced by 
the wave. If now the Landau damping time is short 
compared to this time then we may expect the waves 
to damp out in accordance w the linearized theory. 
If, on the other hand, the Landau damping time is long 
compared to this time, we expect the linearized theory 
will not give an accurate 
behavior of the wave 


picture of the long-time 

Another place where one can expect the theory to 
break down is through the representation of all streams 
of particles as continuous fluids. When one goes to very 
high velocities there will be very few particles per 
stream. If this number is only a few particles per 
wavelength then the continuous fluid picture again 
breaks down. if the Landau damping is due to particles 
in such a region then again one expects the long-time 
behavior to be modified 

It should be emphasized that the restrictions pre- 
sented above are not confined to the beam calculation, 
but apply also to treatments by the Boltzmann equa- 
tion.* Similar arguments to some of those presented in 
this section are given in Bohm and Gross.’ 
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APPENDIX 1 
Double Roots of the Dispersion Relation 


If Eq. (12) has a double 
a slightly different way 
Instead of looking for so 


root, @, 


we must proceed in 
from that used in the text. 


form 


utions of the 
(60 


we look for one solut his form and one solution 
of the form 


61 


where, as before, he wave forms for any of 


*J. R. Pierce and | 
ED-6, 231 (1959 


A. Morrison, Proc. Inst Engrs 





PLASMA OSCILLATIONS 


the quantities v,, m,, or E. Eliminating 2, and E 
between (4), (5), and (6) we find 


(not figl)ee*-*” | 


— vn.) = 


4reN, 


Ne 


On, 
—2ikV, 
al 


(= 
oF 


LX A,, 


m(w—kV,)? » 


i,~= 


dren, 


2in, 
%,= + Ny. 
(w—-kV,) m(w—kV,)* u 


We may normalize in such a way that 


Li,=1, 
a 
which leads to 
4réN, 
i,=———_ ' (67) 
m(w—kV,)? 
Equations (66) and (67) are consistent with the dis- 
persion relation (12). Substitution of (67) in (65) and 
summing the result over o leads to 


4reN, 
= 


« m(w—kV,)* 


4re? N, 
+(—x — Jom) (68) 
m ¢ (w—kV,)? La 


Now the first term on the right-hand side of (68) is 
zero because w is a double root of the dispersion relation 
and the last term on the right-hand side of (68) is 


simply 
> n,. 
= 


>. n.=2i 
a 


Thus (68) is satisfied automatically and so we may 
choose 
> n,=0. (69) 
“ 


This leads to 
2i4reN, 
%~= — 


m(w—kV,)* 
The arbitrariness which arises in the choice of 


Lm,, 
oo 
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comes simply from the fact that we may add an arbi- 
trary amount of (60) to (61) and still have a solution. 


We may find » from (2), (62), (67), and (70). These 


give 
-( 


Let us also take #, and 6, to be the density and velocity 
perturbation for the solution with form (60) for the 
given w. 

We may now solve the initial value problem. We need 
only consider the density and velocity perturbations 
due to the two modes of frequency w since our previ- 
ously derived orthogonality relation holds between all 
other modes and these two. Let 9, and v, be the density 
and velocity perturbations at /=0 due to these two 
modes. 

We have 


(w—kV,) in, 
(".+nl)—- — Jase, (71) 
kN, kN, 


n,(t,x)=[af,+b(n,+figl) jer", 


a(w—kV,) 
v,(t,x) -| tie 
kN, 


(w—kV,) if, 
+ i( (net+fi,l)— =) fe kz) (73) 
kN, kN, 


which at ‘=0 must equal 9, and »,. Placing t=0 and 


summing over ¢ (72) yields 
= Ln, 
since fi, satisfies (8). Multiplying (73) by 
N,/(w—kV,)’, 
yields 


Note 


. b_ 4reN,(1—1) 
« (w—kV,) koe n(w—kV,)*- 


; Nw 
2 ; 
« (w—kV,)* 
b=k ’ 
_ 48 N,(1—1) 


« m(w—kV,)* 


The denominator of this expression can be zero only if 
w is a triple root of the dispersion relation and this can 
never happen for a discrete set of beams. 
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electrons circulating in a uniform in 


the “Astron problem,” has been generalized to the extent that a range of canonical angular r entum 


among monoenergetic electrons has been treated 


has been chosen to be uniform over a finite momentum range. Just as in the single-mom 
reversal is found, but new field and spatial density configurations appear. The 
to be consistent with isotropic regions of constant spatial density and constant magnetic fiel 
of transition layer between vacuum and such a region conforms, within limits, to an emf 
previously found. The limit to the number of electrons per unit axial length of layer still exists 
relating the ratio of internal to external field to the layer strength still show multiple values of both 
and strength in certain ranges. Trajectories have been calculate 


I. INTRODUCTION 


HE first step toward the solution of the theoret- 

ical problem posed by the layer of relativistic 
electrons which are expected to generate the magnetic 
field reversal required for the Astron has been taken in 
a previous report, hereafter to be designated by I." 
The next p was to broaden the problem to 
include a range in an electron parameter and, in view 
of the method of attack, the parameter chosen was the 


ss 
logical ste 


canonical angular momentum. An important purpose 
to relate the assumed 
distribution-in-momentum to distribution in 
energy, dire« tion of motion, etc. The need lic Ss, to quote 
I, in the fact that “the essential difficulty (in the 
theoretical approacl is the setting up of the distribu- 


served by this step has been 


space, 


tion function to correspond to a physical situation.” 


Il. MATHEMATICAL FORMULATION 


The motion of the electrons was, as in fs considered 
to be confined to the r, 0 plane but to lie in a relativistic 
Purely for convenience their charge was taken 
The distribution function for the 
in constant-of-the-motion space was taken, 


range 
to be positive. 
density 
quite generally, to be (with its attendant space element) 


f.(p, pe)dpd po, (1) 
where # is the linear momentum and fy is the canonical 
angular (CAM). This function, 


integral over p and f» is the number of el 
axial cm, had to be related to the function which was 


momentum whose 


ctrons per 


useful in the self-consistency analysis. The latter was 
the density distribution in coordinate-momentum space 


expressed in terms of the constants of the motion. 


These were P, pe and, say, two position oordinates a 
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ices 


on Labora 
the Atomik 
j 


a 
Depart pany and 


For simplicity, the density distrit 


field 
ition is found 
The thickness 
pare 
irical reiation 


rhe 


Case 


uniform distril 
! 


irves 
ratio 


i and plotted for severa 


and a2 at time zero. The number of electrons in an 


element of this phase space could therefore be rep- 
resented as 
ly pp 11,01 ird pd if 
where , is the radial component of momentum. 
Before establishing the relationship between f, and 
were made. 


notation 


fi two simplifying changes of 
First, the magnetic part of CAM was expressed as an 


angular momentum 


Pi -/c)rAael(r), 


so that 


pr sing+ 


pbo= pr sing+ (e/c)rA(r 


where ¢ is the obliquity of the trajectory to the radius 
vector, I, Fig. 1. Second, all momenta 9, 


replaced by P, by means of the substitution 


were 


(P, p, 


Thus we could start afresh with an 


P.Ps)dPdP», 
and an 
fiCP,Po,01,02)drdP,déd Ps 


The formula for resul linear) momentum became 


(R 


The electrons of expressio had to be summed 
over r and @, but first, in order to relate f; to f., it was 
differential 
his was done by 


necessary to 
element, dPdP», with « 
using Eq. (8 


dP,=(0P,/dP)dP 


separati it common 


(The more general luces to 
this 
The 


magnetic field det y Pp ild 


ind @ in the 


integration of expressiot ver r 


the n be carrit d 


390 





RELATIVISTIC ELECTRON 


out with the result that 


(fa 1—LPs— Pa(r) P/ Pr) )-\ir) 


eycle 


K fil P,Poonypa)dPdPy= f.(P,Pa)dPdPs. (10) 


It was immediately evident that f; did not depend on 
a; and a, so that these quantities could be dropped. 
The limits of the integral had to be such that the full! 
range of P, was covered. In terms of r this required a 
full cycle of its values in the trajectory, that is, a 
doubling of the integral between pericenter and 
apocenter. Henceforward this would be the integral 
which was to be understood—as a consequence 27 
would be replaced by 4. 

Since the assumption was that the electrons were 
monoenergetic, neither f, not /, contained P explicitly, 
and each could be considered to contain a 6(P?— Po) 
factor, where Py» corresponds to the energy. Then 
integration over P could be carried out, and, without 
ambiguity, the integral of Eq. (10) could be written 


P ery hdr) 
x fi( Pads 


ar | ({1-—LPo— Pa F 


=f(Ps)dPs. (11 


The differential electric current was then expressed 
by combining the speed cP(P*+-1)~ and the obliquity 
of the trajectory, ¢, (see I, Fig. 1) with the revised 
function 6(P— Po) f:(Ps): 


dj=ecP(P*+-1)—* singd(P— Po) 

> 4 {,(P,Ps)drdP dd P,, (12) 
Also 
(13) 


sind= (Ps— Pg)/ Pr. 


Then by using Eq. (9) it 
Eq. (12) over P to give 


was possible to integrate 


ecP of Ps— P a(r) \fi( PedrdédPs 


14 
[P&+1 }{1—LPs— Pa(r) P/ Per}! 

The choices of density distribution, f;, which allowed 
of a straightforward rather than an iterative solution 
for self-consistency were ones which permitted an 
immediate integration of expression (14) with respect 
to Ps. The only choice was to make f,(Ps 
over a range of P, 


a constant 


fi(P)=0 for Ps<P, and 


fil(Pe=a for P< Pse< Ps. 


Py> Pr, 
(15 


direc t 
arbitrary 


This was a frankly arbitrary Any 
choice of an f,; would have been equally 
because the chosen function would not have 
from a physical situation, except by the purest chance. 
The realistic approach would have had to begin with a 
calculation of f., as will be done when the E layer 


choice. 


arisen 
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resulting from slowing-down electrons is calculated. 
The justification for the present procedure lay, first, 
the relative ease with which it allowed some qualities 
of a field-reversing layer to be examined qualitatively 
and, second, in its being a stepping stone to the con- 
siderably more involved iterative procedure required 
to link f. and /; to the physics situation. 

Then the integral of expression (14) with respect to 
P, gave for the differential current of current density 7: 


Jef] 
52) 


where the factor 2 enters in essentially the same way 
as in Eq. (10). 

It was then convenient to introduce the function 
R,(r), similar to the R of I, which was characteristic 
of trajec tory i, for which Ps= P;, 


jrdrd6 = 


R.(r)= —sing,(r)=—-LP:—Pe(r) Pe. (17) 
The negative sign was, as in I, appropriate to dealing 
with a positive electronic charge and picturing specific 


situations on this basis. Then 


2ecP Pa 
jrdrd6 aoe [( 1 
(P?+1)! 


R,?)'— (1—R,*)* |rdrdd. 


From Eqs. (3) and (5 


vAg(r) = (me*/e)P a(r) = (mec*/e)(PaR.+P,), 
and it appeared that 
d(rA)/dr= (me? PF, e)d(rR) ‘dr, 


independent of trajectory, so that Maxwell’s equation 


d fd{rAg(r) | 
( ) 4x j/c, 
dr rdr 


SreaPs 


became 
d (—) 
dr rdr 


with 


moc?( P?+-1)3 
1— R,*)}— (1—R2)*), 
R,(r) = R,(r) +- (P,—P.)/P¢e. 


A simplifying substitution was 


SreéaP i Sera! ly 
(= ( ) r ( ) f=—T, 

m Cc P? T 1)3 7 T? 
where r, is the classical electron radius and y is m/my 
and the subscript 2 refers to values at the external 


(20) 
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radius of the electron layer. Equation (18) then became 


d d(tR,) 
. ( ) (1—R,?)!— (1—R,?)}, 
dt ldt 


and this is the fundamental differential equation of the 
problem. Like the variable s in I, the ¢ here was to be 
regarded as a mathematical parameter. As in I a 
dimensionless ‘‘magnetic field,” 4, was introduced: 


(21) 


d(tR,) dP x(r) é 
th = rB, 
dl Podr MVC 


where v is the electron speed and m its relativistic mass. 
Quite analogously the 
quantity 


to the single-type case, 


G loho 2) 


T2/ de 


was defined, a2 being the radius of the electron gyration 
in the field By. The value of G together with a value for 
fg and the value —1 for R, constitute the initial 
conditions for a solution. 

Besides G another physics parameter is, as in I, the 
total number N of electrons per cm of axial length. 
This was found by integrating Eq. (11): 


\ ff scroar. 


The integral of the left member of Eq. (11) with respect 
to Py could be performed over the range P, to P, so that 


N trPa f r(cos'R,—cosR,)dr, (23) 


y= (2r./y)N ff H(c0s 'R,—cos'R,)dl. (24) 


The magnetic field is represented by 


d(tR (P?+1)'B B 


> 


tdt = Po(Sramoc*)! (8am)! 

The stated limits, P, and P,, in the integration of 
Eq. (11) to obtain Eq. (23), and in the integration of 
Eq. (14) to obtain Eq. (16) were imposed by the types 
of electrons in the system, but certain ranges of r are 
inaccessible to” some of these types, and this circum- 
stance is made evident by an imaginary value for the 
integrand. Thus, near enough to the outside of the 
electron layer there are no P, electrons and the range 
of integration in the evaluation of f, there extends from 
P,, down to the value of P, for which the denominator 
vanishes. Further in, the upper limit, too, may be 
fixed by a zero of the denominator. 

In general it was not difficult to determine that 
whenever |R|>1 then, in Eq. (21) 1—R? was to be 


TONKS 


replaced by zero and in Eq. (24) cos“'R was to be 
replaced by 0 if R>1 and by rif R< —1. 

Both Eqs. (21) and (24) could be expressed in terms 
of momentum range by means of Eq. (19) rewritten as: 


with 


Furthermore it convenient to characterize 


orbit by Ag instead of Ps where 


was an 


Ag=A0(Pi— Ps)/(Ps— Pa), (28) 


so that Ag lies in the range 0 to AQ. If followed rather 
easily that the difference in obliquity of two trajectories 
at the same radius is just their Ag/?. 

It was apparent that the two parameters, /, and G, 
had the same roles as s2 and gy before, and, in addition, 
we had AQ which measures the momentum spread. 
This made the problem more complex. 

Since pp differs from trajectory to trajectory, it was 
helpful to relate the change in pf» to the change in 
trajectory in a general way. First, we focused on the 
radial position, r4, of the apocenter. At this point sing 
=—1. From Eq. (4) we had 


dpe dra polersB(ra) po] Polfa a4—1), 


where a, is the radius of gyration at the apocenter. 
Necessarily at the apocenter 


TA> a, 


so that for our basic conditions (positive particles in a 

positive field) where py» decreased the apocenter moved 

inward, as indicated by radial arrows at the apocenters 

in Fig. 1. 

With regard to the pericenter four cases needed to 
distinguished the local values of 


be according to 
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Fic. 2. Trajectory obliquity, Rs, as a function of relative 
radial distance for G = 2.83 and various #;; also position of equilib 
rium orbit. 


sing, which can be either 1, and of B,, which can be 
either positive or negative. The cases are distinguished 
by the shape of the trajectory of the p, electrons which 
can be of any one of four corresponding types. They are 
shown in Fig. 1. Systematic substitution of the pertinent 
pericenter values of sing and B, in the derivative of 
Eq. (4), as was done for the apocenter, established the 
radial arrows at the pericenters, which show the shift 
in trajectory there for a decrease in py». 

A little consideration showed that in all cases the 
smallest value of p» attainable is that reached when 
r/a=1, which would always be in a region of positive 
field, and is shown qualitatively by the broken-circle 
trajectories. Quantitatively the radius, r., of this 
minimum-, circular orbit is fixed by the equation 


er.B(r.)=poec, or tA=1. 


It is the “equilibrium” orbit of accelerator theory and 
that is what it will be called here. 

To sum up in admittedly qualitative fashion, we see 
that in a magnetic field strong enough to establish a 


well-defined guiding center for the maximum-f» 
trajectory as in Case B of Fig. 1, a downward range of 
de corresponds to a distribution of guiding centers 
extending inward toward the axis. In all other cases 
the downward range of p» corresponds to a decreasing 
amplitude of oscillation about the equilibrium orbit. 
In all cases the equilibrium orbit corresponds to the 
least possible pf». This description applies, of course, 
only to the special assumptions of the present analysis, 
particularly that p= fo. At a later stage of the general 
inquiry we shall be interested in slowing down, and 
then a possible minimum value for » might be that of a 
particle at rest where B=0. 

Equation (21) was solved from the outer surface of 
the electron layer, just as for I, so that a choice of the 
two parameters ¢, and G had to be made. A decision 
regarding the momentum spread, characterized by 
AQ, was postponed by noting that a large AQ could, by 
keeping R,>1 by virtue of Eq. (27), put off the point 
at which the second term of the right member became 
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active. As the solution proceeded on this basis, fresh 
electrons were continually encountered and _ incor- 
porated by the mathematics in accordance with Eq. 
(15), and at some point the exclusion of old electrons 
would begin. The iimit to the assimilation part of this 
process was imposed by the value of pe corresponding 
to the equilibrium orbit, for this was the smallest 
value which could be present and hence the smallest 
value which could be attributed to p,. As the solution 
proceeded to still smaller radii, electrons of ever-larger 
pe were excluded until either the axis was reached or 
the p» electrons themselves were excluded, whichever 
occurred first. If it was the latter, only uniform vacuum 
field remained inside. 

Figures 2 and 3 show the behavior of R, and h/hy 
when Eq. (21) was solved omitting the R, term. On 
each plot the curve marked “‘h=1” is the locus of 
equilibrium-orbit radii. The value of p,. which is 
consistent with these curves is that which would cause 
R,+4Q/t in Eq. (26) just to reach unity, in which 
case the R, term in Eq. (21) just misses entering the 
calculation. The crucial radius lies on the “th=1” 
curve. Thus, the curves of Figs. 2 and 3 apply to the 
physical situation where all momenta from the maxi- 
mum #» to the minimum possible are present, and all 
trajectories from that with maximum apocenter 
distance to the minimum-momentum “equilibrium” 
orbit are there. 

With this physics interpretation at hand it was 
throught advisable to avoid the complication of a 
third parameter; and, except in two particular cases, 
to deal in the calculations only with a full range of 
momenta, that is, with AO= AQ,,, its maximum possible 
value. 

As we have noted, for the equilibrium orbit 


1=1h.=d(tR,)/dt| = R(t-)\+t.Ry’ (te). (29) 


For AQ,, we also have 


1= R,(1.)+A0 n/t, 
whence 
AO m 


t{1—Rs(t-) ]}=t2Re’ (te). (30) 


In calculating and tabulating AQ,, it has not been 
necessary to distinguish between cases A, B, C, and D 
of Fig. 1, but for other reasons it is necessary to dif- 














Fic. 3. Relative field strength as a function of relative radial 
distance for G= 2.83 and various t, with full range of momentum; 
also position of equilibrium orbit 
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ferentiate between the resulting configurations. In B 
the whole space within the outermost locus of apocenters 
is populated by electrons, and any restriction of 4Q 
to a value less than AQ,, will first depopulate the 
annular neighborhood of the equilibrium orbit and this 
attenuation will spread inward and outward with 
decreasing AQ. A possible later stage is one in which 
vacuum at the axis progresses outward but never 
reaches beyond the pericenters of the p, electrons. Then 
only p» electrons would be present, as in I. In A and C 
only the space between the loci of apocenters and 
pericenters of the » electrons, as indicated, are 
populated, and the maximum density lies close to the 
equilibrium orbit. Any decrease in AQ below AQ,, in 
these cases will again depopulate the annular neighbor- 
hood of the equilibrium orbit, at the same time causing 
the magnetic field to the interior of the depopulated 
region to increase positively. In D, as in B, the whole 
region inside the ~, apocenters is populated, and here 
also the diminishing of AQ depopulates the annular 
neighborhood of the equilibrium orbit initially. 

In the first three cases, A, B, and C, the decrease 
of AQ is seen to cause the configurations to approach 
types already found in I for single-type electrons, just 
as would be expected. It is, of course, the p, trajectory 
which shows the similarity. D, however, is essentially 
new. Its p» trajectory is, as a whole, paramagnetic so 
that to reverse the field, as occurs here, the trajectories 
of lower ps, many of which do not reverse their direction 
of circulation about the axis, must outweigh the near-p, 
trajectories. In A and C, as low-» trajectories are 
eliminated, one can think of compensating by increasing 
the total layer strength, but in D this is not possible 
because of the paramagnetism of the near p, electrons. 
Therefore, the removal of the low f» electrons must 
lead to a positive increment to the interior field and the 
evolution will be toward B. This is illustrated in Fig. 6. 

Because of this new configuration it was thought to 
be worth-while to calculate a few trajectories. From 


ré=vsind, + (r6)?=>2°, 
it followed directly that 


dé 


t/t:)(1—R®)* 


Having calculated and tabulated R,, any other trajec- 
tory followed easily by using the appropriate Ag and 
setting 

R=R,+ Ag l. 


A quadrature by machine gave ¢/t, as a function of 6. 
In I the intersection of the axis by a trajectory was a 
very special case. Here, because of the spread in po 


that always happens for configurations of types B and 
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D of Fig. 1. I he sper ial cases are those in which it is 
the p, trajectory which reaches to the center so that 
R,(0)=0. Attention was confined to the case where the 
full range of p» was present so that the differential 
equation is, as before, Eq. (21) without the R, term, 
and the series solution near /=0 is 


R,= (ho/2)t4+- (1/3) fF — (he 


120) t*— (ho/ 144) ¢5 
(1/70) (1/9+-Ao*/64)1®+0(77). 


Here hp is the value of h at t=0. 

As in I, solutions of the singular case served to 
pinpoint ill behavior, as will appear. The pertinent 
range of fo is that within which R, passes through 
+1 (rather than —1) at some value of ¢ which is thus 
identified It comprises values greater than 
approximately —2. The values of he, t2, and »v corre- 
sponding to the G’s of the regular solutions were found 
by interpolation. 

To determine analytically how the solutions behave 
for large /. was less simple than in the earlier case, but 
the answer is the same for field ratio and layer strength, 
namely 


as ls. 


This accords with the expectation that as the trajec- 
tories are forced to conform more and more closely to 
the injection circle of radius 7, the effect on vy and hy/h2 
of angular momentum distribution should be less and 
less. There should, however, be an effect on layer 
thickness. Let ¢; be the value of / at the pericenter of a 
p» electron. The 
thickness is then 


asumptotic relation for the layer 


which differs from I, and is approached more slowly. 


Ill. GENERAL TABULATION OF RESULTS 


A general complication of the results of calculating 
the spatial extent, the magnetic field ratio, ‘“‘equilib- 
rium”’ orbit and the layer strength, as well as identifica- 
tion of the configuration according to the classification 
of Fig. 1 is given in Table I. 
primarily to 
according to increasing { 


The arrangement is 
G, secondarily 
, and thirdly, when AQ is less 
than the maximum, according to decreasing AQ. The 
last-mentioned cases are designated by the letter u. 


The numerical values used for G and /2 were chosen 


according increasing 


to be commensurably spaced on a scale of logs with the 
rough idea that linear interpolation on such a scale 
might be more accurate. Thus, the successive values of 
log% are 1, 1.5, 1.75, 2, 3. Of course the singular 
solutions, Case S, do not fit this scheme. 

The quantities tabulated and their sources are as 
follows: G, ratio of apocentral radius of p, electrons to 
gyration radius in impressed vacuum field; ‘2, math- 
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Taste I. Results. 


and AQ 


0.2152 1 
0.2683 d 1 
0.3109 - d 1 
1 
1 


bra/ts hi/le 
0.1016 
0.1980 
0.3500 
0.6765 0.1178 
0.8632 0.0430 
{ 0 0 
0.1581 0.5165 
0.0746 0.2248 
0 0.0731 
0.0562 0.1082 
2.830 0.785: 0.3478 — 0.2081 
4.000 0.7786 0.5756 0.2490 
oo 1.0000 0.2933 
1.000 0.7386 0.3691 0.8515 
2.000 1.0720 P 0.1680 0.1822 
2.310 AS : 0 0.432 
2.378 1.1106 : 0.0371 0.4283 
2.432 1.1142 0.0652 0.4255 
2.830 1.1277 0.2360 0.4154 
4.000 1.1105 0.5203 0.4090 
1.0000 0.4055 
0.4777 0.8971 
0.480 1.0024 
0.480 1.0011 
0.487 1.0004 


hy hy L/h 


0.6948 
0.5151 
0.3331 


0.5690 
0.6228 
0.6966 
0.8449 
0.9329 
1,0000 
0.4894 
0.5373 


0.3450 
0.6028 
0.9359 
1.5126 
1.8002 
2.0000 
1.1544 
1.5147 
1.737 

1.8920 
2.5312 
2.9549 
3.6600 
0.7503 
2.5213 
2.984 

3.0620 
3.1172 
3.4417 
3.9454 
4.7280 
0.8655 
0.7362 
0.5685 
0.3417 


0.3353 
0.3019 


0.6461 
0.7010 


0.5922 
0.7058 
0.8010 
1.0000 
0.3491 
0.5342 


2.000 0.7435 


0.6021 
0.6098 
0.6681 
0.7782 
1.9000 
0.2787 
0.2634 
0.2524 
0.2499 


«© 
1.000 


1.0264 
u0.3656 
u0).6733 
u0.4107 


0.990 
0.038 
0.190 
0.330 


2.000 
2.378 
2.594 


5147 
5653 
5781 
“1.3880 
u0.8850 
2.727 
2.830 
3.084 
3.362 
4.000 
8.000 
16.000 
* 
2.000 5.5154 
2.830 6.8656 
4.000 6.6224 
4.757 5.2203 
4.82 
4.862 5.1646 
4.967 5.1150 
5.187 5.0235 
5.656 4.8606 
16.000 3.4582 
64.000 2.1897 


x 


5834 
5823 
5756 
S484 
3428 
1017 





0.4588 
0.5422 
0.5851 
0.5220 
0.2451 


3.1793 
4.1356 
4.5086 


0.3728 0.4981 
0.2528 0.1405 
0.1104 0.2683 
0.275 0.3891 
0.399 1.0212 
0 0.7076 
0.0692 0.6696 
0.1964 0.6208 
0.2980 0.5927 
0.4570 0.5002 
0.7926 0.5172 
0.9186 0.5061 
1.0000 0.5000 
0.7374 0.8967 
0.7214 0.7804 
0.6683 0.4795 
0.4456 0.1173 
0 1.175 

0.1311 1.0998 
0.2279 1.0519 
0.3326 0.9997 
0.4555 0.9408 
0.8890 0.7797 
0.9830 0.7543 
1.0000 0.7500 


4.64 
4.7125 
4.8664 
4.9997 
5.2194 
5.7011 
5.8835 
6.0000 
4.7663 
9 A211 
18.144 
23.370 
21.7 
20.395 
19.114 
17.806 
16.553 
14.260 
14.031 
14.000 


0.6242 
0.6604 
0.6940 
0.7533 
0.8994 
0.9597 
1.0000 
0.1394 
0.1602 
0.2607 
0.6655 


0.6816 
0.6954 
0.7196 
0.7597 
0.9454 
0.9915 
1.0000 





* See Fig. 1 for Cases A, B, C, and D. The letter S denotes the singular case 


ematical parameter, designating radius of apocenters 
of p, electrons, Eq. (20); 42, parameter designating 
impressed magnetic field, Eq. (25); AO, (and AQ), 
measure of spread of angular momentum, Eq. (30); 
R,(t;), +1 when p, electron is moving clockwise at 
pericenter, —1 when counter-clockwise, integration of 
Eq. (21); f1, in ¢:/t2, parameter designating pericentral 
radius of p, electron, integration of Eq. (21); fie, in 
lia/t2, parameter designating pericentral radius of p, 
electrons; Ay, in 4,/h2, parameter designating magneti 
field at {S$ t;, Eq. (25); ¢., in ¢-/t2, parameter designating 
radius of “equilibrium” orbit and the value of /,, when 
~. has minimum possible value, Eq. (29); the case is 
determined from the signs of R,(t;) and A, according to 


Fig. 1; v, the strength of the electron layer, Eq. (24); 
and U’, parameter relating to depth of transition layer, 
Eq. (32). 

In those cases where AQ0<AQ,, values were chosen 
for AQ to obtain a representative sampling. In the 
4/1/AQ,, case (designating G=4, 4,=1, AQ=AQ,) 
the electron layer is isotropic and uniformly dense 
inside t,. A slight reduction in AQ reduces the population 
in an annulus including ¢,; but the largest AO chosen, 
i.e., 0.8656, is so great a reduction from AQ,, that no 
electrons lie within 4;,=0.038 t, of the axis. The spread - 
ing of the internal vacuum with the decrease in momen- 
tum spread is apparent. Also, reminiscent of I is the 
enhancement of the internal vacuum field. shown by 
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Fic. 4, Relative field strength as a function of relative radial 
distance for G=2.0 and various #, with full range of momentum; 
also position of equilibrium orbit. 
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Fic. 5. Relative field strength as a function of relative radial 


distance for G=4.0 and various f, with full range of momentum; 
also position of equilibrium orbit. 


h;/h2>1. It was of particular interest to explore an 
instance of Case D. This was done in the 4/2.594/1.5781 
case. The shrinkage of AQ causes the uniform reversed 
field inside /, to be rectified, as was foreseen above, and 
a vacuum has developed inside t;, when AQ has gotten 
down to 0.8850. 


I¥. FIELD DISTRIBUTION 


Figures 3, 4, and 5 show the spatial magnetic field 
distribution in an interesting range of tg and G. No 
calculations were made for G less than 2, where field 
reversal is not possible. The calculations for G=8 showed 
nothing distinctive in this regard. It is immediately 
apparent that the distribution in pp has eliminated the 
cusp from the field curves. The singularities at begin- 
ning and end of the field transition region have receded 
from being infinite first derivatives to being infinite 
second derivatives, thus preserving the definiteness of 
this region while giving it a more physically plausible 
configuration. 

There is a marked similarity between the present 
field distributions and those formed earlier? for a plane 
plasma (using a cruder method of analysis) where the 
two might be expec ted to be comparable. This is for 
Case B of Fig. 1, where, with the full range of pp» 
present, there is an interior region of uniform unreversed 
field surrounded by a transition layer. This occurs 
when G is greater than 2 and ?/ is not too large. 

One common feature is the existence of the region of 
homogeneous plasma and uniform field. Thus, the two 
assumptions, constancy of o(p) or S(H) in reference 2 
and constancy of @ here, the one being tantamount to 
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assuming uniform spatial density, the other uniform 
density in angular-momentum phase space, are both 
consistent with homogeneous plasma. This is, of course, 
because in each case, the vector potential is a linear 
oordinate in a uniform-field 


two assumptions 


function of the appropriat« 
region. In the transit 
are not equivalent, so even apart from the difference 
between Cartesian the 


ion region the 


ind cylindrical geometry, 
similarities can only be itative 

It did seem worth-while to test the empirical relation 
expressed by Eq. (38) of in the present 
context, namely, that the transition layer thickness is 
twice the gyration radius of a particle moving in a 
uniform magnetic field which is equal to the arithmetic 
mean between the the uniform-plasma 


fields. If this relation then 


reference 2 


and 
is rigorou 


U=(G ti/he)[1+R 


vacuum 


an equation which is rath 
factor introduces the average 
the transition-layer thickness 

The approach to conformity wit! 


The 
third factor 


er easily derived second 
field and the 
for Case B 

| q 32) should be 
best when G is large, when the transition layer pertains 
to Class B and when it is less than half rz in thickness. 
Table I, in its last of the 
results bearing on the above observat It is interest- 
int to that to Case C 
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contorm also 


column, set forth 


some 
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note thin layers pertaining 


of relative radial 
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RELATIVISTIC ELECTRON 

Figure 6 is the field distribution in the 4/2.594 
cases where the momentum spread was varied. This 
shows the transition from field reversal to field enhance- 
ment for a Case D situation. 


V. EFFECT OF LAYER STRENGTH; TRAJECTORIES 


As was discussed in I, it is the layer strength »—2r,.V /y 
there—which is to be regarded as the independent 
physics variable whereas tf, serves as a mathematical 
parameter. Accordingly, in Fig. 7 the ratio of internal 
to vacuum field has been plotted against layer strength 
vy, and in Fig. 8 the same has been done with the ratio 
of pericentral to apocentral distances. For comparison 
Figs. 9 and 10 exhibit the same quantities in the same 
way for this case of single-type electrons, a portrayal 
unfortunately omitted from I. 

In Fig. 7 the decrease of magnetic field is precipitous 
in a narrow range of v although it is not discontinuous 
as it is in Fig. 9. There the discontinuity coincides with 
s:=0; in Fig. 7 the cusp at the foot of the descent 
coincides with 4;=0. With increasing y, it is just before 
the p, trajectory reaches in to the axis that the field 
can reverse and the type D configuration is achieved. 
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Fic. 8. The ratio of pericentral to apocentral distances, Rp(t)t, 
te, of maximum-p electrons as a function of layer strength with 
G as parameter. 
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Fic. 9. For single-type electrons as in I, the ratio of internal to 
external field as a function of layer strength 
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Fic. 10. For single-type electrons as in I, the ratio of pericentral to 
apocentral distances, R(s,)s:/se, as a function of layer strength 
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Fic. 11, Self-consistent trajectories for G=4.0, »= 3.180. 
Case B of Fig. 1. 


Seyond this although it seems reasonable that increas- 
ing the layer strength should enhance the reversed field 
(G=2.83), it is not clear why this should weaken it 
(G=3.364 and 4.0), or even be impossible (G=8.0) 
since v already exceeds its asymptotic value. It is 
conceivable that all configurations up through G=4 
would be stable, for there is only one configuration for 
each combination of G and », but it is inconceivable 
that all parts of the G=8 curves are stable and it is 
almost certain that it is the negative-field portion which 
is unstable. 

Christofilos has pointed out® the importance of v 
and has, on the basis of a simple thin-sheet picture of 
the E-layer, conchided that v equals 2 for exact cancella- 


*N. Christofilos, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 32, p. 280. 
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Fic. 12. Self-consistent trajectories for G=4.0, y= 4.510 
Case D of Fig. 1 


Fie. 13 
sistent trajectories 
for G=4.0, »=4.712 
of Fig. 1 


Self-con- 


Case C 


tion of the external vacuum field. Figures 7 and 9 show 


that the self-consistent E-layer does not conform to 
this simple relation. 
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Fic. 14. Self-con 
sistent trajectories 
for G=4.0, »=5.000 
Case C of Fig. 1 


Figures 11 through 14 are families of trajectories 
illustrating Cases B, D, and C. Each trajectory is 
carried from apocenter to pericenter. The circle C, 
present in all cases, is the equilibrium orbit and the 
circle Z, present in Cases D and C, marks the zero-field 
position. 


VI. CONCLUSION 


The extension of the lytical method used in I 


to cover a range of angular momentum among mono- 
energetic electrons reveals some modification in form 
and characteristic of the self-consisten 


ana 


t configurations. 
Field reversal still occurs even with the 
in momentum which is possible 


maximum range 
Two configurations for 
a given layer strength, one with unreversed and one 
with reversed field are still present. In addition, the same 
hi/he, reversed or unreversed, can 
two different layer strengths. Und 
considerations enter strongly 

The next step in 
consistent-field theory will be to a 


with 
yubtedly stability 


be consistent 


of this area of 
low initially mono- 
energetic electrons of identical angular momentum to 
slow down viscously in an ionized pl: 


the devel ypme nt 


ma, still neglecting 
scattering and the diamagnetism of the plasma. 

It is a pleasure to ackr the contribution of 
Roy Clay of this Laboratory in carrying through from 
the mathematical equat 
the IBM 650. 
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ions to the numerical results on 
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Low-Temperature Internal Friction in Face-Centered Cubic and 
Body-Centered Cubic Metals*t 


L. J. Bronery}§ 
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Data on the anelasticity produced by plastic deformation in various face-centered cubic and body-centered 
cubic pure metals and alloys are reported. Fcc materials studied at temperatures from 4.2°K to 300°K 
include Cu, Al, and Al—0.25 at. % Cu. Bee systems are Fe, Nb, and 8 brass. Bordoni peaks are observed 
in Cu and Al in agreement with previous work, but are not found in either strain aged Al—Cu alloys or pure 
Fe. A peak observed in Nb at 173°K is not believed to be a Bordoni type. Unexplained low-temperature 
internal friction peaks are also observed in 8 brass. A new mechanism is proposed for dislocation relaxation 
in which the essential feature is the thermally activated motion of paired partial dislocations between 
vacancy pinning points. It is in general qualitative accord with experiment, and permits semiquantitative 


evaluation of all essential parameters. 


I. INTRODUCTION 


HIS investigation of internal friction in fcc and 

bec metals and alloys was undertaken with the 
intention of making a systematic survey of the origin 
and character of the low-temperature internal friction 
peaks exhibited by some plastically deformed metals. 
These peaks, originally observed by Bordoni' in the 
four fec metals Cu, Ag, Al, and Pb, and subsequently 
studied by various investigators,?~* have the following 
characteristics : 


(1) They occur only in plastically deformed metals, 
being sharply attenuated or completely absent in 
recrystallized material. 

(2) They have their origin in thermally activated 
processes, exhibiting in a general way the exponential 
temperature dependence of the relaxation time pre- 
dicted by the Arrhenius equation. In addition a 
modulus defect on transition from unrelaxed to relaxed 
behavior is observed in accordance with the elementary 
theory of the mechanical relaxation process.’ 

(3) They cannot be described in terms of a single 
relaxation process; a multiplicity of relaxation times is 
involved in each case. 
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The first of these characteristics indicates that the 
high density of dislocations present in plastically 
deformed materials is responsible for the peaks. All 
efforts to develop a satisfactory model for the relaxation 
process have started from this premise. These will be 
reviewed briefly during the course of this paper in 
connection with the presentation of a new mechanism 
for dislocation relaxation, based upon the thermally 
activated motion of paired partial dislocations between 
vacancy pinning points. This model appears to account 
more satisfactorily for the results of this and preceding 
investigations than previous theories. 

In Sec. II our experimental procedure is outlined. 
Section III summarizes all data taken. In Sec. IV we 
discuss the principal experimental evidence provided 
by this and previous investigations, and show how it 
leads us to consider the new mechanism mentioned 
above. The formal development of our model is pre- 
sented in Sec. V. In Sec. VI we complete the quanti- 
tative comparison of our model with experiment, and 
summarize its advantages as well as the difficulties 
which remain unresolved. 


Il. EXPERIMENTAL METHOD 


Internal friction is measured by the free decay 
method in bars 1 cm in diameter and either 10 cm or 
20 cm long. They are driven in longitudinal modes of 
vibration. The specimen holder and its associated 
apparatus is illustrated in Fig. 1. The sample is sup- 
ported nodally at its center by needle points. A polarized 
ac voltage is applied between it and a driving plate 
placed close to its upper end. This electrostatic drive 
has the advantage that it avoids the introduction of 
thermoelastic strains arising from differential thermal 
expansion between the sample and an attached trans- 
ducer. Furthermore, extraneous sources of loss are 
minimized permitting more reliable measurement of 
loss at very low temperatures. 

This assembly is placed in a helium and nitrogen 
double Dewar of conventional design. Temperature 
control is facilitated by the use of activated charcoal as 
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Specimen Holder — 
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Fic, 1, The specimen holder and associated apparatus. 
a thermal ballast, providing base warmup rates of no 
greater¥than 2°K per hour. Thermal equilibrium 
between specimen and measuring elements is insured 
by all copper construction of the lower assembly, 
together with the use of helium exchange gas which 
is pumped out just prior to each measurement. A 
carbon resistance thermometer covers the temperature 
range below 20°K, a copper-constantan thermocouple 
is used at higher temperatures. The calibration of these 
elements is established by comparison with a helium 
vapor pressure thermometer, and by the use of the 
boiling and triple points of hydrogen and nitrogen and 
the sublimation point of dry ice as fixed points. 

The excitation and detection circuits are shown in 
Fig. 2. The modified van Zelst® bridge, isolated by the 
dotted lines of Fig. 3, constitutes the capacitive branch 
of the tank circuit of a 60 Mc/sec amplifier. The 


Fic. 2. Block diagram of circuitry. 


0 J.J. Zaalberg van Zelst, Philips Tech. Rev. 9, 


357 (1947). 
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inductances L, and J» are in 
nating quarter wave lines with characteristic impedance 
Zo so that, for example, L;=Z°C;’. Cy’ is the capaci- 
tance between driving plate and specimen; C,’ 
tunable capacitor by which the bridge is balanced. 
The bridge output is modulated by the variation of 
C,’ and detected by a Hallicrafter’s model SX-62A 
communications receiver. This symmetric bridge net- 


fact capacitances termi- 


is a 


work minimizes noise arising from random fluctuations 
in carrier amplitude and frequency 

Internal friction is measured by counting the number 
of cycles of specimen vibration occurring during free 
decay using a gated electronic counter. The inverse 


of the storage factor, O~', is given by 


energy 


where N is the number of cycles passing between 


voltage levels V,; and Vz which open and close the 


Schematic 


counter gate. Calibration is provided by the use of 


precision RC elements to generate exponential 
forms with known decay 


Wwave- 
times. All decay waveforms 
are displayed on an oscilloscope equipped with a 
triggered sweep. 

Resonant frequencies are measured by counting the 
number of vibrations occurring during an accurately 
known time interval, determined by suitable gating 
pulses generated by 
pendulum. 

Strain amplitudes are less than 10 
mined by 


terrupting a light beam with a 


7 and are deter- 


mA Ed“, (2) 


where ¢max=Maximum strain amplitude, C=capacity 
dc component 
component of 

number of harmonic excited, A 
sectional area of specimen, E=Young’s modulus of 
specimen, and, d= width of gap between driving plate 


between specimen and end plate, V 
of driving 
voltage, n 


voltage, Vy=a driving 


cross 


and specimen 
The maximum displacement amplitude, Do, of the 
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end of the specimen is given by: 
Do=2CV oV L/r*n® A EdQ, 
where L is the length of the bar. 


Ill. EXPERIMENTAL RESULTS 


All the experimental data are presented in this 
section, detailed discussion and interpretation being 
deferred to the next section. The data are exhibited 
as plots of Q-' versus temperature where Q~' is given 
by Eq. (1). Only representative measured points are 
indicated; these curves are based on measurements 
made at intervals of 3°K. Measurements of 0 have a 
precision of 3% or better, except when otherwise stated. 
Resonant frequencies are determined with an accuracy 
of 0.01%. 
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Fic. 4. Loss and resonant frequency vs temperature 
for Cu single-crystal specimen 1. 


A. Face-Centered Cubic Metals and Alloys 
1. Copper 

The most extensive measurements to be reported 
have been made on copper. Both single and poly- 
crystalline specimens have been prepared using A. S. 
& R. 99.9997, spectrographic grade material. Single- 
crystal specimens, grown in graphite crucibles under 
vacuum by the Bridgman method, were stretched in an 
extensometer equipped to provide a stress-strain 
histogram. 

Figure 4 summarizes the results of measurements 
made on single-crystal specimen 1 of axial orientation 
[210] extended 5% at 300°K. Both first and third 
harmonics were excited. The precision of 0 determined 
for the third harmonic is only 10% owing to the much 
lower displacement amplitude in this mode of vibration. 
In Fig. 4, the resonant frequencies measured for the 
third harmonic are divided by three for comparison 
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20 Co) 
Temmperoture - °* 
Fic. 5. Loss and resonant frequency vs temperature 
for Cu single-crystal specimen 2. 


with the fundamental. Figure 5 exhibits similar results 
obtained on single-crystal specimen 2 of axial orien- 
tation [324] extended 5% while immersed in a liquid 
nitrogen bath at 77°K. 

For both specimens 1 and 2 the deformation was 
carried into the second or linear stage of the work 
hardening curve characteristic of fec pure metal single 
crystals," the principal differences between the experi- 
ments being the crystal orientation and the temperature 
of deformation. A comparison of !oss data for samples 
1 and 2 (first harmonic only) is presented in Fig. 6, 
when Q- has been normalized by dividing by Qmex™', 
the height of the major peak. This normalization 
procedure emphasizes the different behavior observed 
in these specimens. These experiments were motivated 
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Fic. 6. Normalized comparison plot for first harmonic 
loss data for Cu specimens 1 and 2. 


1) A. Seeger, Dislocations and Mechanical Properties of Crystals 
(John Wiley & Sons, New York, 1957), p. 243. 
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"3 Extended 3% At 300° K 


~-—=—"4 Extended 3% At 77°K 


Fic. 7. Normalized comparison plot of first harmonic data for 
polycrystalline Cu specimens 3 and 4 


by the theoretical work of Seeger on the temperature 
dependence of flow stress in fcc metals of low stacking 
fault energy ; they will be discussed further below. 

A similar set of measurements was made on poly- 
crystalline copper specimens to ascertain further 
whether factors other than temperature of deformation 
were important. The samples were vacuum annealed 
for four hours at 600°C and were fully recrystallized 
prior to deformation. Sample 3 was extended 3% at 
300°K, sample 4 was extended 3% at 77°K. Figure.7 
presents the loss data for the fundamental mode in the 
two cases, normalized in accordance with the procedure 
used in Fig. 6 for the single-crystal data. Although 
qualitatively similar, the results suggest that other 
factors, such as orientation in the case of single crystals, 
and degree of deformation, can affect the position and 
shape of the peaks. 

In order to test the effect of deformation rate, poly- 
crystalline copper was pretreated as for samples 3 and 


Fic. 8. Photograph of explosive shot assembly used in preparation 


of polycrystalline Cu specimen 5. 


2 A. Seeger, Phil. Mag. 46, 1194 (1955). 
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4 and then subjected to explosive shock. A photograph 
of the shot assembly is shown in Fig. 8. The sample 
was placed into a close fitting hole in a large block of 
commercial copper stock. The explosive generated a 
plane shock front of about 200-kilobars intensity 
incident parallel to the specimen axis. The guard block 
was later cut away and the specimen removed. As may 
be seen in Fig. 9, the loss curves are quite similar, but 
the minor peak is not as well resolved as in specimens 
deformed statically. This experiment was made possible 
by the kind cooperation of Dr. G. E. Duvall and Dr. 
G. R. Fowles of the Stanford Research Institute. 

A summary of the essential features of the copper 
data is presented in Table I. 


2. Aluminum and Aluminum-Copper Alloys 


Because the general effects observed in single-crystal 


and polycrystalline copper were the same, only poly- 
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Fic. 9. Loss and resonant mperature for poly 
crystalline copper specimen 5 byected to explosive shock 


crystalline samples of aluminum and aluminum-copper 
alloys were studied. The pure sample was prepared by 
annealing 99.99% aluminum in vacuum for twelve 
hours at a temperature of 550°C. It was then extended 
3% at 300°K. The loss data for this sample, number 6, 
are illustrated in Fig. 10, where they are compared 
with corresponding data on the same sample after a 
vacuum anneal of one hour at 190°C. 

It is evident that the principal maximum is resolvable 
into two component peaks, one at 100°K and one at 
128°K. In addition the small subsidiary peak at 24°K 
will be noted. It has recent 
and Filson.” 

Two alloy specimens were prepared by adding 0.25 


ly been reported by Lax 


at. % copper to a pure aluminum melt. These were 
then annealed for four hours at 500°C and water 
quenched. Both were immediately extended 3%, then 
one (specimen 8) was aged for one hour at 180°C prior 
to measurement; the other 


specimen 7) was aged for 


FE. Lax and D. H. Filson, Phys. Rev 


114, 1273 (1959 
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TABLE I. Summary of copper data. 





Major peak 


Description 
Single crystal [210] ex- 
tended 5% at 300°K 


T om 
96°K 
100°K 
Single crystal [324] ex- 79°K 
tended 5% at 77°K 
87°K 
Polycrystal extended 
% at 300°K 
Polycrystal extended 
% at 77°K 
Polycrystal explosively 
shocked 


84°K 
79°K 


86°K 





one week at room temperature. The results, presented 
in Fig. 10, show that all peak structure observed in 
the pure aluminum has been eradicated, Q™' being 
only about 10~* at low temperature 


B. Body-Centered Cubic Metals and Alloys 


The plastic properties of bcc metals are known to be 
strongly affected by their interstitial impurity content 
To minimize the effects of dislocation pinning by 
interstitials, a particular effort was made to secure 
pure materials. The results of analysis for interstitial 
impurities in all bec metals and alloys studied are 
summarized in Table II 


1. Iron 


Specimen 9 was cut from an ingot of annealed vacuum 
melted iron. It was 10 cm long as were all samples of 
the bec metals and alloys used. The specimen bar was 
reduced in area 8% by swaging at room temperature 
prior to measurement, the results of which are shown 
in Fig. 11 where they are compared to those obtained 
on the same sample after an anneal of 4 hours in vacuo 
at 850°C. 

Zone refined iron was obtained through the courtesy 
of Dr. J. W. Halley, Dr. K. L. Fetters, and Dr. G. W. 
Rengstorff ; it was prepared by the latter at the Batelle 
Memorial Institute. An ingot measuring 13 in. <1} in. 
Xj in. was reduced by rolling and swaging to produce 
specimen 10 which was measured in the as-deformed 
condition. See Fig. 11. No intermediate annealing was 
required for this cold reduction. 


TABLE IT. Analysis for interstitial impurities in bec 
metals and alloys (ppm by weight). 





Specimen N H 
#9; vacuum melted iron 
#10; zone refined iron <2 <0.2 
#11; niobium 28 4 
#12; 8 brass 3 2 


oO 


37 a 





* Not determined. 


Minor peak 
Owes : 


21.010 


Resonant fre- 


Qmex quency, T=0°K 


57.510 


T max 


8.356 kc/sec 
Ist harmonic 

25.074 ke/sec 
3rd harmonic 

10.906 kc/sec 
1st harmonic 

37.73 ke/sec 
3rd harmonic 


47.5 18.6 
21.9 


23.5 


9.631 kc/sec 
9.003 kc/sec 


unresolved 


19.866 kc/sec 


In neither specimen is there any evidence of a 
relaxation peak occurring in the temperature range 
covered. There is no theoretical indication that Bordoni 
peaks might be expected at higher temperatures in iron. 
The results are atypical, however, in that the loss 
increases with decreasing temperature, attaining a 
maximum value at about 50°K and maintaining that 
value to the lowest temperature reached. Evidence that 
dislocations do not contribute to this low-temperature 
loss, and may in fact impede the mechanism responsible, 
is provided by the fact that the loss is highest in the 
annealed specimen. This behavior is not understood 
but is probably related to the fact that the material is 
ferromagnetic. 


2. Niobium 
The possible complications of ferromagnetic materials 
was avoided by a study of niobium. A niobium speci- 
men, number 11, kindly supplied by Dr. R. J. 
Wasilewski of E. I. du Pont de Nemours and Company, 
was prepared by cold swaging to a total reduction in 
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Fic. 10. Loss and resonant frequency vs temperature for poly- 
crystalline pure aluminum specimen 6, and for polycrystalline 
Al—0.25 at. % Cu specimens 7 and 8, 
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upon analysis a composition of 51.61 wt % copper and 


*5 Meted von As Swoged —1284 - ° . 
~eaenidaeenee a 48.39 wt % zinc. Homogeneity of the 6 phase was 


: ' . established by x-ray analysis 
. 10, Zone Retired wor A. i : 


yes | It was.extended 2.5% at 300°K: the results of 
measurement are illustrated in Fig. 13. The specimen 
was then annealed in argon for two hours at 350°C and 
remeasured. It will be noted that the rather complex 
peak structure observed at 220°K and 300°K was 
modified but not removed by this treatment. A small 
peak observed at 138°K in the specimen as originally 
deformed was removed by annealing however. The 
temperature dependence of the resonant frequency of 
the specimen is related to the well-known anomaly in the 
temperature dependence of the elastic constants in 
8-phase alloys.' 


Fic. 11. Loss and resonant frequency vs temperature for ' — 
vacuum melted Fe specimen 9 and zone refined Fe specimen 10, IV. DISCUSSION 
both polycrystalline . . , 
apes We discuss here the experimental! evidence leading 


* ; to a proposed interpretation of the Bordoni peaks. 
area of 60%. It was measured in the as-deformed 


condition with the results illustrated in Fig. 12. It was 
then vacuum annealed for two hours at 300°C and 
remeasured. The loss peak observed initially at 173°K 
was completely removed by the anneal. The recrystal- 
lization temperature of niobium is known," however, 
to be of the order of 900°C. This result is clearly not 
consistent with the annealing characteristics of the 
Bordoni peaks observed in fcc metals. 

We believe that this peak is not a Bordoni type, but 
is associated with the presence of hydrogen in the 
specimen. Further discussion of this point is reserved 
to Sec. VI. 


3. B Brass 


The study of bec systems was further extended by 
measurements on 8 brass. Specimen 12 was prepared 
using spectrographic grade copper and zinc and showed 


rhe principal experimental facts asso ating dislocations 
with such internal frictior ma are, as outlined in 
the introduction, that y occur only in plastically 
deformed metals and ar ible unt the dislocation 
density is reduced by ’ 

The mechanism of di tior laxation developed 
by Seeger and others'*'® e1 iges the formation of 
double kinks or loops l ti wise st ght dislocation 
lines. Activation energies a alculated in terms of the 
Peierls stress and other intri lislocation parameters, 
and are thus insensitive to degree of deformation and 
dilute impurity content as required by observation 

The Seeg« r theory must, however, be examined in 
the light of two princij perimental results of the 


Fic. 12. Loss and resonant frequency vs temperature et Zener, Phys Rev 
for polycrystalline Nb specimen 11 Hs A. Seeger, Phil. Mag 
17 A. Seeger, H. Dont 
4 R. J. Wasilewski, E. I. du Pont de Nemours and Company 23, 19 (1957 
(private communication) 18H. Donth, Z. Pt 
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present work. The first is the apparent absence of 
Bordoni peaks in pure bec metals. Seeger’s mechanism 
rests upon two basic dislocation parameters, the line 
tension and the Peierls stress. Calculated activation 
energies are roughly proportional to the square root of 
their product and as such would not be expected to 
differ markedly between bec and fcc metals. 

The suppression of all peak structure in the strain 
aged Al-Cu alloys is the second experimental fact 
to be considered. The metallographic studies of Wilsdorf 
and Kuhlmann-Wilsdorf® indicate that precipitation of 
6-phase Al-Cu occurs only on edge dislocations. These 
results suggest that pure screw dislocations are not 
immobilized by precipitation, yet do not contribute to 
dislocation relaxation. The Seeger mechanism predicts 
that both screw and edge dislocations contribute 

The above conclusions lead first to a search for 
significant differences in dislocation configuration 
between fcc and bec lattices. One such difference is in 
the formation of partial dislocations. The planes and 
directions of slip in the fcc lattice are (111) and [110 
respectively, and the dissociation reaction” 


4a 110] —» $a[ 211 ]+3a[121 } 


a 


(4) 


is energetically favorable. Equation (4) describes the 
dissociation of a complete dislocation into a pair of 
Shockley partials with Burgers vectors of equal magni 
tude. Their equilibrium separation is determined by 
the surface energy of the stacking fault joining them. 
For the bcc case the principal planes and directions of 
slip are (110) and [111] and no dissociation is possible. 
The case of slip on (211) planes where the asymmetric 
reaction 


Fa{ 111 }— jal 111 ]+ haf 111 


can occur will be considered below. 

Secondly, we are led to search for significant differ- 
ences between edge and screw dislocations. One such 
difference is in the interaction of point defects with 
dislocations, as is confirmed for example by the strain 
aging experiment itself. An undissociated screw dis- 
location does not interact with such defects because, 
to first approximation, the stress field is pure shear 
An edge dislocation, on the other hand, can interact 
strongly with a point defect through its dilatational 
field.” 

We consider qualitatively the interaction 
between a pair of dissociated partials in a fcc lattice 
and a point defect, resolving the Burgers vector of 
each partial into an edge and a screw component. We 
consider only the edge component in accordance with 
the remarks of the previous paragraph. Implicit here is 


now 


“’ H. Wilsdorf and D. Kuhlmann-Wilsdorf, Report of the Bristol 
Conference on Defects in Crystalline Solids, July, 1954 (The 
Physical Society, London, 1955), p. 175 

™W. T. Read, Jr., Dislocations in Crystals 
Book Company, Inc., New York, 1953), p. 92 

"A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
Clarendon Press, Oxford, 1953), p. 56 


McGraw-Hill 


I 


> 


‘ 
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the assumption of superposition of elastic fields generally 
employed in the calculation of dislocation stress fields 
using isotropic elasticity theory 

When a pure screw dissociates, the partials have edge 
components which are equal in magnitude but opposite 
in sign. Consider a defect fixed at a point above the 
glide plane. The dislocation will assume a stable 
position such that one partial lies immediately below 
it, by virtue of the interaction of the dilatational field 
of the edge component with the volume change intro- 
duced by the defect. The edge component of the other 
partial, being opposite in sign, will be repelled by the 
defect, and only one equilibrium configuration is 
possible for dissociated screws. On the other hand, for a 
dissociated pure edge dislocation, the partials formed 
will have edge components equal both in magnitude 
and sign. Hence, two energetically symmetric con- 
figurations can occur. 

It is clear now that thermally activated transition 
of a from one stable 
configuration to another provides a mechanism of 
damping which does not occur for screws. For the case 


of bec lattices the reaction of Eq. (5), if it occurs, would 


dissociated edge dislocation 


also be expected to yield two stable positions for a 
general line orientation. However, the edge component , 
though of the same sign, will have magnitudes in the 
ratio 2:1. The resulting asymmetry in the equilibrium 
configurations considerably reduces the effectiveness of 
dislocation hopping as a loss mechanism. 

Hence, the interaction of dislocations with point 
defects provides a damping mechanism which exhibits 
the required difference between edge and screw dis- 
locations on the one hand and fcc and bec metals on 
the other. We therefore elaborate it into a semi- 
quantitative theory of the Bordoni peaks in the next 
section. Before doing so, however, we examine the 
evidence which bears upon the selection of the point 
defect or defects responsible. 

First we consider impurities. It has been established? 
that dilute (<1%) impurities in solid solution can 
lower the amplitude of both peaks and background 
but have little or effect the maximum loss 
temperature. This relative independence of peak 
position of impurity content suggests that they play 
only a secondary role 


no on 


We are thus led to consider intrinsic point defects. 
The choices are interstitials, vacancies or possibly 
complexes thereof. Interstitials can probably be ruled 
out on the basis of the fact that they are not produced 
in significant numbers during plastic deformation. 
Evidence for this available from data on low- 
temperature annealing of resistivity in which the 
annealing observed in irradiated copper and 
attributed to interstitial migration are not observed 
in cold-worked copper.” 


1S 


steps 


@ J. S. Koehler, J. W. Henderson, and J. H. Bredt, Dislocations 


and Mechanical Properties of Crystals 


John Wiley & Sons, New 
York, 1957), p. 587 











Fic. 14. Schematic representation of the dissociation of a 
complete dislocation into partials, (a) viewed from above the 
glide plane; and (b) viewed along the glide plane. The shape of 
the double potential well for interaction between split partials 
and a point defect is shown in (c) 


We are left with vacancies as the simplest point 
defects likely to be responsible for the Bordoni peaks. 
It is well established, again by annealing of resistivity 
measurements, that 
cant numbers by plastic deformation. There is sub- 


vacancies are produced in signifi- 


stantial theoretical evidence” as well for their generation 
on the glide planes of moving dislocations during the 
course of plastic deformation. 


V. FORMAL DEVELOPMENT OF THE MODEL 


Here we present a semiquantitative development of 
the ideas put forth in the previous section. The dis- 
sociation reaction given by Eq. (4) describing the 
formation of Shockley partials in fcc metals is repre- 
sented schematically in Fig. 14(a). Bearing in mind the 
remarks of the previous section we write for the inter- 
action energy U’,(R,a) between a vacancy and partial 


1 of Fig. 14(a), well-known formula due to 


Cottrell™ 


using the 
U1 ( Rye) A (sina)/R, (6) 
where 


) 
j 


A $[ (1+) (1 


-v) juwdjer’. (7 
Here v is Poisson’s ratio, wz is the elastic shear modulus, 
b, is the magnitude of the edge component of the 
Burgers vector of the partial, r is the atom radius of 


% F. Seitz, Advances in Physics, edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1952), Vol. 1, p. 43. 
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the solvent, and « is given by r’= (1+ .)r where r’ is the 
effective radius of the vacancy. R and a are the polar 
coordinates illustrated in Fig. 14(b). 

Since the model envisages the thermally activated 
motion of a dislocation about a vacancy which is fixed 
at a distance Ry above the glide plane, it is convenient 
to rewrite Eq. (6) as 


‘ 


where x’=x/Ry and 
of the vacancy from partial 1. A similar expression may 
be written for U,(x’) with 5; replaced by 2, the magni- 
tude of the edge component of partial 2 in Fig. 14(a), 
and x’ replaced by (A’—2’). Here \’=\/Ro where d is 
the spac ing between partials. The total interaction is 
given by the sum 


x is the horizontal displacement 


where K= }2/;. 

In general the interaction will lead to an asymmetric 
14(c). Since in 
that 
contribute apprec i- 


double potential well as shown 
the rate calculation to follow it will be shown 
asymmetric configurations do not 


ably to the relaxation strength, we now calculate the 


activation energy Wo for the 
6=90° in Fig. 14(a 


pure edge dislocation. For the symmetric case K 


) ee 
}"2 


given by” 


symmetric case only. Here 
dissociated 
1 and 


corre spond ng to a 


W 


where 6 is the magnitude of the Burgers vector of a 

Shockley partial and £, is the stacking fault energy. 
The only other parameter requiring explicit evalua- 

tion is e. On the basis of thermodynamic arguments 


it has been shown” that for vacancies 
a a 1 
Al I re 3 (12) 
where AV*/V is the fractional change in volume upon 
formation of a Gruneisen 
constant. Hence 


and 7 is 


vacancy 


A 1 1— (4 |. (13) 


™* See reference 20, | 
% A. W. Lawson, S e, orneli n, and N. H. 
Nac htrieb, J Chem. Phy to be] 
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Equations (7), (10), (11), and (13) now permit calcu- 
lation of activation energies W» in terms of known 
parameters. The results for copper and aluminum are 
presented in Table III. The two choices for Ro, 
Ro=}e[111] and Ro=Jal111] represent situations 
where the interacting vacancy is one atom plane or two 
atom planes above the glide plane, respectively. It 
should be noted that the second value of Re gives a 
negative activation energy for the case of aluminum, 
i.e., no central maximum. The numerical values given 
are in reasonable accord with experiment. 

In this development, no account has been taken of 
the contribution of the stacking fault to the stress 
fields of the pair of partials. In our model, we regard a 
partial dislocation which terminates a semi-infinite 
plane of stacking fault as being acted upon by a line 
source of shear coincident with the dislocation line 
and generated by the fault. For a pair of partials 
bounding a ribbon of fault, two such line sources 
would be present, their direction and magnitude being 
such as to balance the effective repulsive force between 
the two partials. Following the analytical procedure 
of Love,”* it may be shown that the stress field surround- 
ing a line source of shear acting within a homogeneous 
medium of infinite extent is a pure shear field. Hence, 
to first order no contribution to the dilatational fields 
of the partials is expected; consequently there will be 
no correction to the interaction energy arising from 
the presence of the fault. In our approximate formu- 
lation we have consistently disregarded the second- 
order compression associated with a pure shear. 

We turn now to a calculation of the loss Q~ starting 
with the general potential well iilustrated in Fig. 
14(c). We write 

Ni()=N,+Ny'e*', 


N2(0) = NO+N,'e*', 


(14) 
(15) 


TABLE III. Results for copper and aluminum 


Aluminum 


4.05 10~* cm 
2.44X 10" dyne/cm* 


Copper 


3.62 10-* cm 
3.05 10" dyne/cm? 


= & 


INTERNAL 


LAS >Y DBH_SHE 


S 


€ 
Ro 
’ 
Wo 
Ro 


nN 
Wo 


* AE. H. Love, The Mathematical Theory of Elasticity 


0.33 
jaf 211 ]=1.48X10-* cm 
40 erg/cm? 
90° 


6.402 = 23.2 10-* cm 
b cos30° = 1.28 10°* cm 
ta[110]= 1.2810" cm 
1.96 
—0.202 


haf 111]=1.57X10-* cm 
14.8 
0.168 ev 

tof 111] =4.71X10- cm 


4.93 
0.045 ev 


0.33 
fal 211 ]= 1.67 10~* cn 
200 erg/cm* 
90° 
1.154 = 4.66 10"* cm 
6 cos30° = 1.44 10-* em 
taf 110]=1 4x 10°* cm 
2.17 
—0.213 


4a 111 ]=1.75K10"* cm 
‘ J 
0.085 ev 
4o[111]=5.2510-* cm 
0.89 
—0.023 ev 


(Dover 


Publications, New York, 1944), 4th ed., p. 204. 
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where N,(é) and N2(¢) are the number per unit volume 
of configurations in well 1 and well 2, respectively, at 
time ¢. VN, and NV, are their equilibrium populations 
under zero external stress; N,’ and N,’ represent the 
time dependent deviations in population. Using 
standard rate theory as applied by Hall*’ we obtain 
NoAEo 1 


Vv,’ B(T 
2kT 


(16) 


1+ j(w/e)’ 


where 
B(T)= 4[2 + (1/72) 


and where 


A/kT 4. (v2 /y)eA/*T } .. (17) 


gene 8 OE yg (—Aliee, 


(18) 


Here y; and 2 are attempt frequencies characteristic 
of well 1 and well 2, respectively; W and A are 
the barrier heights shown in Fig. 14(c). Also 
No=N,@+N, is the total number of appropriate 
dislocation-vacancy configurations per unit volume. 
Further AZ, is the change in the energy difference A 
between wells 1 and 2 resulting from the application 
of an external shear stress ro. For a sinusoidal stress 
we have AE= AEve™ corresponding to r= roe’. 

Now the maximum plastic strain per unit volume is 


oop™= (No! —Ny')Sbo=4(Ny'—Ny')bM, (19) 


where S is the area swept out on the glide plane when 
an activated jump occurs and bo is the magnitude of the 
Burgers vector of the undissociated dislocation since 
the dislocation pair moves as a unit. We have set 
S=4X since the dislocation pair moves an average 
distance \/2 between pinning points spaced a distance / 
apart. The evaluation of / will be discussed in the next 
section. Further, AZ» equals the force per unit length 
robo on the dislocation pair multiplied by the length ! 
of dislocation involved and the average distance \/2 
through which it moves. Thus we have 


AE, Arobodl = hbAluroor, (20) 


where oog is the maximum elastic strain. We now 
combine Eqs. (16), (19), and (20) to stitain 


Ap pe—plw) Re (ao,) 


VE ME TOR 


VP bFN ye ] 
B(T » (21) 
8k7 1+ (w/o)? 
Im (gop) Nol*b?Mug (w/w) 
O-1(w) = B(T) —, (22) 
Cor 8kT 1+ (w/o)? 
Equation (17) shows that for A>&T the relaxation 
strength goes to zero as e~4/*7. It is now clear why only 
dissociated pure edge dislocations for which A =O can 
contribute to relaxation. Detailed analysis for the case 
" L. Hall, Phys. Rev. 73, 775 (1958). 
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Taste IV. Comparison of theory and experiment for copper 


w-sec! 
excitation 
frequency ) 


we-sec* 


Configuration 


Single vacancy 6X10" 7.810" 


Ro= haf 111) 
6x 10" 


Single vacan¢ 1.510" 


Ro= jaf 111} 


Divacancies 6X10 1.110" 


Ro= haf 111 


of copper shows that a deviation of 15° from pure edge 
the relaxation strength by a factor 
pure 


orientation reduces 


of ten, Specializing again to the case of edge 


dislocations we have B(T)=1 and 


Omes = N Pa Nye /32RT mez; (23) 


where a=V2by is the length of the cub 
fcc unit cell. 

To calculate the attempt frequency we note that 
Eq. (9) may be expanded about the point x= to give 


edge in the 


U1 ,2(x") 1/Ro)(1—x"+---), (24) 


from which we obtain the force constant 


k 2A/Ré. 


(25) 


It should be recalled that { is ne gative since € Is 
negative ; hence & is a positive quantity. For the effective 
mass of a length / of extended dislocation we take 


m= pbyl, (26) 


when p is the density of the material. The attempt 


frequency wo i ther 


2(k 


m)? 


for the symmetric case. 


VI. CONCLUSION AND SUMMARY 


In this section, we complete the quantitative com- 
parison of the above model with experiment. We begin 
by making the following tentative assignment of the 
observed peaks in copper, using Table III as a guide: 


1. The major peak (7 max=<85°K), is associated with 
configurations in which the vacancy is one atom plane 
above the glide plane, i.e., Ro=}af111 }. 

2. The minor peak (7 inax40°K), is associated with 
configurations in which the vacancy in two atom planes 
above the glide plane, i.e., Ro= $a[111 ]. 

(3. A higher temperature peak (7 max=220°K), is 
associated with pinning of dislocation loops by vacancy 
pairs. 


To test this assignment quantitatively we must first 
assign a value to /, the effective length of dislocation 
involved in an activated transition of the type con- 
sidered. For the major peak in copper we have measured 


calculated ) 


W o-ev 


calculated 


0.168 
0.045 


0.336 


Omex ‘2X10 at 7 
in Eq. (23), 

for copper, we find Vo~P= If we 
vacancies are the only pinning points which determine 
l, we have No=Less/l, where Lere is the density of 
suffici ntly close to 
contribute to relaxation. We 
where L is the total dislocat 


assumes that dislox 


<—~85°K. Using 


togethe r with 


these values, 
other known parameters 
30 cm assume that 


; 


orientation to 
10L, 


This estimate 


dislocations edge 


estimate L,I 
ion density 
ations are randomly oriented and 
that only those within about 15° of pure edge orientation 
contribute appre We estin , L=10"! 
cm, from which /L.;<30 cm, or 3x10 cm, 
which is clearly too small. Ws thus led to consider 
vacancies as secondary in this regard; the principal 
factor determining L the 
between dislocation nodes. We set P=L 
l=3X10-* cm, or about a 
possibility of pinning of d 
be discussed below. 

The use of the 
together with Eqs 


iably that 


imate 


are 


mean distance 


, from which 


ippears to be 
hundred atom spacings. The 
slocations by impurities will 
numer for / given above, 
and »7 


attempt ftreque! f W The 


enables 
V alues of 
with 


us to calculate 


wo so calculated, given in Tal , together 
calculated activation energies, | t us to compute 
the temperature Tinax at wl should 
occur for the dislocation-vacancy configurations 
sidered. The theoretical values of 7 
in Table IV, where they 
mentally observed 7 


maxima 
con- 
x are presented 
are compared with experi- 
.x In accordance with the scheme 

We have taken both 
force constant for the 
divacancy configuration to be twice the calculated 
values for a single vacancy one atom plane above the 
glide plane. We 
experiment summarized in Table I\ 
than a direct 
attempt frequencies, since 
nation of 
uncertain. 

Examination of Table IV suggests that tl 
pressure acting on a va the 
about 


. sociated T max 


of identification assumed above 
the activation energy and the 


believe that the comparison with 


$; more reasonable 
ergic > and of 
erimental determi- 


rather 


the « x] 


imeters 


compariso tion e! 


these par separately is 
e dislocation 
ancy in nearest plane 
the 


are 


position has been overestimate: 50% : 


calculated activatior 


2. M. ( 
Proc. Roy 


are rough greave nd G. W. West 


SOK 
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too high. This result is not surprising. Our simple model 
takes no account of the stress relaxation which must 
occur at the core of a dislocation. Furthermore, on the 
basis of the model, the energy difference between a 
vacancy-first plane and a vacancy-second plane con- 
figuration is about 0.1 ev. If this result were in fact 
correct, only about 2% of the vacancies would occupy 
second plane sites in thermal equilibrium at room 
temperature. Thus, the 40°K peak would not be 
observed. If, however, we reduce the energy difference 
to 0.05 ev, in accord with the estimated error in pressure, 
then roughly 15% of the vacancies will occupy second 
plane sites in thermal! equilibrium at 300°K. Equation 
(23) then indicates that the ratio of Omax' (minor peak) 
to QO (major peak) would be about 0.3, in good 
accord with observations, if we regard the distribution 
of vacancies as frozen in at lower temperatures in 
accordance with annealing of resistivity measurements.” 
The rather agreement between theory and 
experiment for the divacancy configuration probably 
results from two compensating errors 


max 


close 


namely an 
overestimate of the pressure and an underestimate of 
the volume of relaxation. 

The theory predicts a third peak in copper corre- 
sponding to vacancy-third plane configurations with 
an activation energy of 0.017 ev. In only one case 
(specimen 1—Fig. 4) does it appear that such a peak 
may have been resolved at about 15°K. In general the 


occupation of this state will probably be too low to 
permit resolution of the corresponding peak. 

Proceeding as before, we propose the following 
assignment scheme for aluminum: 


1. The minor peak (7 ax¥24°K) is associated with 
single vacancy-first plane configurations. 

2. The complex major peak (Tingx~100°K) 
associated with divacancies. 


This appears to be the only scheme consistent with 
the calculations of Table III; there is no double mini- 
mum in the potential for single vacancy-second plane 
configurations. The high stacking fault energy” of 
aluminum makes the quantitative application of our 
simple model very. uncertain. A more accurate theory 
might alter the assignment, since the results are quite 
sensitive to variation of A, the separation of partials, 
when this parameter is small. 

One important point to note, however, is that the 
relaxation strengths in aluminum are generally an order 
of magnitude lower than in comparably pretreated 
copper, in accord with Eq. (23) which predicts that 
Qmax varies with 2’. 

The sharp rise in the loss for pure aluminum at about 
250°K is probably associated with the onset of a 
breakaway mechanism of dislocation damping.” The 

* P. R. Thornton and P. B. Hirsch, Phil. Mag. 3, 738 (1958) 


”W. P. Mason, Physical Acoustics and the Properties of Solid 
(D. van Nostrand and Company, Inc., Princeton, 1958), p. 231 
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rise in Q~' at helium temperature does not appear to 
be due to a peak in this range 

We have been led to consider vacancies as the source 
of the interaction for the reasons given in the discussion. 
There is, however, no @ priori reason for excluding 
impurities as a source. We can only suggest that, 
granting the validity of the model, impurities play a 
secondary role. They may serve, for example, to 
broaden the peaks either by contributing directly to 
relaxation with activation energies characteristic of 
their size factors or indirectly by close association with 
a vacancy pinning point. Experiments performed at 
higher excitation frequencies, using very pure host 
material, selectivity doped with impurities having size 
factors in the range 0.03-0.05, might resolve impurity 
peaks. 

In evaluating the data on bce systems we must 
consider the question of interstitial pinning of dis- 
locations in detail. The total C and N content of the 
zone refined iren specimen is of the order of one part 
in 10°. Assuming a dislocation density L of 10" we find 
that Jo, the average between interstitial 
pinning points, is 10~* cm or about 50 atom distances. 
This result is based on the assumption that all inter- 
stitial impurity reaches dislocation lines. It can be 
shown, using a loop length distribution function due to 
Koehler, that the fraction wa of the total dislocation 
density which is present in the form of free loops of 
length Sly or longer is 


» a 
a f t 
pio le 


Applying this result we find that about 10% of the 
total density can be expected to be present as loops 
of length 4/) or longer; this is 200 atom spacings in the 
case of our zone refined iron. We therefore conclude 
that enough free length of dislocation is present to 
permit the Seeger mechanism to operate and that a 
corresponding peak should have been resolved, in 
contradiction to experiment. Although we regard our 
estimate of /) as a minimum value, there is no doubt that 
it would be desirable to study specimens of still higher 
purity when available. 

The mechanism presented in this paper predicts a 
Bordoni peak in 8 brass since, in this material, we 
expect to find symmetric dislocation pairs separated by 


distance 


(28) 


antiphase domain boundaries. The small peak observed 
at 138°K in the as-deformed specimen, which was 
removed by anneal, is the only one of those found which 
could be considered a Bordoni type; its identification as 
such is very uncertain, however, in view of the rich 
variety of effects which are observed in internal friction 
studies in 8 brass at higher temperatures.” We offer 

" J. S. Koehler, Imperfections in Nearly Perfect Crystals (John 


Wiley & Sons, New York, 1952), p. 197 


2L. M. ¢ lareborough Acta Met 5, 413 1957). 
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no explanation of the complex peak structure observed 
at 220°K and 300°K in 8 brass. 

We believe that the pronounced peak in niobium 
observed at 173°K is associated with the presence of 
hydrogen in the deformed material. The situation seems 
to be analogous to that observed by Weiner and 
Gensamer™® in hydrogen charged iron. They observe 
peaks at 50°K and 105°K, the first being attributed to 
stress induced diffusion of interstitial hydrogen, the 
second to the interaction of hydrogen with dislocations. 
Upon aging, the second peak initially grows at the 
expense of the first, then decays with further aging, 
leaving neither peak in evidence. In niobium, a very 
small hump is observed in the loss of the cold-worked 
specimen at about 70°K, which is tentatively identified 
with diffusion of interstitial hydrogen; the major peak 
at 173°K is thought to correspond to the 105°K peak 
in iron. The absence of all peak structure in the speci- 
men after the anneal is taken to be indicative of the 
overaged condition, where interstitial saturation of the 
dislocations is complete. Our niobium specimen con- 
tained 0.04 at. % hydrogen. Our failure to 
observe the hydrogen peaks in iron is attributable to a 
%, in the 
case of zone refined iron. Analogous phenomena have 
been observed by Ke™ for the case of nitrogen in iron. 
Our conclusion is tentative; further experimentation is 
If it is correct, the peak 
observed in niobium is « learly not of the Bordoni type, 


about 


much lower content, being less than 0.001 at. 


required to settle the point 


since its occurrence would be dependent upon both 
hydrogen content and deformation. 

The room-temperature vs low-temperature deforma- 
tion experiments in copper were undertaken since it was 
considered that a substantial change in the edge to 
screw ratio in the dislocation density might occur. This 
based on a theory of the temperature 
depend nce of flow stress in fcc metals of low stacking 
fault energy due to Seeger.” Although some differences 


conclusion is 


are observed, their significance is difficult to assess. 
We regard the results as being consistent with our 
view that only edge components contribute to dis- 
The unusually high loss and high 
Tmax Of specimen 1 is not understood but may be 
associated with the fact that the [210] orientation is 
particularly favorable 

The theory developed here, in contrast to that of 
Seeger, does not depend on the Peierls stress. The 


location relaxation 


to double slip. 


problem of the strain amplitude dependence of the 
activation energy, which is predicted by Seeger but 


8 L. C. Weiner and M. Gensamer, Acta Met. 5, 692 (1957). 
“ T. S. Ke, Trans. Am. Inst. Mining, Met., Petrol., Engrs. 176, 
448 (1948). 
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not observed,?*-* can thus be resolved. The necessity 


of assigning rather high values, of order 10~* wg, to the 
Peierls stress can also be avoided 

The relaxation of the Bordoni peaks in 
copper are known to saturate at about 2% pre-strain.? 
accounted for on the basis of the Seeger 


theory only if the density of dislocations lying in 
close-packed 


strengths 
This can be 


directions becomes constant for strains 


beyond this level. The total dislocation density is 
a linear function of strain to 


theory 


known, however, to be 
much higher 
predicts that Omax 
through the parameter Vol’. If we 

(10L.¢¢) V —nolett, 
of activating or vacancies 


levels. The pre sented here 
will be related to the pre-strain 

take PL" 
is the number 
unit length of 
10. It is plausible 
value at an early stage 
balance between 
vacancies. In this 
that the vacancy 
is known to be independent 


and where mo 
per 
\ Pn 


that mo will acquire a constant 


sites 


dislocation, we have Omax 


of deformation, deter:nined by the 
annihilation of 
should be 


a 
nickel 


production and 


connection, it noted 
concentration in 
of strain.*8 

In conclusion, it should be stated clearly that the 
crucial point upon which our mechanism must stand 
or fall is its prediction of the absence of Bordoni peaks 
in bcc pure metals. Although we believe that our results 
on zone refined iron lend substantial support to our 
point of view, the desirability of studying bec metals 
of substantially lower total 
(<0.0001 at. 4 ) is evident 


interstitial content 
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Hall coefficients and elecirical resistivities were measured down to liquid helium temperatures for silicon 
specimens containing about 10’ phosphorus impurities per cm’ and about 10"* boron impurities per cm’. The 
density of minority impurities was determined during the preparation of the ingots, rather than deduced 
from the electrical measurements themselves. The results are extremely sensitive to the density of minority 
impurities. They are discussed in relationship to the theories of Conwell, Mott, and Price 


I. INTRODUCTION 


EASUREMENTS on heavily doped samples of 

germanium’ and silicon’? have shown that, 
at very low temperatures, the Hall coefficient goes 
through a maximum and the conductivity varies less 
rapidly with temperature than it did at higher tempera 
tures. When the impurity atoms are very close together 
their electronic wave functions overlap and the elec 
trons can move freely from one impurity center to 
another.* The impurity level widens into a broad band 
in which conduction can take piace, and the process is 
correctly described as “impurity band conduction.” 
However, there is a range of intermediate impurity 
concentrations for which the overlap of the wave func- 
tions is insufficient for the above explanation to be 
adequate,”* but which nevertheless shows an anomalous 
low-temperature behavior, and this is the phenomenon 
with which we are concerned in the present paper. 
Under these circumstances the conductivity is found 
to be sensitive to the degree of compensation, which is 
very readily explained by the theories advanced by 
Conwell® and Mott” and developed by Price." 

A satisfactory experimental verification of the Con- 
well-Mott theory is possible only if the density of 
minority impurities is known. This is normally deduced 
from the data on Hall coefficients and conductivities 
at higher temperatures, but there are several uncer- 
tainties in this procedure. In the present research an 
attempt was made to fabricate the silicon specimens in 


* Supported by the Office of Naval Research 

+t Now at Molecular Engineering Section, Westinghouse Air 
Arm, Baltimore, Maryland 
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such a way that the density of minority impurities was 
known in advance. 


Il. PREPARATION OF SPECIMENS 


Two silicon ingots, which we shall henceforth refer 
to as Si 215 and Si 216, were prepared for us by the 
Bell Telephone Laboratories. Each ingot was pulled 
to a length of 3 inch from a separate melt containing 
only boron, which was to be the minority impurity. 
Phosphorus, which was to be the majority impurity, 
was then added in an amount calculated to give an 
impurity concentration of about 10’ cm~, the rest of 
the crystal was pulled and wafers were cut 1 inch 
beyond the point at which phosphorus was added in 
the case of Si 216 and 1} inch to 1} inch beyond this 
point in the case of Si 215. The room temperature 
resistivity of the first g-inch section, which contained 
only boron, was measured and the boron concentration 
deduced from the tables published by Prince.” Since 
the segregation coefficient of boron in silicon is just 
slightly less than one, it was assumed that the boron 
concentration was almost uniform throughout the en- 
tire ingot. This assumption implies that the addition 
of phosphorus to the melt in no way affected the value 
of the segregation coefficient; that is, the profile of 
boron concentration along the axis of crystal growth 
was not changed by the presence of the phosphorus. 

One wafer from each ingot was cut by the technique 
described by Swartz® in such a way that the current 
flow was in the [110] direction. It was ground with 
aluminum oxide abrasive, cleaned with distilled water 
and acetone, rhodium plated and soldered as described 
by Swartz. Two other wafers, with the current flow in 
the [100] direction, were cut to a wider contact area 
shape by Philco Corporation, utilizing a Sheffield 
Cavitron, an ultrasonic cutter. The abrasive was 
boron carbide, 240 grit weight. These last two samples 
were then prepared for measurements in the same way 
as the first two. We therefore made measurements on 
four samples: Si 215A and Si 216A which were cut on 
the [110] direction, and Si 215B and Si 216B which 
were cut on the [100] direction. Their shapes and 
dimensions are shown in Fig. 1. 


2M. Prince, Phys. Rev. 93, 1204 (1954) 
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Fic, 1. Shapes and dimensions of silicon samples 
and Si 216A. Thickness=0.13 Si 215B 
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The oxygen content of the samples was determined 
from the infrared absorption at 9 u™ and was the same 
within experimental error for both ingots, being ap- 
proximately 1.0 10'* atoms cm~. 


Ill. EXPERIMENTAL DETAILS 


The measuring apparatus was essentially the one 
built and described by Swartz,® but we made the follow- 
ing minor modifications. To achieve sufficient sensi- 
tivity in the temperature range of interest, where 
impedances of 10° to 10" ohm were encountered, the 
galvanometer was replaced by an Applied Physics 
Corporation vibrating reed electrometer, Model 30S, 
borrowed from the Philco Corporation. To take full 
advantage of the electrometer, all the components of 
the measuring circuit were replaced by the, highest re- 
sistance components available—the bakelite selector 
switch was replaced by a ceramic one, the two-position 
reversing switches were replaced by high-voltage copper 
knife edge switches to reduce contact potentials, the 
case of the A2 potentiometer was removed from the 
circuit and A.W.G. 36 teflon-covered wires were used 
for the leads into the cryostat. The leakage resistance 
was then of the order of 10" ohm. To minimize ac pick 
up the sample container heater was converted to dc. 

Although no attempt was made to measure depar- 
tures from Ohm’s law, all measurements were made 
with electric fields less than 3 volts cm, which is 
sufficiently beneath the breakdown field to guarantee 
linear behavior. A magnetic field of 3500 oersteds was 
used for all Hall measurements. 


“W. Kaiser and P. H. Keck, J. Appl. Phys. 28, 882 (1957). 


DONOVAN, 


AND WALMSLEY 


IV. RESULTS AND DISCUSSION 


The Hall coefficients ar wn in 
resistivities in Fig. 3 


Fig. 2 and the 
Because of the very high imped- 
to make Hall 
temperatures. 
temperature end for 


ances of the specimens, it was difficult 


coefficient measurement west 
The difference in slope at the low 
Si 215A and Si 2158 may not 
Table I data for the 


specimens. Th nsity of majority 


therefore be significant. 


collects t wether four 


No, 


temperature resistivity 


various 
impurities, 
was obtained fror ne room 
using the table of Backenstoss.'* The density of minority 
impurities, V 4, was measured while the specimens were 
being made, as explained previously 
is their ex- 
treme sensitivity to the density of minority impurities. 
The ratio of N4 for the two ingots is 4.4, but at 20°K 
the ratio of Hall coefficients is about 200, and below 
20°K the ratio of resistivities is about 20. 

Below 15°K{the curves of Fig. 3 


straight lines, with no definite 


{ The outstanding feature of our results 


are very accurately 
ndication of the curva- 
ture found by Blakemore‘ for indium-doped germanium. 


An activation energy ¢ can be defined by the equation 
p i 2 (1) 


The experimental values of are given in Table I. 
I 


Conwell® has proposed the following mechanism for 
} 


low-temperature conduction in samples with these in- 
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Fic 43. Specific resistivities plotted against 


termediate impurity concentrations. Near 0°K N4 ac- 
ceptors per cm’ accept electrons from donor atoms, 
producing Ny positively charged donors and leaving 
Np—Na>Na« ‘neutral donors. The overlap of the 
donor atom wave functions is sufficient to enable the 
hole on an ionized donor to jump to a neighboring 
neutral donor and hence to diffuse throughout the whole 
material. This gives a mobility which can be calculated 
and is found to vary as 1/7. Mott” has pointed out 
that a hole on a positively charged donor site adjacent 


Taste I. Collated data 
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to a negatively charged acceptor site has an electro- 
static potential energy of the order of —@Np'/K as 
compared with —2eN4'/K when it is furthest away 
from an acceptor (K is the dielectric constant of the 
silicon lattice). Since the hole can become 
trapped in the vicinity of the acceptor. Taking into 
account the random arrangement of impurity sites and 
the nature has derived from 
this model an activation energy 


ep =0.45(49/3)*(N p'—2N 4 2/K. 


Np>Na 


of the statistics, Price” 


(2) 


for all four specimens 


Specimen 
Si 215A 
Si 215B 
Si 216A 
Si 216B 


Room 
temperature 
resistivity 
ohm-cm 


0.091 
0.063 
0.062 
0.051 


Room tem 
perature Hall 
coefficient 


cm’ coulomb™ 


43 
43 


Density of 
majority 


impuriti 


1.110 
1.910 
1.910 
2.5 10" 


Density of Activation 
minority energy 

impurities € (ev) 

Nacn Experimenta 
0.8 10" 
08x10 
3510 
3.5 10" 


0.0050 
0.0058 
0.0051 
0.0051 


Activation 
energy 
ep (ev) 

Mott model 


0.0027 
9.0035 
0.0025 
0.0030 
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Value Ss of €p are in luded in J able J and are seen to be 
smaller than the experimental activation energies by a 
factor of almost two. However, as Price was careful to 
point out, there are many uncertainties in the theo- 
retical development of the Mott model. 

Finally, we draw attention to the fact that our ex- 
perimental activation energies are derived empirically 
from the specific resistivity, which depends upon both 
the density of carriers and the mobility, so that, if the 
mobility is a strong function of temperature, the activa- 
tion energy relevant to the density of carriers is differ- 
ent. If, for example, the mobility were to vary as 1/7, 
as suggested by Conwell,® then the activation energies 


VOLUMI 
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for the density of carriers al 


yne would be about 15% 
larger than the { 


} 


Vaiues we have quoted 
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nuclear re¢ 


detection of weak 
interactions is 
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successful in 
yng spin-echo signals can be observed. 


sonance 


his is carried out by observing the change in spin-echo 
dipolar relaxation of a spin group A, due to the effect of 
the pulsed resonance of a nuclear neighbor (spin group 
B) obtained in the Che particular experi- 
ments reported here deal with pure quadrupole reso- 


same ¢ rystal ; 


nance,’ but the principles involved apply to any spin 
resonance system satisfying certain requirements. At 
all times, the 
terms of the 


relaxation of the A spins is observed in 
180° spin 
echo amplitude. The B spins are subjected to doubk 
resonance by the action of a 


attenuation of a two pulse 90 


ngle pulse. They may 
also undergo a continuous rf (radio-frequency) excita- 
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The effect of pu ed 
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eS coupled 
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of phosphorous acid, HPO(OH 
interactio curs between H and P nuclei in the 
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PULSED NUCLEAR 
second) is known.‘ The H concentration involved in the 
coupling is about $ of the total proton concentration in 
the sample used. A 90°-180° double-pulse sequence is 
applied to obtain the proton echo, and a third pulse is 
applied at the P resonance at a time ¢ with respect to 
the first 90° proton pulse. Consider only the macro- 
magnetic moment Moy due to protons 
coupled to the phosphorus, and let them have an off- 
resonance angular frequency Aw with respect to a frame 
of reference rotating at a Larmor frequency wy in the 
absence of J coupling. In the time interval from 0 
to ’, one-half of the protons precess at a frequency 
4w+J/2 in this frame, and the other haif precess at 
a frequency Aw—J/2 because of the J coupling due 
to two possible orientations of P nuclei with spin Jp= }. 
Let the P nuclei be excited into a superposition of 
these two states by action of a @ pulse at /’, 
6=~ypH,t., H, is the rf field intensity of the rotating 
component, yp is the phosphorus gyromagnetic ratio, 
and ¢, is the pulse width. A simple solution to the 
time-dependent Schrédinger equation 
result® that the fraction of P nuclei which undergo the 
quantum transition (+3— +4) is 8=sin*(0/2), and 
the fraction which remains unchanged in orientation 
(+ , —+ +4) is a=cos*(0/2). If we let t’=r and neglect 
relaxation, the proton echo calculation® yields, for ‘2 1, 


scopic those 


where 


leads to the 


V a(t) =4Mo(exp[ —i(Awt+4J/)r] 
X {a exp[ #(Aw+4J)(t—7) ] 
+8 exp[i(Aw—4J)(t—r) J} 
+exp[—i(Aw—4J)r J 
X {a exp[i(Aw—4J) (t—1) ] 
+8 exp[i(Aw+4J) (t—r) }}). 
At {=2r, the proton echo maximum is 


Va 2r) 


=Mo(a+8 cos/r), 


which is a convenient formula to apply when r is varied. 
If ’r, then 


V4(27) 


M of a+ cosJ(r—|r—t'|)] 


is convenient when /’ is varied in the experiment. The 
measurement indicated by Fig. 1 was carried out for a 


Fic. 1. Modulation of proton echo envelope due to double 
resonance of P nuclei in HPO(OH), as a function of time ¢ [see 
Eq. (3)]. The oscillogram pattern extends over a total time of 
i0 milliseconds. The phase shift occurs at a time r=6.2 milli 
seconds. Zero echo amplitude baseline is below the oscilloscope 
face 
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6= 180° pulse (a=0, 8=1) by superposition of photo- 
graphs of the proton echo for a range of ¢ values. The 
beat modulation due to the coupled protons is propor- 
tional to the function cos/?’ for t’S7, which undergoes 
a phase shift of Jr at =r. 

By extending the above calculation to a system of 
N neighbors of type B with J=4, the echo amplitude 
of the A spins is given by 


. 
My II (a+8 cosJ jr). (4) 


a= 


Val2r) 


For large V, a=0, and 8=1, the average echo amplitude 
is given roughly by 


M, exp(—7°J 42/2), 


Va(2r) he 


where J,’ is the mean-square average of J;. For a con- 
figuration of B spins with J,>4, it is convenient to use 
the Majorana-Bloch-Rabi formula’ for evaluating 
transition probabilities which play the rele of a and 8 
in the above case. 

The effects of the tensor dipole-dipole interaction in 
solids cannot be given the straightforward treatment, 
which leads to the result given by Eq. (4). We see, 
however, that the observed echo, which is influenced 
by the double resonance, is made up of a superposition 
of component echoes, where each echo has a given phase 
determined by one of a distribution of local fields caused 
by neighboring B spins. For a general spatial distribu- 
tion of many neighbors, the value of V,4(2r) is always 
smaller than its value for 8=0 and a=1 (when the 
double resonance is not obtained). 

In former spin-echo modulation experiments*® in 
liquids, the double resonance effect was essentially 
taking place. In those experiments, two inequivalent 
proton groups, having different chemical shifts defined 
as 6,—6,=6, also displayed a J interaction. For the 
condition 6>>J, the above calculation predicts the be- 
havior of the echo modulation, if one group is first 
looked upon as the A spins and the other group as the 
B spins. Finally, the signal from this calculation must 
be added to the signal obtained when the roles of these 
groups are reversed, and the observed spin-echo modu- 
lation is obtained. 


il. PULSED DOUBLE RESONANCE IN SOLIDS 


In our spectroscopy experiments, single crystals or 
the powder form of the chlorates have been 
studied, where the Cl*® echo was observed as the A 
group, and the B spins included Na”, K®, K", Cs, 
Rb®, and Rb*’. A pulsed pure quadrupole resonance 
search was made for the alkali ion by varying the carrier 
frequency vp of a 180° pulse, applied at time 7, when a 
180° pulse was also applied to the Cl* spins. The Cl** 
quadrupole resonance in the ClO; group occurs® in the 


alkali 


7 F. Bloch and I. I. Rabi, Revs. Modern Phys. 17, 237 (1945) 
*T. P. Das and E. L. Hahn, Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, New York, 1958), 
Suppl. 1, p. 102. 
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2, Double resonance pulse effect of spin echo attenuation 


range of 20 to 35 Mc/sec, whereas vg occurs below one 
megacy¢ le/second. 

A simple des ription of the double resonance effect 
in solids can be given in terms of the spin-echo vector 
First, all effects due to 7; (mutual spin-spin 
flipping) and 7, (spin-lattice) relaxation times are 
neglected. Let static local magnetic fields at A spin 
sites originate from the z components of magnetic 
moments wes of unlike neighboring B spins. Assume all 
spins are quantized in the direction of a strong externai 


model. 


field. To a first approximation, this can be realized for 
1-B spins occurring in isolated pairs, where each pair 
has a random distance of separation rag about a mean, 
so that there is a distribution in local field 44 g~up/rap* 
at the A sites, giving an inhomogeneously broadened 
line. Figure 2 
(1+-2) acting on the 


indicates a 90°-180° pulse sequence 
A spins, which causes the normal 
rephasing of particular moment vectors a and § contri- 
buting to the spin-echo amplitude £4 ,(27)=1 at t=2r. 
If, however, a 180° pulse is applied to the B spins 
(pulse 3) at time r, all local fields Aag at the A-spin 
sites Tevers¢ is viewed in the frame of reference 
rotating at Larmor frequency v4 of the A spins. Con- 
sequently, the reversal of phase of the 


Sign, 


A spins made 
possible by the 180° pulse (pulse 2) is prevented by 
pulse 3. The spin echo therefore disappears, and the free- 
induction signal remains after pulse 1 (indicated by 
the dotted curve 
distribution, 


r hap) 


in Fig. 2). If we assume a Gaussian 


(29h nw) expl — (ha p?/2(ha5*)m) |, 


| 


in the local field, the free-induction signal amplitude 


which remains at ¢=2r is given by 


f P HaR) COS\’ hap 2r dhar 


2(645°) mt), (5) 


1 iB 2r 
exp 


where (64 5?)~=(ya%/tan*)w) is the second moment of 
This model can be extended to 
include the static dipolar coupling involving A~A, A-B, 


and A-B’ types of interaction, where B’ is a third spin 


the A resonance line 
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species. Now the application of pulses 1 and 2 alone 
implies a virtual double resonance acting on the A spins, 


because the local field component 44 4~u4/r4a® changes 


sign. T he e¢ ho signal in 1lude ¢ I 1S the n given by 
V (27 ; ’ ; (6) 


where apes 2r is 1 lormalhz cho amplitude 
if the A--A interactior 


1 spins are present 
only, T44(2r) 


would be the 
observed free precessi: nal f ing a single 90° 
pulse, where (647)w=va ,. Later, when spin-spin 
ive | iBB 2r) <1, 

amplitude by 


l 


T4a(2r), which st behav ery h the 


exp 


relaxation is considered will 


and the A echo also i 
same as 
above. Obviously, in a sample containing only a single 


obtain a 90°-180° 


species of A spins, i 

echo. This can be rigoro even in the presence 
of spin-spin relaxat 
duced in amplitude would occur wit] 


90° —@ pulse sequence 


ywever, an echo somewhat re- 
ipplic ation of a 
yu 
If the pulses 14+2-4 
the B system, a later analy 
is given by 


J d Kap (21 B T) (7) 


64nzx and n is an integer. 
3 excites 


1 eC ho 


where 


The echo given by } by double resonance 
to an amplitude V4(2 use of the attenuation 
mainly due to T4(2r)=ex] 545?) wt). The 
nance of the B sy 


when the differen: 


reso- 


ired as a function of VB 


3) 


is a Maximum 


Ill. EFFECT OF RELAXATION ON THE 
DOUBLE RESONANCE 


A rigorous description of spin echoes olids which 
includes spin-spin relaxatiot 


while the 


ilved problem, 


rigorous treatment of the effect of double 
and Nor- 


the case of free 


resonance would be even mort Lows 


a rigorous fashior 


berg® have treated in 
precession following 


g a sharp 90 ilse in pure magnetic 


resonance. Instead an expression is formulated here for 


the echo in terms of the propertie 


of the free precession 
signal following a 90 


pulse by ing methods of 

correlation function theory. 
Consider a collection of A spins throughout the sample 

which precess in phase after ; ilse at al 


angular frequency 6(0) at ‘=0. At some later 


initial 
time 
5(t) because 
yupling with all 
types of neighbors. Here 7, is assumed to be infinite. 
In this case, the relevant d polar Hamiltonian for an 
A-B system is 


this frequency will assume another value 


of spin-spin interactions caused by 


107, 46 (195 
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C n= ("hr -*/2) (3 cos ja— 1), 
Dix= 


(10) 


— 3 hr -*(3 cos’6 jx— 1), (11) 
and 
Ex 


= (1—3 cosO jx: yy hr je. (12) 


Radius vector rj; is the line joining the two spins, which 
makes an angle 6;, with respect to the axis of quantiza- 
tion. The jk and jk’ terms refer to the A and B spins, 
respectively, and the jk’ terms refer to coupling between 
A and B spins. The extension of this Hamiltonian to 
include a second B’ foreign spec ies is obvious. The 
fluctuations in 6(/) occur because the terms involving 
Cy, and Cj, do not allow the Hamiltonian Kya to 
commute with the operators J,;] sx, [2;-T.x and J4;1 2x’. 
The transverse magnetic moment of a group of A 
spins characterized by 6(0) at /=0 can be written as 


S(t) exp[ if a(ear| 13) 
0 


in the frame of reference rotating at frequency va. The 
average value of S(f) over the spin ensemble, written 
as (S(1))=T(t), expresses the measured free-precession 
signal. Let 


6(t')= 54(t')+6p(t')+6,-(1), (14) 


which assumes that the Larmor frequency 4(?’) in the 
moving frame is a superposition of local fields caused 
by neighboring A, B, and B’ spins. At t=r, the 180°, 
pulse acting only upon the A spins imposes the trans 

formation in the phase [excluding the sign reversal of 


54(7) | of Eq. (13) as follows: 


exp| +i f 6(i’ i’) —+exp| -if send | 15) 


For {2 rT, the average transverse magnetic moment, de- 
fined by the average of (13), is written as V (1) to define 
the observed echo, rather than 7(t), namely, 


V(t) : exp| -i f 6 (at exp +i f 


—K[—54(0)+bn(/)+5—-(0 an|| : 16 
} 


Note that a minus sign prefixes the term 6, (t’) because 
the local field due to A spins is reversed by the 180° 
pulse. The echo at ‘=2r can be written as 


V (27) = Exp(2r) Egg (27r)T 44 (27), (17) 
where 


Ean(te)=[expi f sat ar— f sa(t)at | , (18 
; has 


t 
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E iB (2r) = {exp lf bp t' dt’ 
f swat] , (19) 
0 Ny 


exp if ba(tde' . 
é A 


Equations (18), (19), and (20) are written as averages, 
if we assume that these terms are uncorrelated. For no 
double resonance in this case, the echo V(2r) appears 
to be a product of three virtual signals: the two signals 
Eap(2r) and Ex» (2r) appear to be individual echo 
terms due to the presence of B and B’ spins only, with 
the A-A interaction absent; and the third signal 
T4a(2r) is the free-precession A signal term which 
occurs for the A-A interaction present and the A-B, 
A-B' interactions absent. Here, the statement “inter- 
actions means only the expressions given 
formally above. For example, the frequency 5, (t’), 
which expresses the A-A interaction, is actually 
modified by the local fields of B and B’ through the 
effect of the C, D, and EF terms in (9). 

If we obtain the B-spin double resonance with a 180° 
pulse and formulate AV according to (8), we obtain 


AV= [Eas 2r) 7 7 «p(2r) Eap(2r)Taa(2r), (21) 


‘expli Sy” b4n(')dt’}). Consider the 
case where we wish to detect a very low concentration 
of B spins compared to a much higher concentration of 
B’ and A spins. The line width of the A resonance is 
therefore determined mainly by A and B’. Here, the 
echo measurement is made at a time 27 such that the 
exponential terms -4,(2r) and T,4(2r) are not much 
smaller than unity. Upon expanding these functions 
to first order, noting that they must be even functions, 
the difference 


T 4a(2r) 


(20) 


absent” 


where 74,(27r) 


I sp(27t)—T iB 2r 


2 


1 2r 2 
| f bapll’ ar 
2\LJ, t 
- or 2 
. If banlt ae f baat) (22) 
f a Ay 


results. It can be shown" easily that the second average 


above can be written as 
- { f bapl(l’)dt’} . (23) 
0 he 


~ , 
lf bana 
0 hy 


Therefore, 
AV-  f banlt’ it| Eap(2t)T 4a(2r). 
hy 


” A. Abragam, Cours sur les phénoménes liés a la résonance 
magnétique (Notes), Saclay, France (unpublished). 


(24) 
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From correlation function theory," 


f 54 a(t’ )dt’ 
0 


2 


f -¢' 
7 7 
. 


where (64 2(7r)542(7+7’)) is the autocorrelation function 
for the frequency. For 7 sufficiently short, so that the 
B spins retain to an appreciable extent their orientations 


f 


at ‘=0, Eqs. (24) and (25) can be combined to give 


\ban(r)ban(r+7’'))dr’, (25) 


\OAB\TJOAB\T TT ) (\OAB )m; 
and 


AV 2(64 Bp) wrap (27r)T 44(27), (26) 


where (64 8”)» is the second-moment contribution to the 
line shape of the A resonance. This orientation memory 
is enhanced by the presence of A and B’ dipolar fields, 
which tend to decouple the B spins from one another. 
In a quadrupole system, it is a good approximation in 
one extreme assume that =1, and 
T 4a(2r)=expl — (2(6.4?)m7*) |, when a small dc magnetic 
field is applied to the sample. New Zeeman levels are 
created for each species of the quadrupole system. The 
spin-spin interaction involving exchange [the C terms 
in (9) | is then markedly reduced because new resonance 
lines are produced.* The signal AV is a maximum for 
r 54? wm, SO that 


case to Ene (2r) 


1 
AV, VU swrGb4B Ay 6," Avy 


€ 


where we now include Mo,, the magnetic moment of the 
A spins; wa, the Larmor frequency of precession; and 
G, a geometric factor. 

It is extremely difficult to treat the general case where 
exchange terms are important in determining the magni- 
tude of AV max. Some idea of the complexity is given in 
Appendix A, concerning a description of the echo itself 
in terms of higher moments of the line width. In the 
absence of double resonance, evidence that the echo 
attenuates mainly because of the term 744 (27) is borne 
out by the fact that the stimulated echo,® obtained 
after the application of a third pulse, has a much larger 
envelope lifetime than that of the echo measured at 
27, by as much as a factor of ten. Exclusive of the effect 
of 7;, the stimulated echo lifetimes serve as a measure 
of local field fluctuations. These fluctuations prove not 
to be important compared to the attenuation effect of 
the term 744(27 


IV. SENSITIVITY OF THE METHOD 


There would be no advantage to the pulse-spectros- 
copy method for the B spins if the same sensitivity 
were obtained by steady-state magnetic resonance ab- 


u E. M. Purcell, Nuovo cimento 6, 961 (1957) 
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sorption in a large magnetic field, or by a direct pure 
quadrupole resonance measurement 
There is an 


of the B spins. 
ywever, in certain cases. 
Assuming the same geometrical factor G and equivalent 


advantage, h 
sensitivity with regard to narrow banding techniques 
and resonance width, the ratio of t 
signal  —_ to the »bserved quadrupole reso- 


nance signal Vg of the B spins is found to be 


he double resonance 
directh 


\} 


3.40 
K* is 6.9% 
0.21 NBM 
with J=%, and a quadrupole interaction frequency of 
wp/2 639.2 kc at 26°C 
temperature, a ratio Al 
3 shows that AV max for 

noise ratio of the order 

magnetic 
field would not gi iter than Vg by more 
than a therefore 


in those cases whet th soltzMmanr 


Consider the case of K" in KCIO; having (6,47), 
x 10° sex and 0.28 « 10* sec. 
abundant,™* has a magneti 


OAB) mw 
moment of 
For w4/2r= 28.1 Mc at room 
«/V p~ 10 is obtained. Figure 
yields a measured signal-to- 
A search for the K® 

resonance large magnetic 
factor of compensate 
factor and the 
Larmor frequency combine to be very small by using 
the pulsed method. The dipole-dipole interaction ex- 
a sizable moment 
the B 


extremely 


pressed by (548”)», combined with 
Moa, makes possibl the ] detection of 
interactions, which would otherwise be 


difficult or impossi 


Chior ing f) 
Echo 


Amplitude | 


Potassium 
Frequency 


Ug KC/sec 
KF 


Lorystal 
8,-0.6 7 
'T#29.8°C 
H,* 0 gouss 


I IG 3 K nue 7 te resonan line in 
KCIO,;. The structu e to rf Fo r components in the 
applied 0.67 radian (@; ¢ t~) pulse as the K*® reso- 
nance is traversed ir nce frequency has a 
negative temperaturé : 


= Among extremely dilute spi th concentrations of 1% 
or less, C. Kittel and M. Abrahaz Phys. Rev. 90, 238 (1953) ] 
have shown that the dipolar line broa ng is Lorentzian in 
character. For concentrations of the order of 10% or above, the 
dipolar broadening is of the approximate Gaussian type which 
we have assumed. In the limit AV max [Eq. 
(27) ] would then be proporti 


e dilution 
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V. PURE QUADRUPOLE RESONANCE 


Excitation of pure quadrupole coupled B nuclei with 
spin 7>4 produces special effects upon the A-spin echo. 
Consider the case ],= 3, where g is an axial electric 
field gradient, and (Q is the nuclear quadrupole moment. 
In the presence of a magnetic field Hy» such that 
yhl pH «<“€<egQ, two energy levels occur for each valu 
of m>4: 


Exm=A(L3m?—1(1+1) )-FmhyH, cosd, 


where A = egQ/4/ (27+-1) and @ is the angle between the 
direction of H» and the axis of quantization. These 
energies correspond to pure states ¥,, and y_., respec- 
tively. In general, mixed states are obtained in place of 
pure m= +4 states, given by® 


(29 


¥s.=V.; Sinn ty, Cosn, (30) 


having energy eigenvalues, 


E,=A[?- 1(1+1)] = (f 2)whHl « cos6, 
where 
f=[1+ (1+4)* tan’ }!, 
and 


[(f+1)/(f—1) }!. 


A 180° pulse applied at the B-spin resonance frequency 
w(m <> m-+1) = (3A/h)(2|m\ +1) can pick out, at most, 
] —} resonance transitions. These transitions are dipolar 
field broadened by an amount of AH due to neighbors, 
and may be strain broadened in addition because of a 
distribution in g. An externally applied field Ho will 
produce discrete Zeeman splitting, particularly for 
single crystals, but there is evidence of discrete lines, 
to be shown later, in the case of powdered samples 
because of the preferentiai excitation of the rf field Hip 
upon crystallites oriented in a specific direction with 
respect to Ho. If the 180° pulse width ¢,, is sufficiently 
short? so that V3y2H \t..=2 (for 7=%) and 1/t.>yeHo, 
yeAH, then the double resonance of the A spins, seen 
in terms of AV(vg)=1—V,(2r), measures a broad line 
having a width ~1/t,.. The chlorine echo in the absence 
of double resonance is normalized to unity. In single 
crystals, where the intensity and direction of Hi, can 
be made the same for all B nuclei in certain salts, such 
as K in KCIO,, Fourier components of the pulse appear 
in the function AV (vg), as the frequency vz of the pulse 
changes slowly through the line. This structure will be 
discussed further in the next section. 

Assume that the axes of quantization of the A and B 
spins are the same, which is the case for K and Rb 
chlorate and nearly so for Cs chlorate. A 180° pulse 
that excites the w(m «+ m+-1) transition for m> 4 causes 
the z component of local field at the A nucleus to 
change by 


tan 7 


AH,= +7 phI p(1— 3 cos’# , B) ‘4 pn’. (32) 


When the pulse excites transitions between states Wy 
and the mixed states ¥,, a more complicated change in 
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local field occurs. Assume that a sufficiently large 
external field H» is applied so that a given pair of A-B 
spins are decoupled insofar as transitions ~,4 «+ p_ are 
concerned. The orientation of a B nucleus in either of 
the mixed states y, is such that m=+4 and m=—} 
are no longer good quantum numbers which describe 
constant projections of angular momentum along the 
quadrupole < axis of quantization. The unitary trans- 
formation T=e‘!y"", which carries out a rotation of 
angle 2, about the y axis, defines a new ¢’ axis of 
quantization at an angle 2 with respect to the quadru- 
pole axis of quantization. Along 2’ the spin appears to 
be quantized in pure states 7y,. This proves to be the 
case, since 


¥aT—|1,|T¥4)= +4. (33) 


The effective change in local field at the A nuclei is 
therefore larger for the lowest quadrupole transition 
frequency w= 6A /h involving the ¥, states. This transi- 
tion causes the double resonance signal AV(2r) to be 
stronger than the effect due to all other transitions. For 
example, when 6= 2/2, then »=2/4, and the change in 
local field becomes 34H, instead of AH, given by (32). 
In addition, another constant component of field 
appears in the x direction, given by AH,=44H,. If Ho 
is sufficiently small so that the A and B quadrupole 
systems can couple near zero frequency when they 
occur in Wy states, the simple picture above then 
breaks down. In performing the actual experiment, it is 
helpful to apply a value of H, sufficient to reduce this 
coupling so that discrete changes in AH, and AH, aid 
in producing an observable double resonance effect. 

The detection of frequencies w(m «+ m+1) for m>4 
prove also to be more difficult to detect than the lowest 
frequency, as m increases, because quadrupole strains 
broaden the line to be observed by an amount propor- 
tional to m?. 


VI. EXPERIMENTAL RESULTS 


A block diagram of the apparatus is shown in Fig. 4. 
The instrumentation is essentially the same as that 
used in early double resonance experiments,’ except that 
the B coil is now excited by pulses, and a signal-inte- 
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Fic. 4. Double quadrupole resonance apparatus. 
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Potassium a 
Frequency « 
y SC /eec 


Te2z7.0°C 
HH, * O qouss 


5. K® 


juadrupole double resonance spectrum 
in KCIO, for 6g =0.649 


grating ‘“‘box-car’ recorder’ is used for obtaining 
greater sensitivity 

The high sensitivity of the double resonance spectros- 
copy method for detection of B spin resonance is 
illustrated very well in the case of the K* quadrupole 
resonance in KCIOs3, IV. A further 


demonstration of the intrinsic high sensitivity may be 


as pointed out in Sec. 


signal-to-noise ratio of the K® 
and 8. The 
K® pure quadrupole resonance signal would be marginal, 


seen in the excellent 


resonance curves shown in Figs. > & 7. 
at best, in a cw spectrometer with a narrow banded 
detector. The resonance frequency for K® (KCIO,) is 
526.5+0.5 kc/sec at 26°+1°C. From the above data, 
the K"/K® quadrupole moment ratio is 1 22, in close 
agreement with the value 1.225 obtained from mole- 
cular beam techniques." 

also illustrate the effect of different 
on the appearance of the double reso- 
AV =1—V4(2r), as we passes through 
the quadrupole resonance having its center frequency 
at w=w(} <> 3). Let the externally applied field Hy=0, 
and apply an rf field H,;,>>AH», where AH is the line 


width of the 


These figure 
pulse widths ¢, 
nance line shape, 


B nuclei expressed in gauss. Also the 
1/!,.>>ysnAHp, applies. The fraction of B 
neighbors excited by the rf field Hi, is given roughly by 


condition 


B= (V3yp7/e) sin? (et,,/2), 


KCIO; 
Single crysto! 


7 
T*260°C 
H, * O gouss 


> 
Potassium 
Frequency 
Ve *C/se 


Ke? 


iadrupole double resonance spectrum 
in KCIO, for @g=-2 


Holcomb and Norberg, Phys. Rev. 98, 1074 
\. Lee B. P abricand, R. O Carlson, and I I 
Rev. 91, 1395 
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where «= [37 2*H15’+ (we—w)* }*. As an 
let J; represent the lo d due to the jth B spin, and 


apply the formula given by Va(2r) may be 
written as 


approximation, 


35) 


if we let Js be and note that 


a+68=1. The 


8 


Chiorine +|/ 


Ecko ; ¥ 


Amplitude | . 
Potessiurm 
Frequency 6: 7 
Ug *¢/sec 


K>? H, 


KCIOg 


Single 
crystal 


T « 26.3°c 
£<o.7 Vv 


* 14.9 gougs 


about the 
occur when 


through maxima 
resonance at 
(wea—w t+ (2n (n+ ; he integer n=1, 2, 
3, «++ pertains to maxima in the 
order of decreasing an piltude « ’. Figures 6 and 7 
prediction. The 
predicted but are 
cause of the effect 
of attenuation off resona1 he pulse width ¢,., applied 
Fig. 7, is adjusted to be about twice 
the value used to obtain the plot in Fig. 6. Figure 5 
shorter pulse. 


show a rough 


agreeme 
maxima do not occur 
shifted slightly toward 
to give the signal in 


shows the broadening effect of a much 
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If a very wide pulse is used with the intent of eliminating 
the above Fourier components, it is again difficult to 
obtain a true measure of B-resonance: line shape, 
because H/,, becomes comparable to or less than A//z,, 
and 1/t.<yAH». A unique 180° pulse at resonance 
therefore cannot be defined, making the analysis of 
AV extremely complex. The amplitude of AV is then 
described better by the steady-state double resonance 
analysis,* in which case AV provides a more reliable 
measurement of the B-resonance line shape. The double 
resonance of powdered samples is, of course, much 
more difficult to analyze because of a distribution in rf 
fields for both the A and B resonances. Externally 
applied magnetic fields Ho further complicate the situa- 
tion. The pulsed double resonance method is obviously 
not convenient for line shape measurements. 

If a small magnetic field Ho is applied to the single 
crystal, a Zeeman splitting of the degenerate quadrupole 
energy levels will be produced.” The specific form of the 
splitting is, in general, a function of the relative orienta- 
tion of the crystalline axis of quantization and the 
magnetic fieid direction. For a system with spin J=3, 


Fic. 9. Effect of K® double reso- 
nance upon the Cl* echo amplitude 
in KC1O,;. Frames 1, 2, 3, and 4 show 
respectively the B pulse width (below 
each chlorine echo trace) for @ values 
of 0°, 180°, 360°, and 540°. 


four lines at most can appear, such as in Fig. 8, which 
shows the double-resonance spectroscopy of K® in a 
magnetic field of 17 >= 14.9 gauss. 

Equation (35) predicts a sinusoidal dependence of 
the A echo amplitude upon the B pulse width ¢,., when 
w=wp, making @=sin?(V3yeH21./2)=sin?(6/2). In 
Fig. 9, the frames 1, 2, 3, 4 show the effects when 1, is 
adjusted to give @ values of 0°, 180°, 360°, 540° re- 
spectively in monocrystalline KCIO;. In polycrystalline 
KCIO;, the variation in echo amplitude, although less 
pronounced because of the random orientation of spin 
quantization axes, is still easily observable. 

From the simple model expressed by Eq. (3), it is to 
be expected that the perturbing effect on the A spin 
echo of B spin double resonance depends upon the 
application time /’ of the B pulse with respect to the 
pulse sequence creating the A spin echo, assuming an 
average over many J values. In particular, for fixed B 
pulse width, a maximum A echo degradation is ex- 
pected when the B pulse application time f/=7r. No 
effect should occur if t/=0 or 27. When the A echo 
amplitude for NaBrO; and KCIO; is measured, with 
the application time /’ of a B-system 180° pulse varied 


RESONANCE 


SPECTROSCOPY 421 


Taste I. Cl nuclear quadrupole resonance in chlorates at 24°C.* 


Frequency T; 
Substance Mc/sec millisec 
29.90 45 
28.08 21 
28.81 29 
28.37 52 


NaClo, 
KCIO, 

RbCIO, 
CsClo, 


* The 7; measurements are accurate to +2 milliseconds, 

between 0 and r, the predicted echo amplitude depend- 
ence upon exp(—/"/T4,") is found to be closely fol- 
lowed, where 1/T.49?=Ja?/2 and Jn? 4(84 5") me. 


VII. QUADRUPOLE RESONANCES 
Chlorine 


The nuclear quadrupole resonance frequencies of Cl* 
in the alkali chlorates have been reported in the 
literature,*"* except for LiClO,;. We have made an 
unsuccessful search for the chlorine resonance in this 
compound. The strong deliquescent nature of LiClO, 
apparently prevents the formation of a definite crystal 
structure. 

The Ci* spin-lattic e relaxation times (T;) were 
measured by the growth of the free-precession tail 
following the second of two 90° pulses. With the ru- 
bidium and cesium chlorates, it was necessary to 
measure the growth of an echo, since the free-precession 
tails were masked by piezoelectric vibrations. The pulse 
program consisted of a closely-spaced 90°-180° sequence, 
followed at a variable delay by a similar 90°-180° 
sequence. The first two pulses saturate the sample, and 
the second pair forms an echo with an amplitude pro- 
portional to the spin-lattice relaxation that takes place 
between the two sequences. Both methods above were 
compared in the measurement of the chlorine relaxation 
in sodium chlorate, and the measurements agree within 
experimental error (see Table I). 


Rubidium 


The RbCIO, and CsClO; compounds were studied 
in powder form, since it was difficult to obtain single 
crystals of these compounds. The alkali resonance line 
widths in NaClO; and KCIO, appear to be intrinsically 
narrow, since the double resonance line shapes were 
determined primarily by the B pulse spectrum. In 
rubidium chlorate, the indicated lines were quite broad, 
shown by the fact that only the most intense narrow 
pulses could increase the apparent line width (Fig. 10). 

Although a powdered sample is studied, the presence 
of a magnetic field can give rise, surprisingly, to a 
Zeeman pattern in the doubie resonance experiments. 
The coil that excites and receives the signal from the 
CF* nuclei responds mostly to those nuclei which have 


“MM. Em 
1958 


shwiller and E. L 


Hahn, Bull. Am. Phys. Soc. 3, 318 
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RbCIO, DOUBLE NQR 


RbS7 
/2-3/2 


Rb85 
1/2-3/2 














gk i: 


their axes of quantization perpendicular to the coil. 
The alkali nuclei 
pe rpendicular to the 


also have a similar preferential plane 
B coil. In all cases studied, the 
Cl*® and alkali ion axes of quantization are essentially 
the same. In the experimental apparatus, the two coils 
are mutually orthogonal, and hence only those crystal 
orientations which provide axes of quantization per- 


both 


resonance 


axes of coils will contribute 


double 
This selection of a preferred direction, although some- 


pendicular to the 
strongly to the echo degradation. 
what diffuse, allows a Zeeman structure to be manifested 
in the double resonance line. An increase in double 
sensitivity by roughly 20% to 40% is 
obtained in powdered samples if the A and B coils are 
parallel, because most crystallites, with their quantiza- 


resonance 


tion axes lying in a plane perpendicular to the common 
axis, partic ipate in the resonance. 

In the Rb line, at 2 Mc/sec, there is a clear split of 
the and indications of 
shoulders. These traces were made with a small movable 


central, line two satellites or 


permanent magnet placed near the sample in order to 


maximize the Cl*®® echo lifetime. The strength and 


TaABLe II 


Quadrupole* 
moment 
bundance < 10" cm? 


opin 
1,00 
0.93 
0.07 
0.73 


A.1 
0.07 
0.085 


0.31 


0.15 
0.003 


*W. A. Nierenh« 


> Data taken at ¢t 


10. Quadrupole dou 
resonance spec tra of ru 
jum isotopes in RbCIO, 





v 


this 
accuracy, accounts for some 
observed lines. In parti ular, tl 


field, not determined with any 
of the line width of the 
s effect would lead to a 
since the former 
He 
Is exper ted that 
excluding the 
AV, 
This can be seen 
ratio of the 


orientation of 


broader Rb*® line than the Rb® lines, 


nucleus has a larger gyromagneti 
In the case of spins larger than 


the transitions among higher 


transition w(4«> 3), provides smaller values of 


according to the discussion 
from an inspection of the signal-to-noise 
Fig. 10 


resonances shown in 


Cesium 


3183 (7 
, ranging from 9 to 
al ll(a 


approximately, for the single 


The small quadrupole moment of ( 3) gives 
rise to low quadrupole fre 


54 kc/sec [see Table II 


1 2 3 are observed. 


Ratios of 


stable isotope having /=4 to a nearly pure 
axial field gradient 
pulse field Hip, 


the absenc e€ of a 


Upon increasing the intensity 
additional lines appear [ Fig. 11(b 


Alkali chlorates, alkali resonance 


Transitions 
} kc/s : k 
) cc/sec + ke 
* 
Ol Mc 
O1 Me 
Ol Me 
k 


3 ke 





PULSED NUCLEAR 
field Ho, which are attributed to double quantum 
transitions'® occurring at frequencies 


wa | 1 2h) (En— ; a 2), 


for m=j and 3, corresponding to frequencies 44.0 kc/se« 
and 27.3 kc/sec. A third transition at 9.0 kc/sec occurs 
between the m=-+4 levels and the lower levels which 
are in mixed states. Double quantum transitions become 
highly probable, since the rf field energy yf/ eH» can 
be made comparable to the low quadrupole coupling 
energy egQ. The change in Cs dipolar field at Cl sites is 
increased by a factor of two for these transitions, and 
indeed the echo signal degradation AV is actually larger 
than, or at least equivalent to, the AV due to the 
single quantum transitions. As seen from Fig. 11(b), 
the double quantum transition at 44 kc/sec causes a 
greater change in echo amplitude than the single 
quantum transitions at 36 and 54 kc/sec. The 18 kc/se« 
single quantum transition produces a !arge effect due 
to the presence of mixed states, as pointed out in Sec. V 

At low pulse power, double resonance transitions also 
track the presence of a small Zeeman splitting when a 
small field H» is applied, in this case, perpendicular to 
the plane defined by the A and B coil axes as seen in 
Fig. 11(c). The double resonance is particularly effective 
for those crystallites having Ho parallel to the axis of 
quantization, since H,, is perpendicular to Ho. Figure 
11(d) now indicates how double quantum transitions 
sense the Zeeman splitting as well, with increased 
pulsed power. 


Close examination of these frequencies of low pulse 
fields Hig reveals that the resonant frequencies of Cs 


in cesium chlorate are not in the ratio 1: This 
implies a finite value for the asymmetry field gradient 
parameter 7, in terms of second derivatives of th 
potential V, defined as 


n= (Vxx—Vyy)/Vzz, 


Vzz\2\|Vyy|2|\Vxx 


The energy levels as a function of 7 have been calcu 
lated by Cohen'* for one-tenth-integer values of 9. The 
measured frequencies are 18.2, 35.2, and 53.0 kc/sec, 
accurate to +0.3 kc/sec. These frequencies are in the 
ratios of 2.06, 3.98, and 5.99, with an accuracy of ~ 1%, 
which compares with the data of Cohen best at a value 
of »=0.1 for theoretical ratios 2.071:3.978:5.994. The 
estimate of the asymmetry at the cesium sites is, 
therefore, 7=0.1+0.02. 


VIII. CONCLUSIONS 


General features of the spectra produced by pulsed 
nuclear double resonance have been described. The 
shape and magnitude of the B spin signal depend upon 

‘6 V. Hughes and L. Grabner, Phys. Rev. 79, 314 (1950); P. P 
Sorokin, I. L. Gelles, and W. V. Smith, Phys. Rev. 112, 1513 
1958). 

16 M. H. Cohen, Phys. Rev. 96, 1278 (1954). 
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CsCiO, DOUBLE NQR 
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(a) 


pooner POs pAt ake ted geenagading 


10 20 30 30 40 50 60 
Cs FREQUENCY IN KILOCYCLES 


Fic. 11. Quadrupole double resonance spectra of Cs™ transitions 
in CsClO ;. (a) Low B pulse power and magnetic field Hp=0. (b) 
High B pulse power and magnetic field H»=0. (c) Low B pulse 
power and magnetic field Hox0. (d) High B pulse power and 
magnetic field Hp x*0 


the rf pulse field intensity applied to the B spins, the 
rf pulse width, the amount of dipole-dipole coupling 
between A and B spins, and the spin-spin relaxation 
caused by the dipole-dipole coupling. The signal 
strengths obtained by the pulsed method can exceed, 
by orders of magnitude, those signal strengths obtained 
by direct observation of the conventional] nuclear 
resonance. 

We have featured a novel technique in this paper, 
and are not interested in presenting arguments here 
which account for the nuclear quadrupole interactions 
in alkali chlorates measured by our method. Bersohn"” 
has discussed a method of machine computation for 
components of the electric field gradient at the sites of 
alkali nuclei in alkali chlorates. Upon incorporation of 
the appropriate Sternheimer electric shielding factor'* 
with these computations, Bersohn obtains values of 
eg? for Na in NaNO; and NaClO,. These theoretical 
values are in rough agreement with measured values, 
if O values are taken from the results of molecular 
beam measurements. We have applied Bersohn’s cal- 
culation to the case of K® and K* in KCIO, and find 
such an agreement also, but have not extended it to 
other cases measured by us. Aside from studies of the 
alkali metals, it should be possible to amass data for 

17 R. Bersohn, J. Chem. Phys. 29, 326 (1958) 


4 T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956); E. G 
Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 
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the little studied interactions of nuclei such as D*? and interaction is neglected by dropping the Cj, and Dy, 


N*™ in crystals. Application of a magnetic field, of terms in Eq. (9). The expression (U(¢)) is a measure 


| 


course, permits the measurement of gyromagnetic of the free-induction signal computed from (9), ex 


5 i 
ratios of nuclear moments as well. cluding the terms C;y, wh he expression (7 

A clear interpretation of resonance line shapes and (S(t exp (15ol)« gives the free-induction signal 
splittings in solids does not appear to be available from which includes the t of t terms. Let the mth 
pulsed double resonance spectra, although the sym- moment of the resonance line be given by (Awo") when 
metry displayed enables the resonance frequency to be Cy» is excluded, and by when it is included. Then 
accurately determined. Line shape analysis is difficult 
because of complicated effects due to Fourier frequency 
components in the B spin pulse, and because a rigorous 
quantum mechanical analysis of echo signals in solids 
does not exist. In spite of these weaknesses, a stochastic 
Gaussian model for spin-spin interactions accounts, at 
least qualitatively, for the observed signal shapes, and 
allows for a rough determination of the component mean 
square local field due to B spins which are coupled to 
the A spins. In cases where the A and B spins are 


coupled in relatively isolated pairs, it would be possible S4,2,8=exp if 6(t')dt'+ 
) 2i f 0 1 j 


The 90°-180° free-pre 


to measure the direction and rough magnitude of the 
dipole-dipole coupling by measurement of the double 
resonance signal amplitude AV as a function of orienta- ex] 
tion angle 04 ,. 
In liquids the indirect spin-spin interaction constant 

J can be measured in general between different nuclei (ex] 
by the pulsed double resonance method. However, 
identical information can also be obtained by applica- 
tion of conventional nuclear magnetic resonance 


1. 7* 
x {expLis 


using (A.1). Upon multiplying out (A.2) and carefully 
spectroscopy. . “alae , . 
. evaluating average values of the cross terms, the 
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APPENDIX A . 
The echo maximum 1 roughly at ¢=2r and 

Let c(t) be a correlation function which expresses 7,(Q)=1 Equatior accounts for the interaction 
the remnant precessional coherence of an ensemble of of 4 spins with B and B’ spit nclusion of the A-A 


spins after a time ¢. Assume that spin interactior 


' ; ; 1, BLE F L t), A $) 
S4(t) exp if b(t dt exp tbol)c(1)+-Z(t) A.l 


where 7',4(/) now includes tl and D,, terms. If a 


. . . ° 180° double resonan pulse | ipplied to the B spins 
is the precession vector of a pat ket of A spins : 
; : or ; ; at /=r, the expression 1) replaces Ey, z, p(t) in 
having a Larmor frequency 40 in the moving frame : : . 
; : A.4), meaning that 1 are excluded from in- 
at ‘=0, and Z(t) is a complex vector having a random 
distribution of phases at time ¢. At /=0, c(t)=1 and 
Z(0)=0. Also (Z(t))mw=0, (exp(tdol))=(U())=Tol?), 
(Z(t) exp(idol))=0, and (Z(t)Z(t'))#0, where ¢’ can be 


different from, or the same as, ¢. First the A—A spin E4, A, B, B b. ree. = Ea, we (tT aall a(l A.5 


fluencing the virtual echo term , p(t), and is con- 
sidered instead in an added facto ,p(t). The reduced 
amplitude then be 
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\ detailed study has been made of the reverse characteristics of 
several silicon and germanium alloyed p-m junctions with break 
down voltages in the range of about 0.1 to 0.8 volt. In these 
junctions the reverse current is generated almost entirely by 
internal field emission (tunneling). The reverse bias characteristics 
are insensitive to the dislocation density present so that the 
tunneling current occurs mainly in undistorted material. From 
capacitance studies it is established that these narrow junctions 
are very close to being idea] step junctions. The room-temperature 
reverse characteristics are analyzed in terms of the usual tunneling 
probability expressions and in particular, good agreement, both 
qualitative and quantitative, is found between experiment and 
theory. The tunneling probability exp (—ae!// 


, when compared 
with experiment 


yields values for ae! in agreement with the 
thecretical ones to within a factor of less than 
and germanium 


2 for both silicon 


INTRODUCTION 


ONSIDERABLE interest has been rekindled 

4 recently in the phenomenon of internal field 
emission because of the Esaki effect.! However, though 
theories of internal field emission have been extant for 
25 years or more, and though its occurrence at suffi- 
ciently high fields is well established, there has not yet 
been a convincing quantitative experimental verifica- 
tion of the theoretical laws. The work to be described 
in this paper was undertaken with a view to obtaining 
such verification. 

The most reliable systems in which to study internal 
field emission are sufficiently narrow p-n junctions. It 
has been shown previously? that reverse bias (positive 
voltage applied to the n-type side) breakdown in such 
junctions in silicon is by internal field emission. The 
diffused junctions used in this early work, however, 
were still relatively wide, having width constants of 
about 400A. (The width constant is defined as the 
width of the space charge region with a total potential 
drop across it, built-in plus applied, of one volt.) Break- 
down occurred in these units around five or six volts 
so that the total breakdown current arose from both 
field emission and avalanche mechanisms. More 
recently, narrower junctions have been obtained in 
silicon and germanium by alloying to very low resis- 
tivity materials. These junctions have breakdown 
voltages as low as a few tenths of a volt. Thus, the total 
potential across the junction is appreciably less than 
that required for pair production (which requires 2.3 

* Guest of Bell Telephone Laboratories, summer, 1959 

' L. Esaki, Phys. Rev. 109, 603 (1958). 


24. G. Chynoweth and K. G. McKay, Phys 
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_ transverse 


The 
maintain a constant tunneling current 
4.2°K up tot 


critical volt 


critical voltage (the reverse bias voltage necessary to 
was measured as a function 
nperatures as high as 700°K 
age drops monotonically as the 


whereas in 


tron 


of temperature 
In germanium, the 


temperature increases silicon, there is considerable 


structure in the curve. This is shown to be consistant with the 


tunneling being by direct transitions in germanium and by indirect 


transitions (involving phon in silicon 


yn emission and absorption 


In germanium, the temperature cde pendence of the critical voltage 


arises from that of the gap while in silicon, it is 
From 


perature data for silicon that invokes the 


direct ene rgy 


determined, primari by the available phonon density 
an analysis of the tem 
acoustic phonons, the estimate of ae! that is obtained 
in excellent that found 


analysis of the reve haracteristics 


agreement with independently, from 


volts for silicon’ and 1.5 volts for germanium,‘ not 
allowing for energy-losing collisions made by the carriers 
in crossing the junction). It was, therefore, of consider- 
able interest to make a detailed study of the behavior 
of these narrow silicon and germanium junctions in the 
hope that it would provide experimental confirmation 
of the theoretical for the internal field 
emission current 


c xpre Ssion 


EXPERIMENTAL 
(i) Fabrication of Junctions 


A series of n-type silicon-arsenic alloys with resis- 
tivities ranging between 0.001 and 0.10 ohm-cm were 
used as the starting materials for the silicon junctions 
and a germanium-arsenic alloy of 0.0035 ohm-cm for 
the germanium junctions. Individual units consisted of 
a 0,040-inch cube of the crystal to which, first, an ohmic 
contact was made by alloying to it an antimony-doped 
gold wire, 0.010 inch in diameter. The junction was then 
formed by alloying a 0.003-inch diameter aluminum 
wire to the cube. In every case, the junction alloying 
(111) face of the crystal. Alloying was 
done in a nitrogen atmosphere at about 850°C and 
immediately after the bonding had occurred, the crystal 
was rapidly cooled to minimize diffusion effects. 


was done on a 


(ii) Voltage-Current Characteristics 


Figure 1 shows the voltage-current characteristics 


for silicon and germanium units of various starting 


1A. G. Chyt 108, 29 
1957 
*V_S. Vavilov, J. Phys 


* J. Tauc, J. Phys. Chen 


oweth and K. G. McKay, Phys. Rev 
Chem. Solids 8, 223 (1959) 
Solids 8, 219 (1959) 
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1. Room-temperature current-voltage characteristics for t 
and germanium junctions made from materials of di 


resistivities. For the silicon junctions, the forward shown in Fig. 2 at °K ar It should be noted 
characteristics tend to saturate at about 0.7 volt, in that in all cases this tem] ture difference does not 
common with conventional junctions. The forward im- cause any great change in the current (less than an 
pedance tends, however, to become less as the resistivity order of magnitude). Also, the breakdown voltage in- 
is decreased. The 0.001 ohm-cm junction shows a_ creases as the temperature decreases. Both of these 
considerable amount of forward current and, in fact, is features are expected for silicon field emission junctions? 
close to demonstrating the Esaki effect (a region of (and probably for germanium field emission junctions 
negative resistance in the forward characteristic). The also) and are not characteristic of avalanche junctions. 
reverse characteristics vary considerably, the break- . : ; 

down voltages clearly covering the range that includes iv) Effect of Dislocations 

breakdown due entirely to field emission?* (breakdown 
voltage less than about one volt for silicon) and break- 
down due mainly to avalanching (breakdown voltage 
greater than about 6 volts). The former is exemplified 
by the units made from 0,001, 0.003, and 0.007 ohm-cm 
material while the latter refers to the unit made from 
0.1 ohm-cm material. The unit made from 0.02 ohm-cm 
material breaks down at about 5 volts and, no doubt, 


The reverse characteristics of field emission junctions 


are notable for their “‘soft s.”’ One hypothesis attri- 


T Sot a 
L} sil 


| 0.0O7NCM 


10' 


—T 
10003 CM 
exhibits a mixture of the two breakdown mechanisms.” 
The rest of this paper is concerned with silicon units 


made from the three lowest resistivity materials and 


the germanium units for which it is reasonably certain 


REVERSE BIAS IN VOLTS 


that essentially all of the reverse current originates by 
internal field emission 








iii) Effect of Temperature REVERSE CURRENT IN AMPERES 


, a ‘ ‘ ‘ “1s >] iG. 2. Lo thr f the ro mperature, and liquid 
The re be rst a iracteristics of the three silicon field nitrogen temperature reversé aracteristi f the field emission 
emission junctions and the germanium junction are junctions 





INTERNAL FIELD EMISSION 
buted at least some of this softness to dislocations. 
When edge dislocations pass through the crystal the 
distortions in the crystal lattice cause a local reduction 
in the width of the band gap thus making field emission 
much easier at the places where the dislocations run 
through the high field region of the junction. It might 
be expected, therefore, that as the reverse bias is in- 
creased, most of the field emission current is generated 
at first near the dislocation. However, the current 
through these ‘“‘weak” spots would eventually become 
saturated on account of the spreading resistance of the 
end regions of the junction so that a spectrum of weak 
spots would give rise to an abnormally soft reverse 
characteristic. 

To test this hypothesis a low resistivity (0.002 ohm- 
cm) n-type crystal was grown with a low dislocation 
density. Subsequently, dislocation etch pit studies 
yielded a dislocation density of the order of 50 cm™ so 
that the possibility of any dislocations being present 
within the very small area of the junction was virtually 
zero. Alloyed junctions were made on (111) faces in 
sets of four: (i) on the material as grown (ii) on material 
that had been heated to 750°C without bending (iii) 


on material that had been heated to about 750°C and , 


bent to a radius of curvature of 3.3 cm about the [111 ] 
bending axis, (iv) on material that had been heated 
and bent to a curvature of 0.75 cm. Such bending treat- 
ments can be expected to introduce dislocation arrays 
with densities greater than 107 cm™~?. However, the 
voltage-current characteristics of all four junctions of 
each of severa} sets were, in every case, virtually iden- 
tical. To check the possibility that the alloying process 
itself might introduce a high dislocation density, some 
junctions were etched after fabrication but they re 

vealed no excess amounts of dislocation etch pits. It is 
concluded, therefore, that the shapes of the reverse 
characteristics of these narrow junctions are not deter- 
mined to any significant extent by the presence of 
dislocations. 


(v) Capacitance Studies 


There was some question as to how valid it was to 
assume that these alloyed junctions could be described 
as step junctions with field strengths that varied 
linearly with distance through the space charge region. 
Accordingly, the bias dependence of the capacitance 
was determined experimentally using a substitutional 
bridge method. The measurements were made at a 
frequency of 400 kc/sec with a driving voltage of not 
more than 10 mv. Figure 3 shows the results of these 
measurements plotted in the form C~* (where C is the 
capacitance in arbitrary units, differently scaled for each 
junction) against V,, the applied potential. Data were 
taken over the widest range possible for each junction, 
the range being limited in both the forward and reverse 


* A. G. Chynoweth and G. L 


Pearson, J. Appl. Phys. 29, 1103 
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Fic. 3. Capacitance plots showing that the narrow junctions 
behave as good step junctions over fairly wide ranges of bias 


directions by the “‘lossiness” of the junction at high 
currents. The three silicon junctions all fit straight lines 
satisfactorily, and over a somewhat limited range of 
bias, the germanium junction fits a straight line also. 
Deviations from the straight line occur in all units at 
appreciable currents due to the injected carrier capaci- 
tance but within those limits, the junctions, especially 
the silicon ones, behave as reasonably good step junc- 
tions. 

The intercept on the bias axis is usually taken to be 
the built in voltage, V;. However, the values of V,; 
determined from Fig. 3 are unusual in two respects: 
(i) they are much lower than is to be expected for 
junctions with both sides degenerate, and (ii) V, 
apparently increases with the resistivity of the starting 
material it would be expected to decrease. 
These anomalies have been considered in detail by 
Aigrain,’ who has shown that they can probably be 
accounted for by various corrections to the normal 


where as 


diode theory that have to be taken into account when 
dealing with degenerate semiconductors. 


(vi) Estimates of Junction Widths 

reverse characteristics it 
necessary to know the widths of the space charge 
regions. These could be estimated knowing the resis- 


To fully analyze the was 


7 P. Aigrain (private communications) 
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tivities of the end regions but they were also determined 
lo do this, 


made from each starting material were meas- 


experime ntally the capac itances of several 
junctions 
ured at zero bias. The aluminum wires were then etched 
of the tions so that the shape of the 


alloyed junction could be studied under the microscope 


out illoyed 


june 


In some cases it was not possible to make very reliable 


estimates of the junction areas as they were too irreg- 


ular. However, in several units the alloying had pro- 


duced a relatively clean shape which enabled the area 


to be estimated to within +30°%. From the capacitance 
established 


and the 


corrected to unity potential using the 


and calculated values for | 
width 


quare law area 


measurement tne constants were obtained. 


vii) Summary of Quantitative Data 


Quantitative data pertinent to these junctions are 
lable I. The 


concentrations 


donor and 
known from resistivity 
The values of V,, and V ip 


summarized in figures for the 


acceptor were 
and solid solubility studies 
were estimated from the formula for degenerate semi- 


conductors, 
€; 38 << 107! 88 (any /m*) ev. 


ind similarly for } where er, €c are the positions of 


the Fermi level and the bottom of the conduction band, 


respectively, m is the carrier concentration,’ and 
ratio of the free 


The 


where €g is the energy gap expressed 


electron mass to the 
obtained for 


(mo/m™) is the 
effective electron values so 


| V int Vipte 


in volts. are seen to be considerably in excess of the 


mass 


experime ntal values, as noted above 


Che width constants were estimated from the formula 


for a step junctior 


are pn, 


i K p +1 
where p an re the majority carrier com entrations, 
x is the diel t, and ¢ is the electron charge. 
® In the p-tyy ig the carrier « 
known solid solubilit N 
Tech. J. (to be published f aluminum in Si and Ge. For n-type 
Ge, the source was W. W vier ar : J Soltvs, General Electric 
Research Report P-193 iblished), and for the m-type Si, it 
Backenstoss, Phy 108, 416 (1957 
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function of temperature. The results are shown in Fig. 4 
for four different values of the constant current, the 
critical voltages all being scaled so as to match the data 
taken at a current of 40 wa at 150°K. The evident super- 
position of the experimental points proves that the 
shape of the reverse characteristic does not vary with 
temperature for reverse currents ranging, at least, 
between 20 and 700 wa. Thus, for studies of the critical 
voltage versus temperature, there was nothing par 
ticularly critical about the value of the constant current 
Typical variations of the critical voltage as a function 
of temperature are shown in more detail in Fig. 5, where 
the results pertain to a constant current of 45 wa for 
both the silicon and germanium junctions. The voltages 
were measured with a potentiometer by the four 
terminal method. The germanium junctions show V, 
decreasing slowly at first as T increases, but then more 
and more rapidly in a monotonic fashion. The silicon 
crystal, on the other hand, shows a similar slight varia- 
tion at low temperatures followed by a fairly rapid 
drop after which, the decrease in V, slows up. After a 
region where V, is again relatively insensitive to the 
temperature, V, quite abruptly begins to drop, this 
drop becoming catastrophic in the temperature rang: 
600 to 620°K. In some cases, the measurements were 


extended until V, was very close to zero, and there wa 
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Fic. 5. The critical voltage versus temperature 
silicon and germanium junctions. The two curves for 
the high- and low-temperature ranges refer to two differen 
typical silicon junctions 
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no indication of a second step appearing in the curve. 
The temperature runs were virtually reversible and 
reproducible, even when the crystal temperature had 
previously reached 620°K, so that the catastrophic fall 
in V, appears to be a fundamental effect rather than 
due to deterioration, of the junction. Essentially the 
versus 7 variations were shown by silicon 
junctions from each of the three starting materials, and 
all of them showed the rapid drop of V, between 600°K 
and 650°K. 


same V, 


DISCUSSION 


The purpose of this section is to analyze and discuss 
the experimental results in terms of the theory of 
internal field emission 

Until 
law for internal field emission ignored the effects of 


} 


recently, all theoretical attempts to derive a 


phonons and were concerned solely with the probability 
of direct transitions of electrons from the valence band 
to the conduction band. This defect has been remedied 
by the excellent theoretical study of Keldysh’ who, in 
particular, has pointed out the role that phonons can 
play in promoting indirect transitions. From the recent 
experimental work of Holonyak et al." and Esaki" it 
is now known that both direct and indirect tunneling 
transitions can occur in various semiconducting mate- 
rials but that for any particular material, one form of 
the other. In particular 
if the semiconductor has its minimum band gap at 
k=, then direct transitions are much more probable 
than indirect ones. On the other hand, if the band gap 
minimum is not at = 0, indirect transitions will usually 
very phonon densities. In 
the value of the band gap that is critical 
than the 
probability l 


transition usually dominates 


dominate, even for low 
general, it is 
rather phonon density since the tunneling 
a rapidly varying function of the band 
gap. 


Holonyak et al 


peratures, 


showed that at liquid helium tem- 
indirect transitions predominate in silicon. 
Germanium, on the other hand, was an intermediate 
case, probably because the band gap at k=O is only 
slightly larger than the actual band gap (0.90 ev com- 
pared with 0.74 ev for undoped crystals at 4°K). For 
germanium crystals highly doped with arsenic or 
phosphorus, they found no evidence of phonon coopera- 
tion but did in the case of antimony doped crystals. It 
will be shown that the results of the present work for 
arsenic doped silicon and germanium crystals are 
with these conclusions, and furthermore, 
confirm the Keldysh theory for phonon cooperation. 


consistent 


A. Analysis of Reverse Characteristics 


all theories of internal field 
that the unidirectional tunneling 


For direct 
emission 
.. V. Keldysh, J. Exptl 

7) and 34, 962 (1958 
1958) and 7. 665 (1958 
’N. Holonyak et al., Phys 


Esaki (private commur 


transitions, 
predict 


Theoret 


translations 


Phys. (U.S.S.R.) 33, 994 
Soviet Phys. JETP 6, 
respective ly } 

Rev. Letters 3, 167 (1959) 
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current, 7, is given by an expression of the form: 
I=ApE'Pp, (1) 


where A p is a factor containing, among other quantities, 
the number of carriers available to attempt the tunnel- 
ing transition and their frequency of attempting it. The 
field, Z, appears to some power r, where r lies usually 
between 1 and 3, depending on the various corrections 
included in the theory such as the effects of image fields 
or Coulombic. forces."* The factor, Pp, represents the 
direct transition tunneling probability and is given by’: 


P p= exp[ —2(m*)'e!/2ehE |= exp(—ape!/E), (2) 


with 


2eh, (3) 


ap x(m*)! 


where m* is the reduced effective mass, ¢ is the forbidden 
energy gap, ¢ is the electron charge, and h=(h/2n), 
where hf is Planck’s constant. For indirect transitions, 
the effect of phonon cooperation has to be included and 
we have, essentially : 


I 1,E*LVPat(A y (4) 


where A, is another constant, similar in purpose to A p, 
E is raised to some power n, N is the phonon density, 
and P4 and P,» are the indirect tunneling probabilities 
with phonon absorption and phonon emission, respec- 
tively. [Note that the above expression applies to the 
case of one phonon energy only. To include the effects 
of phonons of other energies, the expression for the 
current would contain additional terms of similar form. 
Further terms would also be needed if multiphonon 
processes are important. | The tunneling probabilities 
are now given by’ 
Ps exp —ar(e—hw)! E |, 

and (5) 


P, exp[ —ay et+hw)! E | 


4(2m*)'/3eh. 
Though fiw is small compared with ¢ the value of a is 
such as to make P, appreciably larger than Px, even 
for the smallest phonon energies present in silicon. 


where fw is the phonon energy and a; 


Equation (4) then becomes, approximately, 
I 1;E"P el N(P 4 P; +NV+1) 
— 1;E"P el N(P« Pe)+1). (6) 


As will be 
N(P4/P x 


seen below, at room temperature we have 
>1 so that, under these conditions 


I™~ArE*NP 4. (7) 


Equations (1) and (7), which are essentially of the 


same form, are not sufficient, however, for describing 
the measured current-voltage characteristics at a given 
temperature as they do not take into account the tunnel 


current in the opposite direction. Specifically, at zero 


2W. Franz, Handbu 
1956), Vol. 17, p. 155 


Springer-Verlag, Berlin, 
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applied bias the net current is zero because the tunnel 
current from the valence band to the empty states of 
the conduction band is exactly balanced by a tunnel 
current from the occupied states in the conduction band 
on the degenerate n-type side to empty states in the 
valence When an 
applied, more and more electrons in the valence band 


band. increasing reverse bias is 
on the p side lie opposite empty states on the n side and 
fewer electrons on the n side lie opposite empty states 
on the p side. This change in populations can be taken 


into account exactly in terms of Fermi-Dirac distribu- 


tions and the densities of states. For present purposes, 


however, it seems sufficient to put the measured current, 
In=AV,"E*P, (8) 


where A is a constant for a given temperature, P is the 
appropriate tunneling probability, g=r or m, and the 
V,” term represents, in an empirical fashion, the effect 
of the bias dependence of the net current due to the 
carrier In particular, the V,” 
term, where p is some power, ensures that the meas- 
ured current, J, is when V,=0, where V, is 
the applied bias. As will become apparent, the actual 
form of the carrier distribution term is not critical as 


energy distributions 


ZeTO 


long as it depends on the field more slowly than does P. 
It is appropriate, at to put E 


is the maximum field in the step junction 


first, Ey, where Ey 


Then 
E 2(1 st ; t W,, (9) 


where V;, is the built-in voltage and W, is the width 
constant. We note that for the junctions under study, 
V, ranges from 0 to a few tenths 


+} 


of a volt whereas V; is 
greater than 1 volt so that the variation in E is very 


slight compared with that of } From (2), (8), and 


(9) one obtains 


d(\inJ,,)/d(int 
10) 


Putting B= (ae! 


. ind ¢ are appropriate 
to the direct or indiré 


energy gap with or without 


phonon cooperation, and since V.<V;,, we have to a 


good approximation, 
d(inJ,,)/d(inV 


Thus, a plot of d(in/,. In} a) against J . should be a 
straight line of gradient B/2V,'. Such plots are shown 
in Fig. 6 for typical examples of each of three silicon 
I in view 


resistivities as well as the germanium junctions 


of the possible experimental errors and the approxima- 
tions involved in the analysis, it is felt that satisfactorily 
straight lines do ensue and that these 
with the form of the tunnel 
however, it was found tl 
from straight 
It is noteworthy that the 


are consistent 
ng probability. In all cases, 
at the piots started to deviate 
lines for currents in excess of about 100 wa. 
common factor among the 
of about 100-200 ya 


is the applied voltage 


junctions was the critical current 


rather than a critical vol 


tage 





INTERNAL FIELD EMISSION 
corresponding to such currents varied considerably’ 
among the various junctions. Thus, the deviations are 
not due simply to failures of the approximations, such 
as putting V.<V,, in the analysis. The deviations all 
occur for current densities greater than about 1 amp 
cm™~ and at such levels, the injected space charge is 
becoming comparable with the built-in space charge. 
Also it is in this same region that the capacity data 
generally show deviations from the C?V = constant law. 
So it seems reasonable to conclude, tentatively, that 
the prime cause of the deviations is the failure of the 
effective field to vary as (V.+V,)! at the higher currents 
and in fact, in some cases it was found that the form of 
the deviations in the capacity data paralleled the devia- 
tions in the field emission plots fairly closely. 

The slopes of the field emission plots, as determined 
experimentally, can be compared with the values 
predicted by theory. The slopes yield 8/27 ;', and using 
the estimated values of V; and the measured values for 
W,, the quantity ae! was evaluated for each of the 
junctions. The results are tabulated in Table II where 
it will be seen that the data from the three silicon junc- 
tions agree to within +20%. This is regarded as 
satisfactory. In deriving the theoretical values, « was 
put equal to 1.1 ev for silicon and to 0.80 ev (the direct 
band gap) for germanium. There considerable 
uncertainty, as to the correct choice of effective mass 
to be used in estimating a. Keldysh’ defines m*, the 
reduced effective mass, as 


is 


m*=mc*my*/ (mc*+my*), 
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Fic. 6. Piots of d(log J)/d(log V,) versus the reverse bias, V., 
for typical examples of the various field emission junctions. 
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Tasxe II. Experimental and theoretical values of ae!.“ 


Experiment A Experiment B_ Theory 


Si 
average 
7.7K10' 


Si 0.001 ohm cm 
Si 0.003 ohm-cm 
Si 0.007 ohm-cm 
Ge 0.0035 ohm-cm 


96x10" 
6.5xK10' 
70x10" 
28X10" 


7.2K10° 3 =4.8x10" 


1.810" 


* ae! is expressed in volts cm™, appropriate to & being expressed in the 
same units. Experiment A refers to the analysis of the reverse character- 
istics, Experiment B to that of the temperature characteristics analyzed in 
Sec. B. The experimental value given for Ge is that obtained after making 
the correction to the field given by Eq. (12). Without this correction the 
result ie 3.5 X10’ units 


where mc*, my* refer to electrons and holes, respec- 
tively, and are given by expressions of the form, 


i > .[ (cos*y,) m, |. 


4 


m 


Here, the quantities, m;, are the principal values of the 
tensor m,,~' and y, are the angles between the directions 
of the field and the principal axes of the tensor, which 
in general, do not coincide with the principal crystal 
axes. As an approximation, therefore, mc* and my* were 
taken as the density of states masses, defined by 


mco* 


vi(mymz7*)', 
and 

YW 
}» 


my* =[m,'+m,! 


where y is the valley degeneracy, my, and mr are the 
longitudinal and transverse electron masses, m, and my 
are the light and heavy hole masses, and the holes in 
the spin orbit split-off band are disregarded. Using the 
values for m,, mr, m;, and m, given by Herman,” we 
obtain for the reduced effective mass, 


m* =0.36my for Si, 
and 
m* =0).19m, for Ge, 


where mp is the free electron mass. With these mass 
values, the calculated values for ae! agree with the 
experimental values to within a factor of 2 for both 
germanium and silicon. Considering the experimental 
and theoretical uncertainties, this is felt to be good 
agreement. For the calculated values to agree with the 
experimental ones would require m* to be about 0.95 mo 
for Si and 0.46 mp» for Ge, and both these values seem 
rather high as it is to be expected that the lightest 
carriers will completely dominate the tunneling prob- 
ability. A further fact is that the field is not uniform so 
that the effective field may be significantly different 
from Ey. However, a calculation of the barrier trans- 
parency of a step junction using the WKB method" 
shows that the effective field is given by Eq. (9) to 
a good approximation. On the other hand, there will 
be an effect on the field due to the high degeneracy 
of the p side. This results in the electron actually 


% F. Herman, Proc. Inst. Radio Engrs. 43, 1703 (1955). 

4 See, for example, N. F. Mott and J. N. Sneddon, Wave 
Mechanics and Its Application (Oxford, Clarendon Press, 1948), 
Chap. I. 
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leaving the valence band at a point in the junction 


where the field is somewhat less than that given by 
Eq. (9). In parti ular, the effective field, 


(12) 


silicon, this correction is negligible but 
0.714 for germanium. This, in turn, 
2.8X 10’ volts cm™', 
in better agreement with the calculated value. 


heore 


Ss 
li 


for V.<V;,. For 
makes Eos 


brings the experimental value, 


it 


now 


tical values of 
to 


Though the experimental and t 
g | 
there be a 


Chis 


[ ae! | are gratifyingly clos does seem 


systematic discrepancy between their values 


di crepancy can be expre ssed by 


i} ave 
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where f is a number equal to about 1.6 for both silicon 


and germanium. The origin of the discrepancy factor, f, 
is not understood though it may be in the estimates of 
the effective built-in | 

Regarding the latter, it is quite conceivable that owing 
the the 
ictual junction width will vary appreciably from place 
n the junct As it 
take place prele rabli at the 
effective width could, there 


wotentials or the width constants 


to randomn¢ ! impurity distribution, the 


to place ion is to be expected that 


field emission w narrowest 
of the 
. be 
width. 

It 


generally give a va 


parts juncl Ln 


on, 


lore significantly less thi he measured (average) 


be noted that the plots in Fig. 6 


lue for p of slightly less than unity, 


should also 


value that is not physically unreasonabk 


RB. Analysis of Temperature Characteristics 


Figure 5 demonstrates that the critical field depen 


monotonk 
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il 
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the dominance of indirect transitions in 


silicon and direct 
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It is easy 
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at 


transitions in ge rmanium 


both materials, the cause 


to verify that in 
of the critical voltage constant 
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It should be 


the te mperature characteristics, 


perature variat ¢ 


e tunneling probability 
i 


were considerably greater than kT 


dependence ot tn 
emphasized that in 
the 
(except where |} 


values of J 


, drops rapidly at the highest tempera 


tures) so that we are concerned, essentially, with only 


the tunnel current from the valence band to the con- 


duction band. As the temperature dependence is quite 


different depending on whether there is, or is not, 
phonon cooperation, the ses will be considered 
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separately 
a) Germanium 
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upposed that as T is 
onstant, assumptions 


where & is a constant 
varied, W, Via, 
that are probably valid down to ve ry low temperatures 
Thus, the temperature 
variation of V, reflects that of a through the effective 
Note that ¢ also appears 
vnere € 1S expressed in 


mater 


in these degenerate 
mass and e¢, the direct band 5 
in V;. Hence plott 

volts, against & (or temperature variation of 
the effective ma ided in an approximate 


fashion) should yield a str I ne. For the t 
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(ii) At high temperatures, N(P4/P)>>1, so that the 
constant current condition becomes: 


NP,=K'. (17 
There will be a transition temperature determined by 
V(P4/Px)™1. (18 


Equation (16) is equivalent to Eq. (13) in analyzing 
the germanium data. It predicts that the temperature 
dependence of V,, will reflect that of ¢ (the indirect band 
gap) at low temperatures and, therefore, will show only 
a very slight variation with temperature, in accordance 
with the experimental! data of Fig. 5. 

By substituting the energy 0.019 ev, appropriate to 
the transverse acoustic phonon'® (the lowest energy 
phonon) into Eq. (16) one obtains a transition tempera 
ture of about 90°K, using the experimental! value for 
ae!. This is clearly quite consistent with the experi- 
mentally determined V, versus T variation 

At sufficiently high temperatures, kT>>hw, and Eq 
(17) becomes, 7?4= constant, so that V, will again 
be relatively slowly dependent on the temperatur 
This could correspond to the leveling portion of the 
curve at temperatures greater than about 300°K. To 
understand the experimental results through the traasi 
tion region in more detail, though, it is better to use 
the less approximate relation in (6), which yields the 
condition 

In(AN+1)—a(e+hw)!W,/2(V.+V,)'= constant, 
where 

A= (Pa/ Ps) +15, 
when the experimental value for ae! is used. The tem 
perature dependence of N is known from the relation 
N= NoLexp(Aw/kT)—1 }". 
Noting again that V.< 
and noting that V, 


V;, neglecting Aw relative to e, 


V ipt Vin tee, where, in thi 
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Fic. 8. Plots deduced from the temperature variat 
critical voltage for three different 0.003 ohm-cm silicon units. The 
forms of the plots are those given by the theory that takes into 
account the influence of the phonon population on the 


tunneling probability 


ion of the 


indirect 


16 J. R. Haynes (private « 


ommunicatior 
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relation, € is expressed in volts, we have 


In(An+1 aW ,/4)(2e—V,)= constant. 


Thus, a plot of In(AN+1) against (2e—V,) should be 
a straight line whose gradient should yield an indepen- 
dent value for a. Such plots, for three different silicon 
junctions, all made from 0.003 ohm-cm resistivity 
material, are shown in Fig. 8. All three plots are very 
similar and show a slight curvature rather than following 
straight lines. If the best straight lines are drawn, they 
all have similar and yield a value of 7.210’ 
volts cm™ for ae!. This is in very good agreement with 
obtained independently from the reverse 


lopes 


the value 
characteristics. 

The cause of the curvature in the plots is not properly 
understood. The approximation involved in the analysis 
appear to be justified and insufficient to explain the 
observed departur On the other hand, the analysis 
has been based on phonons of one energy only. It is 
possible that at higher temperatures especially, signifi- 
cant contributions to the current come from phonons 
with higher energies or even multiphonon processes 

The cause of the final plunge of V, to zero at about 
620°K is likewise not understood at present. It cannot 
be caused by the for these 
heavily doped materials this would require a tempera- 
ture of 1200°K or more. It is of interest, therefore, to 
examine the consequences of adding a second term to 


crystals becoming intrinsic 


Eq. (14) so that the effects of two phonon energies, 
hw; and hw, are now included. If the two give equally 
weighted contributions to the current, then we can 
determine the temperature at which the two phonons 
give comparable contributions to the current from the 


relation 


(Pei/P; ALN +1 ~(A2N2+1), (19) 


where the subscripts 1 and 2 refer to the two phonon 
energies Putting hiv, 


phonon, TA) and hw 


0.019 ev (the transverse acoustic 
0.058 ev (the transverse optical 
phonon, TO, according to Haynes'*), we have A;= 5.7, 
Ao= 110, amd (P¢:/Pe2)=5. Graphically, it was found 
that equality (19) held at a temperature of about 700°K. 
This is sufficiently close to the temperature at which 
V, plunges towards zero to suggest that there is some 
basis to believing the turn over at 600°K is due to the 
influence of the second phonon. However, in optical 
work, Haynes has found that recombination transitions 
involving the TO phonon are about 29 times more 
common than transitions involving TA phonons." 
While this would seem to compare with the experimental 
result that the second drop in V, is very much greater 
than the first, it would also mean, if true, that the TO 
phonon contribution to the current should dominate the 
rA phonon contribution at all but the lowest tempera- 
tures. It is true that the 


acteristics and the temperature characteristics does not 


inalysis of the reverse char- 


depend very critically on the actual phonon energy 
involved, except for the condition given in Eq. (18), 
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but nevertheless, the work of Holonyak et al. and 
Esaki shows that the TA phonon is operative in the 
tunneling transitions and that there is little reason to 
disregard it in favor of the TO phonon. The question 
of the final fall of V,, therefore, remains unresolved as 
the data are not yet sufficient to differentiate between 
various models invoking phonons of different energies 
or multiphonon processes. On the other hand, it is 
possible that V, drops at about 600°K because the 
normal reverse bias diode current becomes dominant 
over the tunneling current. 


CONCLUSIONS 


The implications of the theoretical form of the 
tunneling probability, particularly as modified by 
Keldysh to take into account phonon cooperation, have 
been examined experimentally. It is felt that relatively 
good qualitative and quantitative agreement has been 
reached between theory and the measured dependence 
of the tunnel current on the field in both germanium 
and silicon, where indirect transitions are dominant, 
the temperature variation of the critical field up to 


about 500°K is also in accord with the theory which 


includes phonon cooperation by a single phonon (at 
0.019 ev). However, the analysis is not critically de- 
pendent on the phonon energy so the selection of this 
particular phonon energy rather than a larger one or a 
combination of phonons, should be regarded to some 
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extent as tentative at this stage. In germanium, where 
direct transitions are dominant, the temperature varia- 
tion of the critical field can be almost entirely accounted 
for by the temperature variation of the direct energy 
gap. 

If is felt that temperature studies of the sort described 
in this paper afford a useful general method for deter- 
mining whether direct or indirect transitions are 
responsible for tunneling in any given junction. 

Note added in proof. After this paper was submitted 
for publication, a report was published by J. V. Morgan 
and E. O. Kane, Phys. Rev. Letters 3, 466 (1959), 
which described the observation of the onset of direct 
tunneling transitions in narrow germanium p-n junc- 
rhe p-type 
material used by these authors was much more lightly 
doped (8X 10"* carriers cm~) than that used by the 
present authors so that the built-in potential was very 


tions as the reverse bias was increased. 


close to the magnitude of the band gap 
indirect transitions could be zero 
applied bias. As the reverse bias was increased, the 


Thus, only 
accommodated at 


point was eventually reached where the total potential 
across the junction was sufficient to promote direct 
tunneling transitions, and this manifested itself as the 
onset of a current that rose more steeply with the bias. 
The germanium junction described in the present paper 
had a built-in potential of 1.46 volts so that it was 
certainly energetically possible for tunneling to be 
by direct transitions for all values of the reverse bias. 
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The galvanomagnetic effects in n-type silicon have been in 
vestigated experimentally and theoretically at 77°K and 300°K 
The samples ranged in resistivity from 0.2 to 27 ohm-cm (at room 
temperature). Measurements of the field dependence from 0.5 to 
22 kilogauss of the Hall coefficient and the magnetoresistance for 
several orientations are presented, as well as measurements of the 
angular dependence of the magnetoresistance and planar Hall 
effects at similar fields. A number of theoretical calculations using 
a constant relaxation time in the manner of Gold and Roth (1957 
are presented which show the effect on the coefficients of a change 
in the mass anisotropy K,. The Boltzmann transport equation, 
and collision times of the form 


vi=lE5+LE4+N, 
yl, E9+LEi+Nn, 


I. INTRODUCTION 


EASUREMENTS of the magnetoresistance have 

been used extensively to ascertain the structure 
of the band edges in various semiconductors,' and, more 
particularly for germanium and silicon, the effective 
masses and the mass anisotropy. For germanium and 
silicon it has been amply shown that the band edges 
have the form of ellipsoids along the £114] and [100] 
axes, respectively.?* For these two elements the mass 
anisotropy has been measured rather directly at 4.2°K 
Experimental results seem to indicate that for both 
germanium and silicon the mobility anisotropy is about 
the same at 300°K as at 4.2°K but lower at intermediate 
temperatures.'*-° This has been attributed to an ani- 
sotropy of the ionized impurity scattering.‘ 

The Hall coefficient has been used primarily to obtain 
carrier and impurity concentrations for use in energy 
gap calculations and for mobility measurements.* When 
measured as a function of temperature this gives con 
siderable information about the scattering processes.*~* 

* The work reported in this paper was performed at Lincoln 
Laboratory, a center for research operated by Massachusetts 
Institute of Technology with the joint support of the U. S. Army, 
Navy, and Air Force 

t This paper is abstracted from a thesis presented to the 
Department of Physics, Massachusetts Institute of Technology, 
in partial fulfilment of the requirements for the Degree of Doctor 
of Philosophy. 
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? B. Lax, Revs. Modern Phys. 30, 122 (1958) 

3G. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 98, 368 
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‘C. Goldberg, Bull. Am. Phys. Soc. 2, 65 (1957) 

*W. M. Bullis, Phys. Rev. 109, 292 (1957) 

*F. J. Blatt, Solid-State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, New York, 1957), Vol. 4, p. 200 
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* H. Brooks, Advance in Electronics and Electron Physics, edited 
by L. Marton (Academic Press, Inc., New York, 1955), Vol. 7, 
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where v; and », are the longitudinal and transverse collision times, 
71, 1s, L, and N are constants and & is the energy, have been used 
to calculate the galvanomagnetic coefficients for different amounts 
of lattice, ionized impurity and neutral impurity scattering, and 
for different anisotropies of the ionized impurity scattering. The 
various components of the collision frequency were taken from 
available theoretical work. Detailed comparisons of the experi 
mental data and the theoretical calculations are presented which 
show that the assumption of a constant collision frequency allows 
one to predict qualitatively all the field dependencies and sym- 
metries which are found experimentally. It is also shown that with 
an anisotropic, energy dependent collision frequency the quan 
titative agreement with experiment is considerably improved, 
especially with regard to the behavior of samples of different 
resistivities 


much 


processes. 


There has been theoretical work done on 
various scattering * In particular lattice 
scattering has been thoroughly investigated" and 
equations have been derived for ionized” and neutral 
impurity scattering.'*’® This theoretical work has been 
directed principaliy at gaining an understanding of the 
temperature and resistivity dependence of the measured 
carrier mobility. Primary attention in these calculations 
has been paid to germanium and silicon. 

It seemed desirable to have further detailed measure- 
ments of the galvanomagnetic coefficients in silicon 
available for comparison with theoretical work. The 
following report is an attempt to fit a set of detailed 
galvanomagnetic measurements by using available 
theoretical work. 


II. THEORY 


The formal theory of conductivity for an ellipsoidal 
energy surface and an energy dependent anisotropic 
collision time can be developed in the manner of 
Shibuya" and Bullis'’ to obtain the conductivity tensor 
for the current carriers on a single ellipsoidal energy 
surface. The requirements are that the relaxation time 
be expressed as a tensor which is diagonal in the same 
coordinates as the mass tensor, that the electric field 
be weak, that the electron concentration be low enough 
so that the Boltzmann distribution may be used, and 
that there be no spatial effects such as temperature 
gradients or concentration gradients in the material.'*"7 


“C. Herring, T. H 
111, 36 (1958 
. “UC. Herring and E. Vogt, Phys. Rev. 101, 944 (1956) 
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“ C. Erginsoy, Phys. Rev. 79, 1013 (1950 

*N. Sclar, Phys. Rev. 104, 1559 (1956 
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7 W. M. Bullis, thesis, Massachusetts Institute of Technology, 
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is no restriction on the 


With the di 


T he re 
field 
order: 


value of the magnetic 
tribution function expanded to first 

(df 0&), (2.1) 
G V,6, 


electrons, the 


where fo is the ¢ 
and V,é6 is the 
Boltzmann transport equation may be solved for the 


quilibrium distribution, @ 
group velocity of the 


distribution function with the result 


c e(t-E-w)XB+e(E-B)(y-B 


1+e(n-B B 


In Eq. (2.2 


time tensor, E is the electric field, w is the re« iprocal of 


_€1s the electronic charge, 2 is the relaxation 


the mass tensor m, B is the magnetic field, and y=m-v 


m\\v| where v= <' and |m! and |v' are the deter 
minants of their respective tensors. 

With this distribution function the current density 
and therefore the conduc tivity tensor can be cal ulated 
for a single ellipsoidal energy surface 

In the case of silicon there are six ellipsoids of revo 
lution oriented such that the axes of rotation are along 


the | 100 + When the 


are summed over al 


axes conductivity components 


of the ellipsoids the conduc tivity 
tensor is'* 


and by permuting the subscripts 1, 2, 3 and using the 


Onsager relation, 7 B t . the other com 

’W. E. Krag, thes lassachusetts Institute 
1959 (unpublishe 
RN. Dexte 

96, 222 (1954 

L. Onsager, P! 


f Technology, 


Dressel au 
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ponents of the ire easily obtained. 
concentration, & is 
the Boltzmann constant, t ibsolute 

B is the compone1 I 


axis and a eT 7 r P is the 


In these ¢ Xpressio! 
temperature, 
ield along the ith 
relaxa- 
tion time transver parall the major axis of the 
ellipsoidal energy sur re not necessarily 
the same, either in energy d nd or magnitude. 
To obtain the galva mag t i nts the con- 


ductivity tensor is evaluated numerically and then 


inverted to give he components 


} ; 
ol the resistivity » evaluate the 


galvanomagnetl following ex- 


pressions mY 


Planar Ha 


and the 


In these 
expressions involving 


expressions U t-I 1 sides re 
ponents of the re- 
sistivity tensor p \\ 


ms of the magnetic 
field) and directio1 


A simple approximat 


that of a cons 
electron energy 
this approximat 
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0.020 


experi- 


experiments” and also in galvanomagnetic 


ments.®!718.21.2-26 With this approximation the calcu 
lations are, of course, much simplified. The bracketed 
terms in Eq. (2.3) are independent of the energy and 
can therefore be taken outside the integral and evalu 
ated directly. The integral itself is a gamma function 
of order §. 

For energy dependeni 
integrals have to be evaluated numerically for each 
case. All of the computational work was done with an 


collision freque ncies_ the 


=H. J. Zeiger, B. Lax, and R. N. Dexter, Phys. Rev. 105, 495 
1956) 

*L. Gold and L. M. Roth, Phys. Rev. 99, 1655 
* L. Gold and L. M. Roth, Phys. Rev. 103, 61 (1956). 
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2° W. M. Bullis and W. E. Krag, Phys. Rev. 101, 580 
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Fic. 2. (a) Angular dependence of the magnetoresistance Ap/po 
for JiioB"™. Theoretical—1r=constant, a.B=0.05; curve a 

K=6.2, 6—K=5.2, c—K=4.2, d—K=3.2. (b) Angular de 
pendence of the magnetoresistance Ap/po for JT i109 BO" Theo 
retical—7=constant, a.B=0.15; curve a—K=6.2, b—K=S5.2, 
c—K =4.2, d—K =3.2. (c) Angular dependence of the magneto 
resistance Ap/pp for JuimBC™ Theoretical — r= constant, 
a.B=1.0; curve a—K=6.2, b—K=5.2, c—K=4.2, d—K=3.2 
Note. The scale under Fig. 2(c) refers also to Fig. 2(a) and (b) 


1B M-704 computer. Six figure accuracy was maintained 
throughout. 

In the theoretical calculations attention was largely 
restricted to the case of a current in a [100] or [110] 
direction and a magnetic field in an [001] direction. 
The advantages of this case are (1) it isa high symmetry 
direction and the 6 tensor reduces to 5 nonzero com- 
ponents, (2) the magnetoresistance is high in this 
orientation, and is therefore sensitive to « hanges in the 
mass anisotropy A,, and/or the scattering functions, 
and (3) the curve of the Hall coefficient versus magnetic 
field has a minimum, which is useful for comparisons 
of experiment and theory 

Consider first the calculations of the gaivanomagnetic 
coefficients for the case of a constant mean free time. 
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5.2,” 25 


is interesting to calculate the coefficients for 


These have been calculated extensively for K 
but it 
other values of the mass anisotropy. Figure 1 shows 
that, as expected, the magnetoresistance increases as 
the mass anisotropy increases. Figure 1 is typical of 
the effect of increasing anisotropy on the magneto 
resistance {except that the longitudinal magnetoresist- 
ance along a cubic 
both 
variable a.B 
the 
dependence of the 


100 |) axis was zero in every case 
for constant rt and energy dependent r}. The 
eBr./m;, is the abscissa scale for all of 


constant 7 curves. Figure 2 shows the angular 
magnetoresistance for one of the 
more interesting orientations. Note that the minimum 
at the [001 | direction is present only at intermediate 
fields, and not at high or low magnetic fields, and that 
it also disappears for low mass anisotropies. Magneto- 
resistance calculations for other configurations of the 
current and magnetic field 


behavior as found by Gold and Roth.” The anisotropy 


showed much the same 
of the magnetoresistance as well as the magnitude 
decreases for low values of magnetic field (a.B) as well 
as for low values of the mass anisotropy. 

In considering the Hall coefficients several points 
is well known that the 
coefficient 


should be remembered. First, it 
high field limit of the Hall is equal to 
R,=1/ne for a carrier system, the 
number of carriers.'® However, since the low field limit, 
but not the high field limit of the Hall coefficient, is 


one where n is 


experimentally accessible in n-type silicon, all but one 
of the 
Second, for spherical energy surfaces and a constant 


curves are normalized to the low field values. 
collision frequency the Hall coefficient is independent 
field value 
And third, 
for cubi limits of the 
Hall coefficients are independent of the configuration 
of the 
field limit depends on the mass anisotropy and, as will 


* 4 
} 


of the magnetic field and equal to its high 
(the magnetoresistance is zero for this cast 
systems the high and low field 


various orientation parameters,’ but the low 


be shown later, on the scattering functions. Figure 3 
shows the behavior of the Hall coefficient normalized 
to the low field limit as a function of field for several 
mass anisotropy ratios (and constant r) for two trans- 
verse configurations of the current and magnetic field. 
The a minimum in the field dependence 
of the Hall coefficient depends strongly on the relative 
orientations of the current, magnetic field and the 
crystal axes, and that the depth of the minimum is a 


appearance of 


function of the mass anisotropy. 

As seen in Fig. 4 the planar Hall coefficient P/po 
also depends on the mass anisotropy and on the various 
orientation parameters 

The calculations making use of a constant collision 
frequency do not, of course, correspond to the physical 
situation. They do, however, as we shall see, show all 
the features which are found experimentally, and being 
easily and quickly calculable on even a simple computer 
such as the Royal McBee LGP-30, would seem to be 
of considerable use, especially in exploratory calcu- 
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more realistic calculations an 


For 
dependent.collision frequency is required 
Of the many types of | ble si 


that al uall' iportant 


lations. energy 


ttering mechanisms 


there are three in good 


crystals at normal temperatu! attice scattering, 


lonized impurity scattering, and neutral impurity 


cattering. At room tet e scattering is 


usually the dominant m« nd neutral impurity 


scattering can probably ted. In silicon at 


liquid nitrogen owever, both ttice 


and ionized impurity scattering can be important, and 


in many cases, scattering plays a 


significant role 


tering mechanisms are 


assumed to act | 


lated 


1 mobility is calcu- 


ior each pre 5 parately However. this 


A = 


Fic. 3. (a) Field de alized Hall coefficient 
Ra/Ro for J Bi B heoretical — r = constant; 
curve a-—-K =6.2, / A= ‘ ( K =3,2 b) Field 
depende nce of the norn 4 vetncent Ru R for 
J B ] Theoreti nstant irve a—K =6 2, b 
K =5.2, c—K =4.2, d 
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assumption, as is well known, is not completely justi- 
fied,’ since the energy dependence of the scattering 
process is different in each case, so that each process 
will be effective only for the electrons in a particular 
range of energy. For this work collision frequencies of 
the form 

v=I83+L8'+N 
were used. However, the collision frequencies may also 
be a function of the direction of motion of the electrons, 
and therefore separate equations for electrons moving 
parallel and perpendicular to the major axis of the 
ellipsoidal energy surface are required. 


(2.5) 








os 


Fic. 4. (a) Field dependence of the planar Hal! coefficient P/p, 
for Jno0Bl!. Theoretical—r=constant; curve o—K=6.2, 
b—K =5.2, c—K =4.2, d—K =3.2 (straight lines are the exten 
sions of the low field square law behavior). (b) Field dependence 
of the planar Hall coniiicient P/po for J 149,38 ™!. Theoretical 
7=constant; curve a—K =6.2, b—K =5.2, c—K =4.2, d—-K =3.2 
(straight lines are the extensions of the low field square law 
behavior 
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Of the three types of scattering under consideration 
lattice scattering has probably been the most thoroughly 
investigated. Bardeen and Shockley,” using the method 
of deformation potentials, obtained the expression 


i pu? 1 
8a? \ kT 2m* IE? 


for acoustic mode lattice scattering and for spherical 
energy surfaces, where p is the density, u; the velocity 
of longitudinal * the density of states 
[ (mym,*)* for ellipsoids], and £, is the 
shift of the conduction band edge per unit dilation.” 
This equation may be written in the form 1/r=v=LX! 
where X is the reduced energy &/kT, and L is a con- 
stant. With wu,;=—8.45x10° cm/sec,” m,/mo=0.98, 
m,/mo=0.19"" where mp is the free electron mass, and 
E,=7.0 ev"? L=15.09X10"/sec at 77°K 
116 10""/sec at 300°K. 

Ionized impurity scattering is calculated by assuming 
Coulomb interactions, with a cutoff distance equal to 


(2.6) 


phonons, m 
effective mass 


and 


the average distance between impurity centers.” Brooks 
and Herring* modified the Conwell-Weisskopf formula 
slightly to take into account screening of the Coulomb 
scattering potential by the redistribution of the free 
carriers, and obtained the expression 


(1 Ti)= Nyre*(m*) 7 28 


k~*(1n(14+b)—b/ (146) ], 


where 
b=8x(m*)xkT &/n'eh’, (2.7) 

V; is the number of ionized impurities, m* the effective 
mass and « the dielectric constant. Ham later showed 
that the anisotropy of the scattering could be con- 
siderable for ellipsoidal energy surfaces,” and showed 
that for small angle ionized impurity scattering 7)/r,;= 4. 
Then 

Cor(orr)? f= o=1/rr and vyr/mi=4, (2.8) 
where py, is the collision frequency for electrons moving 
along the major ellipsoidal axis and rrr the collision 
frequency for electrons moving perpendicular to the 
major axis. The scattering functions for ionized im- 
purities can then be written® 


air=1X-4, (2.9) 


77 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 

** Herring and Vogt" later showed that acoustic lattice scat 
tering may be anisotropic. However, to our knowledge there is no 
data on the anisotropy, which is probably small, and none of the 
available samples were pure enough to make an estimate. Scat- 
tering by optical modes was not considered. 

*H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 

»F.S. Ham, Phys. Rev. 100, 1251 (1955). 

*% The energy & in the expression for b is usually set equal to 
3kT to simplify the scattering terms. Calculations were made 
which showed that for samples of moderate resistivity the ¢ffect 
of this was small: a 3% decrease in the resistivity and a 3% 
increase in low field magnetoresistance, no change in the high 
field magnetoresistance and less than 1% in the the low field Hall 
coefficient 











\ simple Hall measurement was used to get the number 
of ionized impurities, #, 
to the 


V; was assumed to be equal 
number of free carriers. 

The third scattering mechanism to be considered is 
neutral impurity scattering. Erginsoy showed it to be 
basis of the scattering of 


atoms.'* He the 


energy independent on the 


electrons by hydrogen obtained 


expression 


20KN ,f?/82?m™e = N, (2.10) 


YN ] T» 


where \, is the number of neutral impurities and N 
is a constant. Later it was shown that neutral impurity 
isotropic 


scattering is probably even for ellipsoidal 


energy surfaces’; 


the scattering is 


and recently Sclar has shown that 
slightly energy dependent.'’® In the 
calculations Erginsoy’s expression was used. .V, 
assumed to be zero at 300°K and equal to the difference 
in the number of free carriers between 300°K and 77°K 
at liquid nitrogen temperature. 

With these expressions for the scattering mechanisms 


was 


we can write 
TX 
1X 


1+ LX'+N, 


(2.11) 
i+ 1 ¥i4 


? 


which are the expressions to be substituted in Eq. (2.3 
for the conductiv ity components. 

Figures 5, 6, 7, 8, and 9 show the behavior of the 
Hall coefficient and magnetoresistance when the scat- 
tering functions are of the type just described. For all 


the figures a mass anisotropy K=5.2 


was used, and 
with the exception of Figs. 6(a) and 8(a) the anisotropy 
of the ionized impurity scattering was 4 (/,/1;=4 

eBro/m, 


The abscissa scale is given in terms of aoB 


where ro is a constant 
the ratio of the 


imit R, of the Hall 


Figure 5 shows the dependence | 
low field limit Ro to the high field 


j I zero field 
inite field limit of the 
it Ro/R. as a fun 

of the ratio of ionized impurity 
scattering [;/L 
values of neutral im 
rity scattering NV. Theoretical 


r K 5.2, L=1.0, 11/T; 


f ¢} 
| Ti 


istic lattice 


r several 


coethcient on the ati mount { the three types 
of Scattering The io dg impurit' ttering increases 


Ro/R,, for the 


ywer right hand corner. 


toward the right 
constant 7 calculat 

Figure 6(a) shows ‘f an anisotropy in the 
ionized impurity scattering on the 
the Halli coefficient. In I 


scattering, curve a Ww 


field de pe ndence of 
irve 6 is for isotropic 
with J,//,;=4, and 
curves ¢ and d were « lia wit inisotropies which 
increase the total anisotropy, A=A,,K,. Notice the 
similarity of these cu hose of Fig. 3 
show the effect of 


The strong de pel 


which 
cient on the 
relative amounts of ionized impurit\ id lattice scat- 
tering is shown should be 
emphasized that the high field limit and not the low 
field limit is tering functions. 
It is evident from y that the depth of the 
minimum in the normalized Hall coefficient is a function 
of the relative amount 
This effect has beer 


} 


disappears at the ris 


impurity scattering. 
Fig. 7. The 
zero field value of the 
limit Ro/ R, 


ionized impurities 


curve 


Hall coefficient norn 
rises rapidly at hig! 
and the minimum is washed out. Included in Fig. 7 are 
the depths of the minima for t nstant 7 calculations 

In Fig. 8 the mag 


is plotted for t ne litions as 


is magnetic field 


used for the 


calculations of shown in Fig. 8. 


Figure 8(a) shows e anisotropy of 


the ionized impurit attering has much the same 


in the mass 


effect on the magnet: ince as a change 


ws some results that 
field 
magnetoresistance « ficient the tot: cattering is 


4 


anisotropy (Fig. 1 
were quite surprising le he low 


increased is as exp d wever it is difficult 
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to see why the high field magnetoresistance should first 
decrease and then increase as the amount of ionized 
impurity scattering is increased. 

The dependence of the low field magnetoresistance 
(Ap/p the total 
shown in Fig. 9. The lattice scattering constants were 


coefficient aoB)? on scattering is 


FFECTS IN 

















Fic. 6. (a) Field dependence of the normalized Hall coefficient 
Ry/Ro for J ny BM. Theoretical—r=1(6), K.=5.2, L=1.0, 
V=0. (2:)(,?=1. Ji/Ie=in curve a—} (R./Ro=1.0857), 

R,/Ro=1.1211), c—4 (Re/Ro1.1431), d—} (Re/Re 

5). (b) Field dependence of the normalized Hall coefficient 

Bt). Theoretical—r=7r(&), K,=5.2, L=1.0, 

=} J;=in curve a—0.01, b—0O.1, c—1.0, d—2.0, 
R,/Ro=a—1.0511, b—1.1034, c—1.0287, d—0.9628, 
e—0.7696. (c) Field dependence of the normalized Hall coefficient 
Ra/Ro for J uy BM 


Theoretical —same as Fig. 6(b). 


not changed in the calculations for this figure. The 


highest curve is for the least (none) neutral impurity 
scattering, and low amounts of ionized impurity scat- 
tering are at the left. 

Many of the low and intermediate field effects can 
be shown experimentally but unfortunately most of 
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Fic. 7. The minimum value of the normalized Hall coefficient 
Ru/Ro as a function of the ratio of ionized impurity to lattice 
scattering /;/L. Theoretical—r=r I ./1:=4.0, 
N=0, J (119,58). Constant r values for various K are shown at 
left 


£) K,=5.2, 


m 


the high field effects are beyond the reach of the 
available magnetic fields. As we shall see, while the 
experimental agreement with the calculations is not 
perfect, they do show all of the qualitative phenomena, 
at least up to the highest available fields. 

Results above for the 
angular dependences of the magnetoresistance and Hall 
coefficients. However, these changes with scattering 


can also be calculated as 


are relatively small and nowhere near as prominent as 
the scattering dependence of. for example, the Hall 
coefficient. 


IV. EXPERIMENTAL 


The experimental arrangement was straightforward."* 
The galvanomagnetic potentials were measured with a 
Rubicon Type B potentiometer. The magnetic fields 
were supplied by a Varian 12-in. electromagnet with 
cone shaped polefaces having 3-in. flats and a 13-in. 
gap, and measured by means of a U. S. Navy LM18 


frequency meter and a nuclear resonance magnetometer. 














2p. | Jebye 


*% M. Tanenbaum (private communication 
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With this arrangement the precision of the measure- 
ments is estimated at 0.01%. Constant temperatures 
were maintained by using a liquid N» bath for the 77°K 
measurements water from a constant 
temperature bath for the 300°K measurements. The 
temperatures were constant to better +0.1°C. 
teflon 
sample holder, were cut with an ultrasonic die to the 


and circulating 
than 
The samples (Fig. 10), shown mounted on a 
desired shape. The central region was a rod one milli- 
meter square in cross section and about 8 mm long, 
having side contacts the thickness of the sample and 
a width of 0.003 in.—0.006 in 
were produced by gold bonding.’ 


Ohmic electrical contacts 


% The sample holder 
was designed so that the samples could be rotated in 
the magneti 
where the angle was 


field around each of its principal axes, 


measured with a pointer and 
protractor after calibration for each sample by a zero 
of the Hall coefficient or an extremum in the magneto- 
resistance. For each orientation and field four measure- 
ments (+B,+/) of 

were made in order, and the results averaged, to mini- 
mize the thermal effects a to « 


the galvanomagnetic potentials 


iminate errors due to 
misplacement of the contact areas. The silicon 
n-type, arsenic doped, and except for sample 2960, was 


was 


supplied by the Bell Telephone Laboratories, and the 
sample parameters are given in Table I 


V. RESULTS 


Figure 11 shows the angular dependence of the 
magnetoresistance for the current in the [100] and 
[110] directions at 300°K and 77°K. Both 


measurements t kilogauss. In 


sets of 
the 
solid 


the 


were taken at 20 
figures the experimental points are shown, the 


lines were calculated using a constant 7, with 


experimental and calculated values mati hed when the 


Fic. 8. (a) Field de 
pendence of the mag 
netoresistance Ap/po for 
J ny9,B@. Theoretical 

T= K..= 5.2, 
L=10, N=0, 1:(1.? 
=] [,/I;=in curve 
a—1, b—i, c—1, d4 
b) Field dependence of 
the magnetoresistance 
Ap/po for 110).B (1), 
Theoretical r=r(6&), 

»=5.2, L=1.0, N=0, 

I,=}4. I;=in curve 

0.01, —0.1, c—1.0, 

2.0. e—10.0 
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Taste I. Sample characteristics. 


Crystai Direction 
Sample No. and ; Growth Direction of Vw or 
No. enppier Doping axis method of J Vp 
Bell 
2569A-1 XS2860B As [100 } Rotated [100] [010} 
Bell 
2569B-2 XS2860B As [ ] Rotated [110] {110} 
Merck 
2960 34S As [ J [110] [110] 
Bell Rotated 
2807 B-2 198A As [110] 60 rpm {110} [1103 
Bell Rotated A 
2806B-1 199A As [ ] 60 rpm (110) (110) 
Bell Rotated 
2807A-2 198A As {110} 60 rpm [110] (001) 


300°K Parameters 77°K Parameters 
cm? cm? 
Sample Approximate Ro Approximate Ro 
No. po(ohm cm) coul pacm'/volt sec po(ohm cm) coul pucm®/volt sec 


2569A-1 2.0 —3.5K10 1700 0.73 8.3K 10 11 400 
2569B-2 3.3* —4.7X10"* 1430* 0.66" 7.9% 10" 12 000» 
2960 27 —4.710' 1770 3.0 5.210" 17 000 
2807B-2 1.9 —3.3xK 10 1750 0.51 -~6.8x< 1 13 400 
2806B-1 0.22 —3.2«K 18 1440 0.17 15X10 8 900 
2807A-2 0.57 —~74K10 13 000 


* Between first and second heating process. 
+ After second heating process 


magnetic field was in an [001] direction. As is seen in used in the calculations are given in Table II. Again 
the figures the constant mean free time calculation the constant r curves show all of the qualitative 
shows all of the symmetries found in the measurements. features of the experimental data. Figure 13 is a com- 
Figure 12 shows an attempt at a more quantitative parison of the measurements and the calculations for 
calculation using a constant collision frequency. For the normalized Hall coefficient. The same constants as 
these calculations a magnetoresistance vs magnetic in Fig. 12 were used in the calculations. A curve for 
field measurement was made and the results compared K=3.2 is also shown which seems to fit the Hal! dAta 
with Fig. 1 to get a best fit and a relationship between much better. However, with K=3.2 none of the mag- 
a.B and the magnetic field. The value of a. was then _ netoresistance data would fit at all. 
used to calculate the curves in Fig. 12. The numbers In Figs. 14, 15, 16, 17, 18 the experimental results 
on a set of three samples of different resistivities meas- 
ured at 77°K and 300°K are shown. In these figures 
as elsewhere the points are experimental and the solid 
lines are the results of calculations. The numbers used 
in the calculations were derived on the basis of an energy 
dependent relaxation time and are given in Table IT. 
To plot the figures, curve b in Fig. 14(a) and the meas- 
urements of the normalized Hall coefficient for sample 
2807B-2 were matched to get the constant do. This 
value of ao was then used to plot all of the field de- 
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Fic. 9. Limit of the magnetoresistance coefficient (Ap/po) 
{aeB¥ as (kro) +0 as a function of the ratio /;/L for several 
values of N for J ij BM=J i9,BM). Theoretical —7r=1(£), 
K,.=5.2, L=1.0, 1:/Ti=4. ric. 10. Sample and sample mounting. 
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Fic. 11 a) Angular dependence 
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X are the points for B in a (010) plane. The solid line 

of the magnetoresistance at 20 kilogauss. The cardina 
The experimental points are for J in a [110] direction; 

plane; the magne sistance for B in a (001) plane is indi 

vendence of the n agnetoresistance Ap 


det 


indicated. Sample 2569A-1 


given in Table I 
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TABLE II. Compilation of numbers used for comparisons of experimental! data and theoretical calculations 


Figures 


11 


lla 
lib 
le 

lid 


a,.B=0.112 
a.B=0.597 
a.B =0.560 


r=constant, K =5.2, B=20 kilogauss 


r=constant, K =5.2, 4.=0.0305/kilogauss 


curve @ 


B= 20 kilogauss, a.B = 0.610 


curve 6>—B= 4 kilogauss, a.B =0.122 


curve ¢ 


B= 10 kilogauss, 4.B = 0.305 


r=constant, K=3.2 and 5.2, a.=0.0305/kilogauss 


y=y(&), Ka =5.2, ao =0.9/kilogauss when ry>=10~™ sex 


For 77°K data (Figs. 14, 16) the numbers used in Eq. (2.11) for »=» 


Curve Sample No 
a 2960 
b 2807 B-2 
c 2806B-1 


For 300°K data (Figs. 15, 17 
Curve Sample No 
a 2960 
b 2807B-2 
c 2806B-1 


K»=5.2 
sample 2807B-2 
sample 2806B-1 
K 

sample 2960 
sample 2807B-2 
sample 2806B-1 


y=v(&), 
curve b 
curve ¢ 
v=y( 5), 
curve a 
curve 6 
curve ¢ 


pendent data, both for the Hall coefficient and the 
magnetoresistance and at both temperatures. For the 
angular data on the magnetoresistance the value of 
aoB was chosen to make the measurements and the 
computed results coincide in the [001] direction of the 
magnetic field. As can be seen from Fig. 16(a) no value 
of a9B was able to give the measured value of magneto 
resistance at 20 kG for sample 2960. Therefore no 
angular calculations were made for sample 2960 for 
Fig. 18. 

Figure 19(a) shows the planar Hall coefficient as a 
function of angle at 300°K. The numbers used for 
numerical calculations were the same as those used for 
Fig. 18(d). The planar Hall measurements at 77°K on 
these samples showed considerable distortion shown in 
Fig. 19(b), apparently due to inhomogeneities, and were 
not calculated. 


VI. DISCUSSION 


Experimental measurements of the galvanomagnetic 
coefficients have been compared with the results of 
calculations using both an energy independent and an 


B are indicated. Sample 2569A-1, T=77°K. The experimental points are for J in a [100] direction; 


the numbers used in Eq. (2 


‘se numbers listed above under 77°K in Eq 


m = 5.2. Use numbers listed above under 300°K in Eq 


accurately 


X) are: 


I; 
3.776 


I; l V 

0.944 15.09 0.0064 

5.58 15.09 1.6409 

19.58 15.09 6.974 

11 } for vr xX 
Ii 1 V 

0.164 116.0 0 

1.903 116.0 0 

14.691 116.0 0 


78.33 

) are 
I 
0.655 


7.612 
58.764 


2.11) for »=»(X) 
aoB = 40 
9B = 22 
2.11) for »=»(X) 


aoB = 15.3 
aoB = 16.4 
aoB = 15.2 


energy dependent anisotropic collision frequency. The 
constant collision frequency calculations showed all 
the qualitative features of the experimental results, 
including both the symmetries and the field dependent 
effects. Since the symmetry and field effects depend 
strongly on the structure of the band edges it is apparent 


that because of their simplicity, the constant 7 approxi- 
mation should be useful in exploratory work on band 
structure in many materials. 


However, because there is no way, with a constant 
collision frequency, to explain either the temperature 
or resistivity dependence of the galvanomagnetic 
coefficients, if quantitative accuracy is desired it is 
necessary to turn to an approximation which is closer 
to the physical situation. As has been shown above an 
energy dependent anisotropic collision frequency which 
depends on such factors as the temperature, type and 
amount of impurities, the scattering anisotropy and 
the mass anisotropy can be used to predict more 
results. However, the 
calculations are lengthy and must be performed with 
the aid of a large computer. Considering the number of 


the experimental 


are the points for B in a (100) 


plane; X are the points for B in a (010) plane. The solid lines were calculated with the parameters given in Table II. (d) Angular 
dependence of the magnetoresistance Ap/p, at 20 kilogauss. The cardinal] directions of the magnetic field B are indicated. Sample 


2569B-2, T=77°K. The experimental points are for J in a [110] direction; O are the points for B in a 


for B in a (110) plane; and (J are the points for B in a (001 
Table II 


110) plane; X are the points 


plane. The solid lines were calculated with the parameters given in 
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parameters which go into the calculation, and affect 
the results, it is difficult to justify this type of calcu- 
lation except in substances which have already been 
fairly thoroughly investigated. If one were able to 
obtain samples in which a single type of scattering was 
predominant, it would be possible to isolate and measure 
the various parameters one at a time. However, very 
pure material is usually unavailable, and large numbers 
of impurities often affect the band structure itself. 

As was shown in Sec. II, the galvanomagnetic co- 
efficients can be calculated without the use of any 
adjustable parameters. However, for most samples 
(except Sample 2960 at 77°K and high fields) the 


for J in a [110] direction and 
B = 20 kilogauss, / 
the points for B=4 kilogauss 
the parameters given in Table II 
is in a (110) plane. (« 
of B are indicated 








Fic. 12. Angular dependence magnetoresistance Ap/po 
T=77°K are the points for 
ts for B= 10 kilogauss and are 
The solid lines are calculated with 
a) B is in a (110) plane. (b) B 
B is in a (001) plane. The cardinal directions 
mn each figure 


, are the poir 


calculated magnetoresistance for J [110] and B [001], 


(transverse orientation) was always higher than the 


measured values which there is 
siderably more scattering 
Actually there are a 


which have not 


con- 
has been calculated. 


implies that 

than 
number of scattering sources 
been considered, such as the probable 
existence of minority impurities contributing to the 
ionized impurity scattering, and the presence of neutral 
impurities such as oxygen or nitrogen.* For this reason, 
only the relative values of the amounts of scattering 
of different types was used. It is worth noting, however, 


* W. Kaiser, Phys. Rev. 105 





GALVANOMAGNETIC 











Lo) 
MAGNETIC FIELD (kilogouss) 


Fic. 13. Field dependence of the normalized Hall coefficient 
Ry /Ro for J 149)B"!, Experimental — T =77°K. Sample 2807A-2 
Theoretical —see Table II 


that for all of the field dependent results at both tem- 
peratures, a single value of the parameter ao was 
sufficient. 

The anisotropy of the magnetoresistance, which is 
less than calculated, could probably be explained by 
an anisotropy in the lattice scattering. This anisotropy 
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Fic. 14. Field dependence of the normalized Hall coefficient 
Ry /Re for J in a [110] direction and T =77°K. (}—Sample 2960, 
Sample 2807B-2, +—Sample 2806B-1. The solid lines were 
calculated with the parameters given in Table II. (Measurements 
of the Hall coefficients were made from 0.4 to 22 kilogauss. The 
low field values form a straight line as indicated by the theoretical 
curves. They have been left off the curves presented here for 
reasons of clarity). (a) B is in a [001] direction. (b) B is in a 
[111] direction. 
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Fic. 15. Field dependence of the normalized Hall coefficient 
Ru/Ro for J in a [110] direction and T=300°K. (}—Sample 
2960, O ee pe 2807B-2, +-—-Sample 2806B-1, The solid lines 
were calculated with the parameters given in Table II. (a) B is 
in an [001] direction. (b) B is in an [111] direction. 


is probably in such a direction as to reduce the ani- 
sotropy ratio K=K,.K,, or K,=17,/r:<1. In rela- 
tively pure samples a small anisotropy in the lattice 
scattering has a much greater effect than an anisotropy 
in the ionized impurity scattering. None of the samples 
available were so pure as to allow neglect of ionized 
impurity scattering and allow an experimental deter- 
mination of the anisotropy in the lattice scattering. A 
single calculation of the angular dependence of the 
magnetoresistance was performed with K,=7,/7; 
=1/1.1 for acoustic lattice scattering. This change 
had a considerable effect on the angular curves, and 
little effect on the field dependent curves. Only a small 
anisotropy in the lattice scattering would be needed to 
fit the experimental data. 

Experimentally, the difficulty seems to lie in the 
samples and not in the measurements. Care was taken 
to be sure the samples were oriented properly, tem- 
peratures were carefully regulated, and the potentials 
were accurately measured. Any surface effects with the 
fairly low resistivities of these samples should be small— 
we detected no such effects. It is probable that inhomo- 
geneities in the samples affected the measurements. 
There seems to be no other way to explain the planar 
Hall measurements shown in Fig. 19(b), or the asym- 
metry of the magnetoresistance in Fig. 18(b), which is 
probably a contribution from the planar Hall effect. 
In regard to this, many samples during the beginning 























Fic. 16. Field dependence of the magnetoresistance Ap/po for J in a [110] direction and 7 =77 mple 2960 Sample 


2807B-2, +—Sample 2806B-1. The solid lines were calculated with the parameters given in Tabl 3 is in an [001] direction 
b) B is in an [111 ] direction 


hilogouss) 


Fic. 17. Field dependence of the magnetoresistance Ap/po for J in a 10] direction at my 2960 Sample 
p l J I 
2807B-2, +—Sample 2806B-1. The solid lines were calculated with the parameters given in Table B is in an [001) direction 


(b) B is in an [111] direction 
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Fic. 18. Angular dependence of the magnetoresistance for J in a [110] direction and an applied magnetic field of 20 kilogauss. 
_}—Sample 2960, O—Sample 2807B-2, +—Sample 2806B-1. The solid lines were calculated with the parameters given in Table II. 


a T =77°K, B is in a (110) plane. (b)—7T=77°K, B is in a (001) plane. (c)—7 =300°K, B is in a (110) plane. (d)—T =300°K, 
B is in a (001) plane. 


stages of this experiment were heated to 750-850°C in Fig. 19(b 
a hydrogen atmosphere and then cooled very slowly 
(12 hours). In none of these samples were there large 
distortions of the measured curves such as are seen in 


The implication is that the heat treatment 
reduced the inhomogeneities in the material. Herring 
has also pointed out that the magnetoresistance can 
be affected by inhomogeneities, particularly in the high 
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Fic. 19. Angular dependence of the planar Hall coefficient V pt/p» at 20 kilogauss for J in a 
The cardinal directions of the magnetic field B are given. (}—Sample 2960, 
lhe solid lines were calculated with the parameters given in Table II. 


field region.*® This effect may be enough in some cases 
to prevent the high field magneto- 
resistance. It is possible that this effect may be re- 
sponsible for the very high (for silicon) magneto- 
resistance for sample 2960 shown in Fig. 16(a). For 
the lower values of magnetic field, as was pointed out 


saturation in 


previously, for most samples the measured magneto- 


resistance is somewhat smaller than the calculated 
values. 

The fact that the anisotropy in the magnetoresistance 
is less than was calculated is probably real and not an 
experimental defect er due to inhomogeneities, since 


the measurements were consistent for all the samples. 


CONCLUSIONS 


Using the Boltzmann transport equation coupled 
with an anisotropic effective mass and an anisotropic 
energy dependent collision frequency, it appears to be 
possible to explain, qualitatively, all the measure- 
ments of the galvanomagnetic coefficients, both field 
and angular dependent, and also as a function of 
resistivity. However, to exact quantitative 
agreement it will be necessary to begin with very pure 


obtain 


* C. Herring (private communication) 
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Normal Modes of a Lattice of Oscillators with Many Resonances 
and Dipolar Coupling* 
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The normal modes of a lattice of coupled dipoles are studied as a model of the collective excitations of 
electrons in condensed materials. Two types of oscillations are found in which electrostatic coupling has a 
dominant influence. One of them is analogous to the oscillation of an electron plasma and has a high dipole 
moment. Other collective oscillations have a low net dipole moment, owing to destructive interference 
between out-of-phase components. These two types of oscillation occur in systems with a sufficiently high 
density of oscillator strength in space and in spectrum. A simple estimate indicates that most condensed 


materials fulfill this condition. 


1. INTRODUCTION 
Mc? condensed materials are excited, by the 


passage of fast electrons, to ‘characteristic’ 
energy levels. The valence electrons of distant atoms 
are understood to participate in these excitations 
collectively owing to the dominant influence of their 
Coulomb interaction.’ The collective excitations have 
been treated theoretically, in the main, by means of the 
plasma model of metal electrons.'? It has been pointed 
out® that the mechanism which yields collective ex- 
citations in a plasma should also operate in insulators, 
but it has been possible thus far to develop only 
sketchily a theory that would apply equally to all types 
of macroscopically homogeneous condensed materials.‘ 
To complement the detailed results of the plasma 
model, which is somewhat unrealistic (especially for 
nonmetals), we consider in this paper another model, 
which is many ways complementary to the plasma 
model and which can also be worked out in detail. This 
model consists of a cubic lattice of identical electric 
dipole oscillators coupled by their electrostatic inter- 
action. Whereas, in the plasma model, the Fermi gas 
of uncoupled electrons has a single baad of excitation 
levels beginning at zero energy, we assume at each 
lattice site an unspecified number of isotropic oscillators 
with different proper frequencies w,.' No interaction 
is assumed among the oscillators at the same lattice 
site.® 
Our objective will be to determine the normal modes 
of the whole lattice of coupled oscillators, i.e., its eigen- 


* Supported in part by the Office of Naval Research 

1 See, e.g., L. Marton, L. B. Leder, and H. Mendlowitz, Advances 
in Electronics and Electron Physics, edited by L. Marton (Aca 
demic Press, New York, 1955), Vol. 7, p. 183 

* See, e.g., D. Pines, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, New York, 1955), Vol. 1. 

*N. F. Mott, Solvay Congress, Brussels, 1954 (unpublished 
quoted in reference 2, p. 400. 

*U. Fano, Phys. Rev. 103, 1202 (1956) 

5 This model is quite analogous, in its main concept, to that of 
W. R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951), but 
differs from it in its emphasis on the characteristics of many 
frequency systems. In addition, Heller and Marcus overlooked 
that the polarization must obey the Eq. (13) of this paper 

* Such interactions may be regarded as having been removed 
by a previous reduction to norma! modes. 


frequencies and eigenvectors. It is hoped the physico- 
mathematical properties of the special model considered 
in this paper will occur again in the eventual theory of 
the excitation of realistic types of condensed matter. 


2. DESCRIPTION OF THE MODEL 
AND CALCULATION 

Consider a cubic lattice of identical sites, 1, 2, ---, 
i, ---, with space coordinates r;. At each site there are 
a number of oscillators, each of which is identified by 
an index 1, 2 ---, m, ---. Each oscillator consists of a 
particle of mass m and charge ef,', bound by an elastic 
force with force constant k,=mw,” to a particle of 
charge —ef,' which is fixed at the lattice site. The 
number of sites in the lattice will be indicated by N, 
with the understanding that we always consider the 
limit N-—+ ©. The coefficient f,, which serves to 
express the charge of each oscillator in terms of the 
electron charge e, will be called the strength of the 
oscillator. We seek to determine the displacement s,, 
of each oscillator particle from its equilibrium position 
when the whole lattice of dipoles oscillates in a normal 
mode.’ 

Because the lattice is invariant under translation by 
any lattice vector, the displacement s,; must be, in a 
normal mode, a sinusoidal function of the lattice site 
position r,;, characterized by a wave vector k. We shall 
be interested in normal modes with a long wavelength, 
i.e., with a small k. All oscillators will be assumed to be 
polarized in a single direction, indicated by a unit 
vector p. (It will turn out that # is either parallel or 
perpendicular to k, in a normal mode.) The displace- 
ment 8,, will then be represented by 

$,,=4,(t) £ cos(k-r,4+ ¢), (1) 


where ¢ is arbitrary and a,(/) has to be determined. 
The net dipole moment of the ith lattice site will then be 


P= Din efn'Snc=e Ln fa'an(t)] Pcos(k-t4+¢). (2) 
The kinetic energy of all the lattice oscillators is 
K = in 4md,(t) cos*(k-1,4+ ¢)=4Nm >, G,*, (3) 


7A classical treatment is sufficient for our purpose since the 
norma! modes of coupled harmonic oscillators are determined by 
the same procedure in classical as in quantum mechanics. 


451 





452 U. 


and the potential energy of the elastic forces is 


U’ > in FRndall cos?(k rit ¢) Nm >» WerGn’. (4) 


rhe electrostatic interaction energy between all the 


dipoles at different sites is 
V AD Lindl P P 3 pi hij py his Vr? 
$eTEn fatan(t) PDs Djeu cos(k-ri+ ¢) 
x cos(k r+¢)[1—3(p-F)"] v3, (5) 
where rj; is a unit vector. Con- 
sider that 


r, and #,;=8,;/7; 


] 


cos(k-r, + ¢) COS k rt ¢) 


h{cos| k (yerryt 2¢ |+cosk-r, a 


that the first term in these braces averages out upon 
summation that the residual 
> ji has the same value for each lattice site i. Eq. (5) 
reduces, therefore, to 


over lattice sites, and 


| tNe(>. ta > ie [1-3 (p Fi;)° \/r 


n 


+compl. con}. (60) 


The >> ;,« in (6) has been the subject of many studies, 
in recent years particularly by Cohen and Keffer* and 
also, for k~0O, in reference 5 and by Nijboer and 
De Wette.’ Its limit for k=O depends on the angle 
between k and /. We shall consider only the value of 
V for this limit, but reference 8 gives also data through- 
out the first Brillouin zone in k space. In the limit, 
Eq. (18) of reference 8 yields 


V =N(re?/a®) (Sin Satan)’ (Pky — 4), (7) 


where a indicates the cell edge in the cubic lattice and 
k=k/k. The average total energy of a lattice site is, 
then, 
E=(K+U+V)/N=4m >, 4.2+4m >, 20,2 
+imCw,2 (dn fnidn) 
where 
(9) 
and where 
wp = 4re*/ ma’ (10) 
indicates the squared plasma frequency of a gas of a* 
particles of charge e and mass m per unit volume. 

The amplitudes a,(t), the polarization f, and the 
frequency 2 of each normal mode can be determined 
by requiring that the time integral of the Lagrangian 
L=K-—U-—V be stationary with respect to variations 
of the @,(t) and of f. (Ordinarily one would consider 
the variations of all Cartesian components of the vectors 
a,(t)p as independent variables, but here the direction 
p is treated separately from a,(/) because it is common 
to all vectors a,(/)/ and because L depends on it only 
through the coefficient C.) Variation of the amplitudes 

8’ M. H. Cohen and | 
factor p in Eq. (18 


should be deleted 


*B. R. A. Nijboer and I 


Keffer, Phys. Rev. 99, 1128 (1955). The 
of this reference is due to a misprint and 


W. De Wette, Physica 24, 422 (1958) 
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a,(t) leads to the Euler-Lagrange equations 


d ol al 
11) 


di dd, Oa, 


that is, to the system of coupled equations of motion 


, : b+? f_} ) 
a, ./ ® n*® 2m Jom Om (12 


Variation of £, subject to the condition £-/=1, leads 
4 f 


to the eigenvalue equation 
grads(C—Ap- p p-k)k 


i 


-2».p=0 (13) 


This equation has the eigenvalues \= 1 and 0 and eigen- 


licular to k, corresponding 
to longitudinal (1) or transverse 


vectors # parallel or perpen 


normal modes, with 


(14a) 


(14b) 


The solutions of form 


(15) 


a,(t)=)| f, y—w cos(wi+), 


where 0 is a normalization constant and the frequency 
into (12). We 


w has to be determined by inserting (15 
obtain thus for w the eigenvalue equation 


(16) 
where 


(17) 


represents the polarizability of a unit volume of the 


oscillator lattice, computed without regard to the dipole 
interactions. 

and 
necessary to 


The eigenvalues of (16 
subscripts /, or ¢, will be 


will be indicated by Q2, 
added 


specify the eigenvalue of the ntl 


when 
longitudinal or trans- 
verse mode. The normalization constant 6 may be 
expressed in terms of the mean energy per site E by 
substituting (15) into (8). This vields 


da 


bmu*b? > 
that is 


(19) 


Utilizing this result and the eigenvalue equation (16), 


of the ith lattice 


we may express the dipol 


moment (2 


site, for a normal mode oscillation of frequency 2, and 


average site energy F£, in the form 


p.\" 





NORMAL MODES OF LAT 


tw 


C*w, > n’ 


(Q,?—w,’)’ 


(21 


The same dipole moment would arise if there were at 
the ith site a single oscillating particle with mass m, 
charge eF,', force constant mQ,? 
2E cos*(k-r,+4). Notice that 

. 2 F,= 


— 


and energy 


»? 


Ln Sor (22 


for longitudinal or transverse modes, as shown in 
Appendix A. 


3. DISCUSSION 


A macroscopic medium, whose electric properties 
are characterized by a dielectric constant e(w), can be 
the seat of longitudinal or transverse polarization waves 
whose proper frequencies lie at the zeros’® or at the 
poles of e(w), respectively. Therefore, the roots of the 
eigenvalue equation (16), with C= % or —4, identify, 
respectively, the zeros or poles of the dielectric constant 
of our lattice. This information, combined with the 
information that e(w) is analytic and e(*)=1, shows 
that ¢(w) is related to the lattice site polarizability 
a(w)a*/4r, defined by (17), by 
formula 


the Lorentz-Lorenz 


1+ 4a(w) e(w)—1 


e(w) = or ha(w). 


1—4a(w) e(w)+2 


The Lorentz derivation of this formula treats macro- 
scopically the mass of dielectric in a condenser with the 
exception of a small volume within which the interaction 
of microscopic dipoles is considered in detail. In the 
derivation by Nijboer and de Wette,’ the microscopic 
treatment is extended to all dipoles in a mass of di- 
electric and the existence of boundaries of the medium 
influences only the geometrical procedure for summing 
over the dipole interactions. In this paper, as in an 
earlier one by the present author,‘ the macroscopi 
dielectric properties of an unbounded aggregate of 
atomic systems are defined in terms of its eigenstates 
of excitation, and the wave vectors of these eigenstates 
play a geometrical role somewhat analogous to that of 
boundary conditions. 

Notice, however, that the theory of reference 4 
treated the electrostatic interactions only approxi- 
mately (in accordance with the “random phase ap- 
proximation” of the plasma theory) and led to the 
Sellmeyer-Drude formula ¢(w)=1+a(w). Thereby it 
yielded eigenfrequencies of longitudinal or transverse 
oscillations which are roots of a= —1 or a= instead 
of a= —1/C=—} or 3. Apart from this difference, some 


See, e.g., J. Hubbard, Proc. Phys. Soc 
(1955) 


A68, 441 


(London 
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of the following discussion is analogous to the discussion 
on pp. 1208-1209 of reference 4, and the remainder 
stresses essential features of the polarization waves that 
were overlooked in that earlier study." 

Since a(w) rises monotonically from — © to © in the 
interval between two successive oscillator fre- 
quencies w, and w,,41, there lies in such an interval one 
eigenvalue of (16) for longitudinal waves (C= 4) and 
one —}). These two eigen- 
values will be indicated by 2,, and Q: as, respectively. 
In addition, there is one longitudinal eigenfrequency 
above the highest oscillator frequency, and one trans- 
verse eigenfrequency 2, below the frequency w, pro- 
vided a(0) <3. The eigenfrequencies 2, or Q¢, can thus 
be determined graphically, if necessary, after which 
they can be entered in (21), (20), and (15) to examine 
the characteristics of the normal modes of oscillation 
of the lattice. 

Three different typical situations occur, depending 
on whether the value of a(w) 


any 


for transverse waves (C= 


DY 2 wp? fn/ (Wn? —w") in 
the proximity of a particular eigenfrequency is deter- 
mined primarily: (a) by a single term of the >>, (b) by 
two terms (or groups of terms) with opposite signs, or 
(c) by one group of terms with the same sign. 

(a) When the oscillators of frequency w, are per- 
turbed only weakly by the electrostatic interaction, as 
it happens in gases, the polarizability a(w) varies 
sharply very near to w, but slowly for somewhat larger 
values of w--w,. It is then represented approximately 
throughout a range of w in the form a(w)=(a(w)), 
tw»? fn/(wa?—w*), where the mean value (a(w)), is 
often negligible. A necessary condition for the validity 
of this representation is 


+1 «1. (24) 


WwW, ly Wr Wy 
The eigenvalue equation (16) has now the approximate 
solutions 


hwy fn - 
(25) 


i- Ha(w))» 


1+4(a(w)), 
and one finds, from (15) and (21) 


Fa~ fn/(1+Clalw))a 


Af 


Gy<Ka,, for n’¥n, 


(26) 
(b) A tight electrostatic coupling between oscillators 


of different frequencies occurs under the condition 
opposite to (24), namely when 


(27) 


w,-f, Wn 


The polarizability a(w) varies then rapidly throughout 
the interval between successive oscillator frequencies 


Each of the transverse normal modes considered in this paper 
is coupled to oscillations of the electromagnetic field with equal 
polarization and wave vector. This coupling is to be taken into 
account separately by the method of reference 4. No such further 
coupling is to be considered for the longitudinal modes, because 
the longitudinal components of the electromagnetic field are 
merely an alternative representation of the electrostatic inter 
action which has already been taken into account in the calcu 
lation of the normal modes 
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Wn and way1, and the eigenvalues of (16) lie rather in 
the middle of such an interval.’? The normal mode is 
characterized here by the fact that two terms, or groups 
of terms, in the >, of contributions to the dipole 
moment (20) have comparable magnitude and opposite 
sign. That is, the net dipole moment of the normal mode 
is reduced by the destructive interference between the 
contributions of that are out of phase 
because their own proper frequencies would be, re- 
spectively, somewhat larger and somewhat smaller than 
the eigenfrequency ©, of the normal mode. One can 
also see directly that the effective oscillator strength 
F,, of the normal mode must be small, when (27) holds, 
owing to the large value of the slope da/d(w*) in (21), 
that is, owing to inequalities 


oscillators 


In’ 
F n ( 20»! > 
2,2 — wr’ 


(9) _ 
(c) When a number of oscillators, say, from n=r to 
n=s, have frequencies in a range where (27) holds, 
their contribution to the polarizability 


. 2f 
aor Wy | s ” 


> ' 
(Way aw), 


absolute value) for a considerable 
spectral interval above w, and below w,. This contri- 


bution resembles that of a single ‘‘effective’’ oscillator 


remains 21 (in 


whose frequency wer, lies somewhere between w, and w, 
and fur~> near’? fa. For 


net 


strength 
purpose of orientation we may set 


whose oscillator 


a’’"’'(w 0 fett/ (Wer? —w”). (29) 
If (24) holds, instead of (27), for w>w, or w<w,, we 


have in these spectral ranges a(w)~a"" (w), except in 
the immediate proximity of oscillator frequencies wp. 
We can then determine here the eigenfrequencies and 
normal modes by the approximation method of case 
(a) and find, in analogy with (25) and (26), normal 
modes characterized by 

2h, O 


” > > 
Qiett ~ Wert + Wp Jeff, 


' eff ~ eer — hw,” fare, (30) 
(n’<r<n<s), 


Faur~ fott, for 


On Ka, 


l\(n’>s>n>r , 

r®=)(0)<3. On 
the other hand a normal mode of longitudinal oscil- 
lation of the type considered here 
thing akin to it 


The eigenfrequency Qyer¢ exists only if a 


or, at least, some- 
is expected to occur whenever (27) 
holds in some spectral range, because this range would 
not extend to w 
where (24) holds 


* and would be followed by a range 


The polarization properties of the plasma model of 


4 A contrary surmise given at the end of p. 1208 of reference 4 
was erroneous 


"ANO 


a lattice of 
band at 
number of conduction 
collective excitation of 


metal electrons are 
dipoles for which (27 
=0 and 
electrons per crystal cel 


equivalent to those of 
holds within a narrow 
Wert fs represents the 
The 
the plasma corresponds then to the longitudinal normal 
mode with frequency {;.¢. Our study of the lattice of 
dipoles has shown that: (1) A plasma-like longitudinal 
particles oscillating in phase 
under much more 
general than those of the plasma model. (2) Normal 
modes of type (b) also occur, in which different oscil- 
lators are excited collectively as in the plasma-like 
mode, but with pl ase relations that yield a weak net 
polarization and therefore prevent ready excitation by 
the passage of fast charged particles 


excitation with many 


occurs, as expected, conditions 


excitations is thus seen 
is inter- 
significance of 
condition and the extent to which it should be expected 
to hold in realistic systems 


The occurrence of collective 


to hinge on the condition (27). Therefore, it 


esting to consider the physica this 
Having in mind the defini- 
tion (10) of w,?, the expression w,’/f, 2 2) } 


Wn Wail” 1S 


seen to be a densily of ose 


illator strength in space and in 


spectrum, namely, to be the density /,/@*|@,’—wa47 

unit m/4re?= 4.0K 10-" cm™ 
2. (Notice that the frequency squared 
serves here as a coordinate for the spec tral distribution 
The relevancy of the spectral density is 
apparent in the 


expressed in the atomi 
(radian/sec) 


of oscillators.) 


most limiting case of a continuous 
spectrum of oscillators, which is treated in Appendix B. 
The 


oscillator strength applies to any material system whose 


concept of spatial and spectral density of 


internal charges may be polarized For given 
material one may 


the number of electrons in each atom for which the 


any 


consider the density of atoms and 


frequencies of dipole oscillation lie within a given 
spectral range. In particular, the valence electrons of 
any atom yield the highest spectral density because 
their levels of dipole excitation are concentrated mainly 
up to 10 or 20 ev. For 


purpose of orientat ion, wemay ey 1] 


in a narrow energy range, say, 
uate a mean spec tral 
density of oscillator strength (df/d(w*)) for an atom by 
electrons p to a 
ionization potential 


1 
vaience 


allocating its number of 
spectral band width equal to the 


of the hydrogen atom. For a material of density p 


(in g/cm*) and mean atomic weight A we find thus the 


mean spatial and spectral density of oscillator strength 


2”))~4.5(p/A)Z 


(32 


The ratio p/ A lies between } and yy for most condensed 
4 1 
materials, so that our density index is likely to be 21 


on the average over a broad spectral range, and proba- 
bly considerably larger than 1 in more limited ranges 
Therefore we 
tions of the 


are led to surmise that collective excita- 


types (b described above occur 
quite generally in condensed matter 
The occurrence of collective excitati 
and a formal analogy to effects that have 
been recently emphasized 


ns of types (b 
(c) shows 


in nuclear physics (giant 
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resonance,” ground states of heavy nuclei) and in 
superconductivity. It may, therefore, be worthwhile to 
summarize its physico-mathematical origin. One con- 
siders initially a set of variables, the oscillation ampli- 
tudes a, in our problem, which correspond to energy 
levels fw, when a certain interaction is disregarded. 
This interaction is represented by a matrix whose 
elements have the form D,.=d¢adm; in our equation 
(12) the matrix represents a dipole-dipole interaction 
and each coefficient d, is proportional to the dipole 
strength f,! associated with one of the variables a, 
Owing to the interaction, the variables a, and energy 
levels hw, are replaced by the eigenvectors and eigen- 
values of the matrix Wradamt Dam, where the + sign 
corresponds to repulsive or attractive interaction. The 
eigenvalues are roots of >, d,?/(w—w,)=+1, analo- 
gous to our Eq. (16), and the eigenvectors have com- 
ponents proportional to d,/(w—w,). If the coupling 
coefficients d,? are much larger than the spacings 
Wn41—W,» for a group of frequencies in a limited range 
W,r<WaSw,, one of the matrix eigenvalues ‘“‘squirts’’ 
out of this range to a distance ~+) > mar’ dm”? and the 


corresponding eigenvector has components ~d, 


> m-r’d,” proportional to the d,. This eigenvector ° 


represents a state of the system—our excitation (c) 
in which the interaction finds maximum expression. 
All the other eigenvectors that result from the super- 
position of the variables a, with r<n<s—excitations 
of type (b)—involve a destructive interference which 
neutralizes the energetic effect of the interaction so that 
the corresponding eigenvalues remain confined in the 
range (w,w,). The qualitative features outlined here 
should presumably be noticeable provided only that 
the condition Dam=dndm is verified approximately. 
Notice also that these features follow automatically 
when one assumes, for lack of better information, that 
the interaction matrix elements are all equal (since 
Dam™~ const is equivalent to Dam=dnd» plus d,~ const). 
The transition from conditions of weak interaction, 
when each eigenvector nearly coincides with one of the 
a,, to the condition of strong interaction may well 
occur rapidly as the critical ratio d,?/(wa,1—W,) 
increases through the range ~1. Exploration of matrix 
properties to provide a specific answer to these questions 
seems worthwhile. 
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APPENDIX A 


The sum rule >>, F.=>, f. follows from a com- 
parison of two expansions of the function [1+Ca(w) }" 
near w= ©. The roots w=, of the eigenvalue equation 
(16) are the poles of this function. Near each of these 
poles, the function is represented approximately by 

(Cl da/d(.s*) o~0n(o?—2,2)) "= Cw, PF 9/ (2,2). 


Moreover [1+Ca(w) }' approaches 1 at w~ @ because 
a vanishes there. It can therefore be represented in 
terms of the residues at its poles by 


[1+Ca(w)}=14Cw,? 5. F,/(w*—2,?). 
The expansion of this representation near w= is 
[1+Ca(w) }?'~14+C(w,?/w*)> > Fa. (34) 


On the other hand we have a(w)~ —(w,?/w)Don fa, 
near w= «, and therefore 


[1 t Ca(w) | I~ 1+C(w,? wo) Don Ja- 


The equivalence of the expansions (34) and (35) re- 
quires that >>, F, ’ 


(33) 


(35) 


a a 
APPENDIX B 


We seek the limit of (21) when the spectrum of 
oscillator frequencies is continuous. The limit will be 
approached by considering first a discrete spectrum of 
frequencies w,,= (@’+m*)', distributed about a mean 
frequency @ with — = <m<~. To each of these fre- 
quencies corresponds an oscillator strength f, with the 
understanding that f/A* will be indicated by df/d(w*) 
in the limit A?» 0. Eq. (17) yields now the polariza- 


bility 
Jf f a —w? 


Tw,*— cotanr , 
2 2 


a\w)= Ww," > (36) 


w+ mA? — ou? 
and 


da j | 7 
= 7w 
d(w*) A? sin’ x(a? — 


w*)/A} A? 
j At 

| [14 oe) (37) 
A‘ w,f 


This expression may now be entered in (21), setting 
a=—1/C at w= as required by the eigenvalue 
equation (16). We find 


Pa=j/(14+-4'Cuy'P/ O°), 


and, in the limit, 


(38) 


dF d {/d(as*) 


, (39) 

d(w*) 1+[wCw,%d f/d(u*) F 

In this limit we need no longer consider the inequality 

(28) between F, and f, since we have obtained the 

explicit dependence of the ratio F/f on the density of 
oscillator strength w,*d f/d(w*). 
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The energies of the magnetic sub-bands associate: 


been calculated as a function of k,, the propagation constant parallel to 


of the V,; and 1} 
minima at k 


bands was neglected 
ladder 
tures increase near the valence band edge. The 1 

The sub 


peculiar nature of the 1 


approached. Sub-bands belonging to the 2 


phenomena in germanium 


I. INTRODUCTION 


N the magnetic field the 


energies of electrons or holes in semiconductors are 
quantized into magnetic sub-bands or Landau levels. 


presence of an external 


During the last few years a great deal of valuable in- 
formation concerning semiconductors has been obtained 
through the study of optical transitions between mag- 
netic sub-bands. For example, cyclotron resonance’ in- 
volves optical transitions between sub-bands in the same 
band, while the interband magneto-optic effect? involves 
optical transitions between sub-bands in different bands. 
Also potentially useful is the study? of optical transitions 
between bound impurity levels and the sub-bands of the 
valence or conduction bands. 

In each of these phenomena the most intense absorp- 
tion corresponds to transitions from or to the extrema 
of the sub-bands involved. This is a consequence of the 
fact that the magnetic sub-bands are essentially one- 
dimensional and have infinite densities of states at their 
extrema. Furthermore, the peak intensities are in part 
determined by the curvatures of the sub-bands at their 
extrema. It is therefore clear that in order to understand 
the positions and intensities of absorption in the various 
magneto-optic phenomena, one should have a detailed 
knowledge of the structure of the magnetic sub-bands. 

In the 
sub-bands in the 


present paper the structure of the magnetic 


valence band of germanium is de- 


* A preliminary account of this work was given at the March, 


1959, meeting of the American Physical Society in Cambridge 
Massachusetts. See Bull. Am. Phys. Soc. 4, 145 (1959 
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1959) 


with the V,; and V, valenc r n germa have 


to the ext 1. Warping 


Sub-bands belonging to the 1* and 2 

0 and show quantum effects consisting of a decrease in curvatu 
heavy holes) also have 

heavy hole sub-bands sl 

band minima occur at values of &, different from zero, ar 

magnetic sub-bands may lead to observ: 


veloped using the 4 It is found that 
the degeneracy of the Val ind as to 


surprising “ 


ome rather 
quantum” « 


Il. DERIVATION OF THE SECULAR EQUATION 


According to Luttings he effect 


D for holes in the } 


presence of a constant external magne 


ive mass Hamiltonian 


valence bands in the 


tic field H can be 


written as 


[PPaU 
+{P.P}{JoJ 2} 


x 


where 71,72, ¥ 
aa J. J. 

commutation rules for angular momentum 
ties P,, P,, and P, are the 


momentum operato t A where A is the 


,k and qg are the effective mass parameters 


and J, are 4X4 matrices satisfying the 
The quanti- 
kinetic 


vector 


component of the 


potential of the external magnet field 
tP of ») represents 
+ P,P). 

For germanium it 
to take ¥ 7 y 


The symbol 
symmetrized product 4(P,P, 
1 reasonably good approximation‘ 

0. We adopt the 


representation discussed by Luttinger in whicl 


Under these condit 


rewritten in the form 


D=D,)+D,+D 


102. 1030 (1956 
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where 
vit+7)(P2+P,/ 
+ 3h? sx 


aa 344(P.4+1P, ? 


-253'(P,+iP,)P, 


0 


eH he. 

We shall assume a constant 
field in the z direction and shall 
A=(- Hy, 0, 0). The eigenvectors of D are then con 


and s) 


‘ 


external magneti 


choose the vyauge 


veniently expressed in terms of the functions 


expli(kix+k,2 s} ; 
G ( ) H(t) exp F/2), 
(L,L,)3 2'I\x4 


where /=s*y—(k./s*) and H,(t) is the Hermite poly 
nomial of degree /. The functions G; satisfy the following 
relations: 
h?s(214-1)Gi, 
P .+iP )Gi= —hs'(2(14+-1) Gi, 


(P,—iP,)G,;=—Ahs\(2'G 1, 


— 4[31(i—1) } 


4(6(l— 1) }*¢ 


i 


~ 4{6(/+1)} 


IN MAGNET 


PG, As*€G ;, (8) 
where (=k,/s! 

As indicated by Luttinger the eigenvectors of D as 
given in Eqs. (3) can be written in the form 
( G; 

Cha} 
Cha 
CG 41 


. 


where the c; are numerical coefficients. If one substitutes 


Eq. 9) into the Schrédinger equation 


Dy =e, (10) 


and makes use of Eqs. (5)-(8), one finds that the eigen- 
values of D are determined by solution of the secular 


equation 


FLO —1) }'t 


FLO(E+ 1) HE 


4[3l(l+1)}) 


3 
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where the energy ¢ is measured in units of te] /mc. The 
quantity / corresponds to the Landau magnetic quantum 
number. For / 1 there is one physically meaningful 
solution to Eq. (11), for 1/=0 there are two solutions, for 


l= 1 there are three solutions and for /=2, 3, 4, --- there 
are four solutions. 


7[3l(1+1) }} 
The solutions of Eq. 
and ¢;(/) in accordance with Luttinger while the solu- 
tions of Eq. (13) may be designated by e+ (1) and es (J). 
It is convenient in calculating e.*(l) and es-(1) from 
Eq. (11) or Eq. (13) to re place l by /—1. If this is done, 
physically meaningful values of both e;*+(/) and e*(/) 


correspond to /=0, 1, 2, 3, while meaningful values 
2, 3, 4, «°°. 


12 may be designated by €;* (2) 


of both €) (1) and « 
This notation for the magnetic levels now agrees with 
that of Luttinger (except for replacing n by J) and will 
be followed in the remainder of the paper. A diagram of 
the energy levels obtained by solving Eqs. (12) and (13) 
is given in Fig. 1 for germanium. The effective mass 
parameters were assigned the values y, = 13.20, 7=4.92, 
«= 3.30 which were calculated from data kindly supplied 
by Dr. Evan O. Kane. The plus levels form two light 


l) correspond to l 








Fic. 1. Energies of the magnetic sub-bands for the valence band in 
germanium measured from the band edge in units of heH /me. 
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It may be noted that if the quantity ¢, which is a 


measure of &,, is set equal to zero, the secular determi- 


nant factors into a product of two quadratic functions 


of ¢, so that the obtained by 


solving the two aq 


hole “‘ladders”’ w a relatively large spacing between 


adjacent levels while th inus levels form two heavy 
hole “ladders” with a relatively small spacing between 


adjacent levels. The iantum effects discussed by 


Luttinger are manifested by the nonuniform spacing of 
levels in a give! ladder 
to obtain exact 


If ¢ is not zero, it more difficult 


analytic solutions to Eq. (11). Since exact solutions are 
available for f=0, however, one can use perturbation 
theory to obtain the 
order in ¢. atisfactory for smail ¢. 
Alternatively, one car I 11 


obtain results valid { 


energy levels correct to second 
Such solut S are 
numerically and 
We have 


irger range ol 


carried out treatment 


Ill. PERTURBATION THEORY FOR SMALL ¢ 


The eigenvalues of the zero order Hamiltonian Do are 
determined by the solutions of Eqs. (12) and (13). The 
corresponding zero order eigenfunctions can be written 


as 


The operators D, an 


and ti 


may be treated as pert urba- 
standard 
noted that the 


respect to the 


tions, corres ns cak ilated by 
matrix perturbation theory. It may be 
diagonal matrix element f D, with 
eigenfunctions of Dp | der corrections to the 
energy which are proportional to {*. The diagonal matrix 


elements of Dz vanish so that the first order energy 


corrections from Dz» are zer nvanishing matrix ele- 


ments of D» exist betwee llowing pairs of states: 
1*+(2), 2+(1+1); 1*(D, ); 1-(D, 2*(+1); 1-(—, 
2-(l+1). Second order energy corrections from Dz are 
proportional to { 


The results of the second order perturbation treat- 





VALENCE BAND 


ment of D, and D, can be expressed as 


€(1,t) = (D+ (42s/2m"*)¢?, (15) 


where ¢(/) stands for ¢;*(J) or ¢:*(/) as appropriate and 
m* is the curvature effective mass of the magnetic sub- 
band at ¢=0. In Table I the values of m*/m are given 
for magnetic sub-bands in germanium which lie near the 
valence band edge One sees that the light hole sub- 
bands (+ levels) near the band edge show quantum 
effects in their curvature effective mass ratios, but far 
from the edge the effective mass ratios approach the 
value 0.04 given by cyclotron resonance measurements.' 
The increase in effective mass near the band edge is 
consistent with the decrease in separation between light 
hole sub-bands at [==0 as shown in Fig. 1. The largest 
quantum effect is shown by the 2*(0) level which has a 
curvature characteristic of a heavy hole rather than a 
light hole. 

The results for the heavy hole sub-bands (— levels) 
are quite surprising. The effective mass ratios are much 
smaller in magnitude than the value 0.3 given by 
cyclotron resonance! and show no tendency to approach 
this value away from the band edge. For the 1~ levels 
the effective masses are negative indicating that these 
sub-bands have a curvature at {=0 opposite to that 
normally expected for holes. 

The reason for the anomalous behavior of the heavy 
hole sub-bands can be seen by inspection of Fig. 1. One 
notes that pairs of heavy hole levels [the 1~(/) and the 
2-(i+1) levels, /=2, 3, 4, ---] are very nearly de- 
generate and that the tendency toward degeneracy in- 
creases away from the band edge. Furthermore, these 
pairs of nearly degenerate levels are coupled by the 
perturbation D, so that the second order corrections to 
the energy involve energy. differences in the denomi- 
nators which nearly vanish. For small {, these interac- 
tions between pairs of nearly degenerate levels give the 
dominant second order corrections to the energies. 
Consequently, in one ladder of leyels the energies in- 
crease rapidly as |¢| increases from zero while in the 
other ladder the energies decrease rapidly. 


IV. EXACT SOLUTIONS 


The strong interaction between the pairs of levels 
1- (2) and 2-(J/+1) leads to a breakdown of second order 
perturbation theory for only moderate values of {| . In 
order to extend the calculations to larger values of | ¢ 
exact solutions to Eq. (11) were obtained numerically 


TABLE I. Curvature effective mass ratios m*/m at f=0 


2+ 


— 0.064 
— 0.038 
—0.027 
—0.021 


0.065 
0.041 
0.030 
0.023 
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Fc. 2. Energies of the light hole magnetic sub-bands as func 
tions of ¢. The energies are measured from the band edge in units 
of heH /me 


using the NAREC digital computer at the Naval Re- 
search Laboratory. We are indebted to Dr. Benjamin 
Lepson who provided us with the numerical solutions. 

The results of the numerical calculations for the light 
hole magnetic sub-bands are shown in Fig. 2. These sub- 
bands are nearly parabolic with curvatures correspond- 
ing to the effective masses listed in Table I. The 
quantum effects in the curvature effective masses and 
in the energy separations at {=0 are the principal 
differences from the magnetic sub-bands for non- 
degenerate parabolic bands. 

The results for the heavy hole magnetic sub-bands are 
shown in Fig. 3. The 2- levels approximate parabolas in 
a very rough manner. The curvature of a given level is 
not constant but decreases rapidly as |{| increases from 
zero. The 1~ levels are characterized by local maxima 
at ¢=0 and local minima at symmetrically located 
values of { away from ¢=0. For sub-bands near the 
band edge, the energy separation between the maximum 
and minimum of a given sub-band is about 20% of the 
separation of adjacent sub-bands at {=0. The curvature 


_ Varies not only in magnitude but also in sign. For 


{| >>1, the curvature is approximately that corre- 
sponding to the classical heavy hole mass value of 0.3m. 
The curvature effective masses at the local minima 
away from {=0 are of special interest and are'tabulated 
in Table II together with the positions of the minima. 
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Energies of the heavy hole magnetic sub-bands as func 


The energies are measured from the band edge in units 


The effective ma 
edge and approach the classical value 0.3. The range of 


ratios increase away from the band 


¢ values for which the curvatures are anomalous de- 
farther the sub-band lies from the band 
edge. The anomalous effects in the 1 


| 


fore vanish in the 


creases the 
sub-bands there- 
limit of large 1 values. This is in 
the quantum nature of these effects. 
The exact results for the energies of the heavy hole 
sub-bands can be presented in an approximate analytic 


act ordan e with 


form if one carries out an exact diagonalization of the 
Hamiltonian D with respect to the states 1-(/) and 
2~(/+1) and treats the remaining interactions by second 
order pe rturbation theory. The energies can then be 
written in the approximate forms 


$< 1, T Bx - (R+S°? , (16a) 


4(R+ S¢*)!, (16b) 


where the 1, Be, Ri, Re, Si, Se are 


quanti 
| 


rather complicated functions of the effective mass 


parameters and the magnetic quantum number /. For 
very small ¢, the square roots in Eqs. (16) can be ex- 
panded in powers of ¢ yielding results equivalent to 
those given by second order pe rturbation theory. For 
larger ¢, the square root terms become proportional to 
¢| and are then insignificant compared to B,f? and 


B<* if ¢ is sufficiently large. 


BOWLDEN 


16) if 1 
far from the 
are then approxi- 


It is instructive to consider the forms of Eqs 


is large, i.e., the magnetic sub-bands are 
band edge. The fol lations 


mately valid: 


l7a 


17d 


One sees that for suffici irge /, the terms involving 


negligibly small 


the square roots in Eqs. (16) becom« 


compared to the other t ub-band energies can 


then be written in th 


corresponding to simple parabolic magnetic sub-bands 
with a mass ratio (m*/m , a 0.298. We thus 
have a confirmation of the statement 
effects vanish far fron 


that the quantum 


the band edge 


V. DISCUSSION 


The quantum effects investigated in this pape ay 
The quantum eff i r may 
lead to observable phenomena in magneto-optic studies 

onductors. This is par- 


s Irom or to the 1 


of germanium and similar semi 
ticularly true of optical transitior 
magnetic sub-band hes -ba have infinite 
densities of states at tl ) maxima ¢=0 and at the 
minima away from t has been recognized previ- 
T it1es of States for 
harply peaked ab- 
IMO) 


levels in 


ously? that the infi 
vertical transitions 
sorption lines in the interband magneto-optic 
effect corre spondi g t s from the 1 
the valence band to t} 
with the From the 
present work it the shapes of the 1 

sub-bands are such that tl ffective 
for optical transiti 


sub-bands associated 
conduction band minimum at k=0 
may 
density of states 
agnetic sub-bands may 
be infinite for vertical transi it certain ¢ values not 
equal to zero. These infini fective densities of states 
0 may be expected 
IMO effect. 


for optical transitior 


to lead to new absorpt 


TABLE IT. Curvat 





VALENCE BAND ST 
Similar phenomena should occur in the cyclotron 
resonance of holes in germanium. In his discussion of the 


quantum theory of cyclotron resonance Goodman® has 


recognized that the absorption line shapes may be 
modified by ¢#0 effects. New absorption lines may 


arise due to transitions involving the 1~ levels and 
having infinite effective densities of states for ¢+0. 

New peaks may also be expected in the photo- 
ionization absorption spectrum of acceptor impurities in 
germanium in an external magnetic field.* Investiga- 
tions are currently underway on the various topics just 
discussed. 

The calculations presented in this paper have been 
based on the assumption that y2=73. This is equivalent 
to neglecting the warping of the valence band. The 
question arises whether lifting the restriction y2= 7; has 
any important effect on the results presented. A partial 
answer may be obtained by considering the effect of 
72%; on the sub-band energies at {=0. Goodman’ has 
made calculations of these energies with y2 and y; 
chosen to fit the cyclotron resonance data of Fletcher, 
Yager, and Merritt* and with the magnetic field in the 
(100), (110), and (111) directions. For the (100) and 
(110) directions the sub-band energies are shifted only 
slightly compared to the case in which y2 and yz, are 
replaced by }(y2+v7;). In particular, the energies €;~(/) 
and ez -(/+1) are again very nearly equal. Since these 
levels are still coupled by the ¢ perturbation, one should 


®°>R. R. Goodman, Ph.D. dissertation, University of Michigan, 
Ann Arbor, Michigan, 1958 (unpublished 

*R. F. Wallis and H. J. Bowlden, J. Phys. Chem. Solids 8, 318 
1959) 

7R. R. Goodman 

*R. C. Fletcher, W 
100, 747 (1955 
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again find large quantum effects in the dependence of 
the heavy hole sub-bands on {. For the (111) direction 
the energies are shifted somewhat more than in the (100) 
and (110) directions, but the near degeneracy of the 
1~ (2) and 2~-(/+-1) levels is not greatly affected. Large 
quantum effects in the heavy hole sub-bands may 
therefore be expected in the (111) direction also. 

A comment may be made concerning the relationship 
between the negative mass holes of the 1~ sub-bands 
near {=0 and the negative mass holes studied by 
Dousmanis et al.* through cyclotron resonance. In the 
latter case the negative mass holes are a consequence of 
the warping of the valence band. The negative masses 
for holes discussed in the present paper do not arise from 
the warping of the valence band and apply only to 
motion of the holes parallel to the magnetic field. It, 
therefore, appears that the two types of negative 
effective masses are different manifestations of the com- 
plexity of the valence band in germanium. 
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A one-particle Schrédinger-like equation is found whose eigenvalues in certain cases are identical with 
the energies of the many electron states of a semiconductor or insulator including self energy corrections. 
The one particle Hamiltonian is expressed in terms of the Coulomb interaction as modified by polarization 
processes. The relation is given between the modified Coulomb interaction and the dielectric function which 
is the generalization of the classical dielectric constant. Suggestions are made as to how the one-particle 
equation including self-energy effects might be solved in practice. 


I. INTRODUCTION 


[* recent years very significant progress has been 
made in the experimental measurements in solids 
of the effective masses of holes and electrons and in the 
determination of the energy gaps between bands. The 
measurement of the direct gap in Ge to three significant 
figures illustrates the degree of present day capabilities." 
These developments lead one to ask how closely 
ordinary energy band theory can be expected to be in 
agreement with experiment. In what we term ordinary 
energy band theory one writes the many electron wave 
function as a single determinant of one particle Bloch 
functions 6,4(r) labelled by a band index m and pro- 
pagation vector &. At symmetry points in & space the 
Bloch functions have the transformation properties 
dictated by the crystalline symmetry and ideally they 
would be self-consistent solutions of the Hartree-Fock 
equations. Such a self-consistent solution has never 
been carried out because of the great computational 
difficulties involved. However, there are reasons to 
believe that even a true solution of the Hartree-Fock 
equations would not provide satisfactory values for 
effective masses and energy gaps in many cases. 

The one-particle equations of which the b,.(r) are 
solutions contain none of the dielectric properties of 
the solid. However, static dielectric constants can be 
very large, e.g., about 16 in Ge and 12 in Si—two 
materials which have been the subject of the most 
refined experimental studies. In such cases one can 
expect the Coulomb interaction between electrons to 
be considerably modified. A single electron moving 
through the crystal in the conduction band will induce 
a polarization of the electrons in the valence band. 
This polarization will react back on the conduction 
electron thereby making a contribution to the periodic 
potential which in general will depend on the velocity 
of the conduction electron because of the electronic 
inertia of the solid. Speaking classically, the larger the 


* The work reported in this Ln ag was performed by Lincoln 


Laboratory, a center for research operated by Massachusetts 
Institute of Technology with the joint support of the U. S. Army, 
Navy, and Air Force. 

1S. Zwerdling, B. Lax, L. Roth, and K. Button, Phys. Rev. 
114, 80 (1959). 


dielectric constant, the more important will be the 
effects of such polarization processes. 

The purpose of this paper is to investigate the 
corrections to ordinary band theory due to dielectric 
effects. Our ultimate goal is to find from first principles 
a one particle equation which is a generalization of the 
Hartree-Fock equation for a single },.(r) and in which 
the dielectric properties of the solid appear explicitly. 

In Sec. II a brief discussion is given of how the bare 
Coulomb interaction becomes modified by polarization 
processes leading to an effective Coulomb interaction. 
A dielectric function, rather than a constant, is defined 
in terms of the effective Coulomb interaction by analogy 
with the classical Poisson equation in a dielectric. In 
Sec. III the problem of finding the energy of a single 
electron in the conduction band of a solid whose lower 
lying bands are filled is set up using time dependent 
perturbation theory, and the self-energy corrections to 
the unperturbed energy are discussed. By an appro- 
priate choice of the electronic potential appearing in 
the unperturbed Hamiltonian, the self energy correc- 
tions to the eigenvalues of the unperturbed problem 
can be made to vanish. This leads to a one particle 
equation which is the desired generalization of the 
Hartree-Fock equations. The form of equation obtained 
is in agreement with a result obtained some time ago 
by Schwinger? from considerations of the Green’s 
functions of field theory. The summary and conclusion 
appears in Sec. IV. 


II. THE MODIFIED COULOMB INTERACTION 
AND THE DIELECTRIC FUNCTION 
In a many-body system the interaction between 
pairs of particles is influenced by the presence of the 
other particles. As is well known, important corrections 
to the bare Coulomb interaction between electrons 
arise in solids due to the excitation of virtual hole- 
electron pairs. This is discussed in this section from 
the standpoint of time dependent perturbation theory. 
Let the total electronic Hamiltonian be written as 
the, sum of two terms Ho and H;. Ho represents a 
fictitious noninteracting many electron system and is 


2 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951). 
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BAND THEORY 
given by 
B= h(s,)= LIT.+V. (x,)+V(x,)]. (1) 


=] 

T, is the kinetic energy of the ith electron, V,(x,) is 
the potential energy of an electron at x, due to the 
periodic lattice of nuclear charge, and V(x,) is an 
approximate potential which attempts to represent the 
interactions of an electron at x; with all of the remaining 
electrons of the solid. The eigenfunctions and eigen- 
values of Ho define the unperturbed or bare system. 
H; is the difference between H and Ho, 


Vv @ oN 
H,=> —- = Vi(x,), 


<j vj vl 


and is treated in the following as a perturbation. 

Our discussion of the interacting system will be 
based on the Feynmann* method drawing heavily on 
the recent work of Hubbard‘ who applies these tech- 
niques to the many electron problem. The starting 
point is to assume that at ‘= — «, H=Hp, so that the 
system is in one of the unperturbed stationary states ¢. 
The perturbation is switched on adiabatically by 
writing it as 

H, (a,t) = 


and the temporal development is described by the 
unitary operator U,(t, — ~) 


Nhe", 


¥(t)=lim U,(t, — = )o. (3) 


a) 


U.(t, —%) is given in terms of H,(a,t) by the well- 
known expansion 


a —i i" 1 t t pf 
U,.(t, -x)=> (~) —f an f aty--- f dt, 
mo \h n!J_. i - 


< PLA (a,ts) Hi (ats) - * -Hy(a,tn) }, (4) 


P being the chronological operator which orders the 
factors in the product such that time increases from 
right to left. 

A statement of the method for carrying out a 
diagramatic analysis of the U operator can be found 


Yo Ko Yn Ke 
My % ys 


end 
x Ro 


(a) (b) (c) 


Fic. 1. The instantaneous Coulomb interaction is represented 
in (a) as a wavy line between x; and xz. A simple example of how 
a polarization process can contribute to the interaction between 
two electrons at space-time points x; and x: is shown in (b). The 
genera] polarization diagram is shown in (c). 


ok. P. eeeiee, | Phys. Rev. 76, 749, 769 (1949). 
Hubbard oy. Soc. (London) A240, 539 (1957); 
a2, 336 (1958); rie, 199 (1958). 
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Ya M2 
Yo gma Ys 


Ky y; 
(o) 


Fic. 2. (a) illustrates an improper polarization diagram; 
(b) illustrates a proper polarization diagram. 


in Hubbard’s paper.‘ Of particular interest here is the 
modified Coulomb interaction ‘U(x,x’) for which 
Hubbard derives an integral equation. The instan- 
taneous Coulomb interaction 


%2) = 26 (ti—t2)/|x1— x2| 


is represented in the diagrams as a wavy line drawn 
between the points x; and x; as shown in Fig. 1(a). 
In the evaluation of the U operator one finds that 
more complicated couplings than v(x,;—22) can occur 
between the points x, and x;. For example instead of 
the direct interaction of Fig. 1(a), the process shown 
in Fig. 1(b) is possible. In Fig. 1(b) a hole-electron 
pair is created at y,; due to »(x;— y,) and it recombines 
at ye. The effective interaction between x, and x; is 
found by integrating over the intermediate variables 
y; as is explained by Hubbard. 

The creation and annihilation of the hole-electron 
pair in Fig. 1(b) is termed a polarization process I, 
these processes being defined in general as a part I’ of 
the complete diagram connected to it by two inter- 
action lines and with I’ having no external lines. In 
general we represent a polarization diagram as shown 
in Fig. 1(c), where IT contains m vertices. By summing 
over all possible polarization parts l and by integrating 
over all intermediate vertices y, one finds the modified 
Coulomb interaction U(x1,x2). 

Hubbard has shown that 
integral equation 


o(x— 


U(x1,%2) satisfies the 


V(xym)= 061 )+ f )*(x4,x’YU(x',x2)d*x’, (5) 


*(x1,x’) represents the sum of all proper polarization 
processes I’. If a polarization process can be decomposed 
into two or more parts connected to each other by a 
single interaction line, the process is called improper. 
Otherwise one has a proper polarization process. 
Examples of each type are shown in Figs. 2(a) and 2(b). 

We now proceed to introduce the dielectric function 
in terms of the modified Coulomb interaction. In the 
ordinary Coulomb interaction 0(x;—x2) is a Green’s 
function such that the electrostatic potential at x; due 
to a charge density p(x2) is 


(x)= fr X2)p(x2)dx’. 


This corresponds to a relation between Fourier trans- 
orms which in the case of a classical dielectric of 
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dielectric constant ¢ is 

o(k,A) = €'v(k) (Rd), 
where & refers to the spatial dependence and X allows 
for a time dependence. The effective potential at x; 
due to p(x2) in a many electron system as modified by 
polarization processes is 


(6) 


dett(X1 ) = fe (x1,X2)p(x2)d'‘xo, 


and where 4:>/, because of causality. Replacing 
(x1,%2) in Eq. (7) and by Eq. (5) and Fourier an- 
alyzing the result using 


U* (k,k’ A) =0(k)U'(k,R’ A), 


one finds 


gett (R,A) = vib] f anvece"— k) 


dk’ 
+f —U'(k, — hk’, —r)U(k', —k”, + 


2x* 


By analogy with the classical Poisson’s equation (6) 
we define the dielectric function €'(k,k’’,A) as 


"(RR X) = (29)95 (Rk — k) + (29) fae 


XU’ (k, —k’, —A)JU(R’, —k”, +A). (9) 
Thus we arrive at a generalized form of Poisson’s 
equation 


ett (RA) =0(k) (24) fi "(RR N)p(k’’ A)dk”. = (10) 


The requirement of causality is satisfied by prescribing 
the contour of integration. For a_ translationally 
invariant system U(x,x2) depends only on 2:—22 so 
so that the only nonzero Fourier components of «€~' are 
of the form «—'(k, —k,d). Under these conditions (10) 
reduces to 


ett (k,A) = €'(R, —k,d)v(k)p(k,d), (11) 


a result already obtained for the free electron gas.® 
The relation between the effective potential and the 


dielectric function ¢~' is found from (7) to be 
U(Rk, — Rk’ A) =e" (RR A) v(R). (12) 


Furthermore, in order that a periodic charge density 
set up a periodic potential, k and k” in €'(k,k’’,A) can 
only differ by a reciprocal lattice vector. 


5 J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958). 
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In view of Eq. (12) and (5) one can write an integral 
equation for e~'. This equation or the integral equation 
for U(x:x2) is readily solved in the case of translational 
invariance where VU is a function of x,;—x2 only. 
Hubbard‘ obtains the solution 


v(k) 

U(k, —kA)= -, 

1—U*(k, —R,d) 
1 


1—U*(k, — kA) 


giving 
e(k, —kA)= 


It is much more difficult to solve the integral equations 
for the periodic potential problem and this case has 
been investigated by Falk.* Falk has shown the relation 
between «' and the inverse dielectric operator K of 
the Martin-Schwinger theory.’ 

It may be noted that the effective Coulomb inter- 
action satisfies an iniegral equation of much the same 
form as that satisfied by the reaction matrix of the 
Brueckner theory. The reaction matrix describes the 
interaction of a pair of particles where there is a 
negligible probability that this pair interaction will be 
affected by other excited pairs. Iteration of the integral 
equation for the reaction matrix leads to the Brueckner 
ladder diagrams.* The Coulomb interaction in contrast 
is modified principally by polarization processes where 
the interaction of a pair is affected by the presence of 
other excited pairs. This is due to the long range 
character of the Coulomb force. Iteration of the 
integral equation for U(x:x2) leads to the polarization 
diagrams described in the text. 


Ill. THE ONE PARTICLE EQUATIONS 


In this section a one particle equation including 
dielectric effects is found by examining the expression 
for the energy of the interacting system. Our remarks 
will be directed to the problem of a solid whose descrip- 
tion in terms of the one electron picture is that of 2.V 
electrons filling the atomic core states and the valence 
band. These states are eigenfunctions of the one particle 
Hamiltonian h(x) defined in (1). This 2.V particle state 
will be taken as the unperturbed vacuum state @o. In 
addition let there be an electron in the next highest 
band, the conduction band, which will be taken to be 
nondegenerate and to be separated from the valence 
band by an energy gap &,(k). This bare 2 +1 electron 
state is denoted by ¢,. where m specifies the band and 
k the propagation vector of the single electron in the 
conduction band n. In order that the dressed state 
Wns Corresponding to ¢,. be stationary there must be 
no bare state of the same net & with energy iower than 
or equal to &,, the energy of dx. Momentum conserva- 


*D. S. Falk, Phys. Rev. 118, 105 (1960) 

7 P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959) 

* See for example, R. Prange and A. Klein, Phys. Rev. 112, 1008 
(1959). 
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tion assures that @ns is decoupled from all states ¢..’ 
degenerate with it. So long as &,% does not rise above 
the bottom of the conduction band by an amount 
equal to or exceeding &,(0) it will be possible to 
construct a stationary dressed state the energy of 
which will be denoted by Ens. Ens is given as the 
unperturbed energy &,. plus the level shift AF xz 


Fenn=Enetdke nt. (13) 


AE, can be shown to be*!® 


AE. = AEot+S.E. (nk), (14) 


where AFy is the level shift of the vacuum state ¢o and 
S.E.(nk) is the self-energy of the state @nx. If eng is the 
energy of the one-electron Schrédinger equation 


h(x) tna (X) = €naténe(X), (15) 


then £,, measured from the energy &+AFo of the 
dressed vacuum state is 


Enk=€nk + S.E. (nk). (16) 


The term S.E.(nk) represents a correction to €,% due 
to the dielectric properties of the system. It will be 
shown that the one particle Hamiltonian A(x) can be 
chosen so that the self energy corrections vanish and 
the correct energy is given directly as in eigenvalue of 


Vi (x ‘ ert 
(e) 
x 


Slag ay) } Vix,,x,) 


My 





(f) 


Fic. 3(a) represents a self-energy diagram where an electron in 
the conduction band interacts with the vacuum through a 
polarization part I’. The self-energy diagram resulting from a 
summation of diagrams of the type (a) over all T° is shown in (d). 
The self-energy diagram where an electron interacts with the 
assumed local potential V; through a polarization part T is 
shown in (b). The sum of such diagrams over all I’ is shown in (e) 
The self-energy diagram resulting purely from polarization 
processes is shown in (c) and the total contribution of these 
diagrams is given in (f). 

*N. M. Hugenholtz, Physica 23, 481 (1957). 

© C, Bloch and J. Horowitz, Nuclear Phys. 8, 91 (1958) 


THEORY GENERALIZATION 


INCLUDING SELF-ENERGY 465 


© 


Veff 


~O 


(a) (b) 


Fic. 4. In parts (a), (b), and (c) are shown typical processes 
that are neglected when the theory is cut off at the first order in 
the modified Coulomb interaction. 


h(x). To do this we develop S.E.(nk) in terms of the 
modified Coulomb interaction U(2,*’) or equivalently 
by (12) in terms of the dielectric function «'. This 
development is carried out here to first order in U(zx,x’) 
although it could be taken to higher orders if necessary. 

There are,three types of self energy diagrams of first 
order in U(x,x") which arise from the perturbation H, 
defined in (2). Examples are shown in Figs. 3(a), 3(b), 
and 3(c). In Fig. 3(a), a free particle in the conduction 
or higher band interacts with the vacuum at x; via a 
polarization part [ and an H part which is that part 
of the diagram joined to the complete structure by a 
single interaction line. H parts arise from the > s<je*/r4; 
part of H, and after summing over all possible I and 
H (x) they represent the modified Coulomb interaction 


‘of a particle in a band above the valence band with the 


valence and atomic core electrons." The result of 
summing over all [ for a given H part is shown in 
Fig. 3(d). 

The second type of self-energy diagram is shown in 
Fig. 3(b); this being due to the }>; V(x,) part of H,. 
Summing over all IT and integrating over internal 
vertices leads to the replacement of V(x) by Vers(x). 
V.11(x) is readily shown to satisfy the integral equation 


Vers(x) = V(x)+ FO (x,x")Verr(x’)d4x’. (17) 


If V(x) is said to arise from the charge density py(x’), 
then V(x) is given by 


(18) 


Vers(x)= fot or ear. 


Figure 3(e) shows the interaction of a particle outside 
of the vacuum with V4. 

The final type of self energy diagram to be considered 
here is shown in Fig. 3(c) where an electron arriving at 
x; is scattered into an intermediate state between x; 
and x, by its interaction with the system through I. 
At x2 it is scattered again (back to its original state in 
the self-energy process). The totality of these processes 
is shown in Fig. 3(f). 

Some examples of self-energy diagrams not included 
in this first order in €*' discussion are shown in Fig. 4. 

" We are using the notation of Hubbard whose paper may be 


consulted for more details. J. Goldstone, Proc. Roy. Soc. (London) 
A239, 267 (1957) also has discussed these //-part diagrams. 
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Fic. 5. This represents the self- 

ae energy diagram resulting from the 

Q (xp,m4) ) VG2x)) inclusion of the nonlocal potential 
iven in Eq. (23) in the unperturbed 


. amiltonian. 


From Fig. 4(a) it is seen that H parts containing 
internal interaction lines are neglected. The only H part 
that will be included in the following is 


H (x)= pu(x) =r w* (x) u,(x), 


where the sum is over the filled levels of the unperturbed 
vacuum state ¢o. 

The necessary freedom required in order to choose 
h(x) so that the self energy corrections to €,% cancel 
is provided by the potential V(x) which appears in (1) 
and (2). First, however, we note that, as in the Hartree- 
Fock case, V(x) will in general have a iocal and a 
nonlocal part 


(19) 


V (x)= Vila)+ f Vale) Plead 0(t). (20) 


P(x,x’) has the property that 


V (x)ay(x) = Vi (x) p(x) 


+ f Vivp(x,x’)ttp(x’)d*x/8(t). (21) 
Thus H; is 
Ay=> &/|x,—x;| -X.LV r(x) 


i<j 


+f Virela2)P Cra) lle), (22) 


and Ho is amended by adding the nonlocal term. Let 
the nonlocal part of V(x) be defined in terms of U(x,2’) 
as 


fo (x,x")g(x,x") P(x,x’)d*x’5(ts) (23) 


with the function g(x,x’) as yet unspecified. Including 
a nonlocal term of this form in V(x) gives rise to only 
one new self-energy diagram of first order in U(zx,x’). 
This is shown in Fig. 5. Thus S.E.(nk) is found by 
evaluating the contributions of Figs. 3(d), 3(e), 3(f) 
and Fig. 5. Veer appearing in Fig. 3(e) and defined in 
(17) comes from Vz(x). 

Hubbard has shown that if Vz(x) is chosen as the 
Hartree-like potential 


Vi(a)= f o(2—2')on(x'bdr’, (24) 


with pa given in Eq. (19), then the contributions of 
Figs. 3(d) and 3(e) will cancel. Making this choice and 


eR. 


evaluating Fig. 3(f) according to the rules in Hubbard’s 
paper E,, computed from the vacuum energy &)+AE» 
becomes 


Exr= + fsa ¥1)A( 21) tne (x1 )d*x, 


+ fdecder than® (Xo) tne (X1)S (X2,x1) 


XV (¥2,21)6(41) 
— fderder Unk® (X2) tng (X} )g(X2,%1) 
xD (%2,%,)6(t;). 


Here S(x2,x;) is the propagator 


S (2,41) = €(ta— th) > emorruried 14, (%X2),* (x1) 
—€(ty— ta) Pr ta, (x2) 445" (21), (26) 


and where e(/) is zero for <0, unity for ¢>0, and 4 for 
t=0. The occupied and unoccupied orbitals are those 
filled or empty in the bare vacuum state ¢o. The first 
term in Eq. (25) is the single particle energy ens, the 
second term is the contribution of Fig. 3(f), and the 
last term of Fig. 5 with the negative sign stemming 
from the sign with which Vy; enters H, in Eq. (22). 

If g(x2,x:) is taken equal to S(x2,x:), the self-energy 
corrections to first order in U(x,x’) vanish and E,, is 
simply 

En= + €nk. 


Thus the eigenvalue ¢,, of A(x) already contains the 
dielectric properties of the system to first order in ¢~'. 
The above choices for Vz and Vyz give A(x) the form 


h(x,)= (—h?, ‘Qm)V 2+ V (x1) +" occupied 


x frei X2)U,* (x2) 16; (x2) BE x- 


+ f atea5(x2.r)0(1,2)8(4) Pn). (27) 


The last term on the right of (27) is the approximation 
to the mass operator to first order in the modified 
Coulomb interaction, The one particle Hamiltonian 
is of the same form as the one particle equation derived 
by Schwinger* in quantum electrodynamics from much 
more general considerations. All of the one particle 
functions u,;(x) defining the vacuum as weil as the 
orbital #,4(x) associated with the conduction band 
satisfy 

(28) 


However, if U(x2,x,) in (27) is replaced by the in- 
stantaneous Coulomb interaction, only the case of 
j=mk in (28) reduces to the proper Hartree-Fock 
equation. Unlike the Hartree-Fock method which is 


h(x)1;(x) = €6;(x). 
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based on the variational principle, the approach here is 
that of perturbation theory. Consequently it is a 
necessary assumption for the unperturbed system that 
all electrons experience the same local and the same 
nonlocal potential in order that the unperturbed total 
Hamiltonian Ho in (1) be the sum of energy operators 
for the separate particles. 

Having found the one particle Hamiltonian (27) the 
goal of the paper has been achieved at least in a formal 
sense. Although the theory given here has been limited 
to first order effects in the modified Coulomb inter- 
action, this is not a fundamental limitation. The local 
and nonlocal potentials could be chosen so as to 
eliminate the self-energy corrections to any desired 
order in VU. 


Iv. CONCLUSIONS 


Even though it has been shown here that one can 
find the corrected energies E,, as solutions of a one 
particle equation, the practical possibility of solving 
this equation is certainly rather remote. Both S(x2,x,) 
and U(x2,x;) in Eq. (27) depend on a complete set of 
one electron orbitals leading to an insurmountable 
self-consistent field problem. If this complete set were 
replaced by a rather small number of functions, a 
problem would result at least as difficult as the self- 
consistent Hartree-Fock case which has never been 
carried out for a solid. Other alternatives must be 
sought. 

It might prove reasonable in some cases to evaluate 
the nonlocal potential for a free electron gas by the 
type of approximation used by Hubbard‘ in his dis- 
cussion of the free electron gas correlation energy. 
From this point one might proceed much as Slater has 
done in his treatment of exchange in the Hartree-Fock 
method.” This is merely to suggest a type of alternative 
to the full self-consistent problem. 

Another approach would be to use the single particle 
equation with a phenomenological form of the local 
and nonlocal potentials whose defining parameters are 
to be determined from experiment. This amounts to a 
carry over of the ideas behind crystal field theory to 
the periodic potential problem. Phillips” has already 


2 J.C. Slater, Phys. Rev. 81, 385 (1951). 
3 J.C. Phillips, Phys. Rev. 112, 685 (1958). 
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introduced an energy band interpolation scheme using 
a local potential with parameters chosen to fit experi- 
ment. His pseudopotential method has been very 
successful in fitting a considerable amount of data in 
Ge and Si. 

Although Phillips used only a local potential, he was 
aware that a nonlocal potential must also be included 
to account for exchange and correlation (dielectric) 
effects. Kane'* has shown how the effective mass 
depends on a nonlocal potential. Using Kane’s results 
Phillips'* has concluded that the experimental effective 
mass constants for Ge and Si as found by cyclotron 
resonance cannot be obtained from theory unless non- 
local effects are included. 

A nonlocal potential can readily be incorporated into 
Phillips’ pseudopotential method. This would lead to a 
set of equations for the Fourier coefficients v,.(K) of 
the periodic part of the Bloch function b,.(r) of the form 


[énk— (h®/2m)(k+ K,)? }una(K,) 
—D(Kj)(Vi(K.— Ki) + Vwi(kt+Ki—k-K,))] 
Xvae(Ks)=0., (29) 


Here V,(K) and Vy,(k, —&+-K) are Fourier coefficients 
of the local and nonlocal parts of the pseudopotential. 
If the nonlocal part Vwz(r;,72) is taken to depend only 
on 7;—f2, then (29) becomes 


Cena— (h?/2m) (k+Ki)?—Vi(k+K;, —k—K,)] 
Xna(Ki)— (Ki) Vi(Ki— Kj) na(Ky)=0. (30) 


Approximating Vwi(k+K.,—k—K,) as Ao+A2(k+K,)? 
would be equivalent to making #?/2m a disposable 
parameter in addition to the disposable Fourier co- 
efficients of the local part of the pseudopotential used 
by Phillips. Thus it might be that a satisfactory 
representation of nonlocal effects could be achieved in 
the pseudopotential method by the addition of only a 
single extra parameter. 


ACKNOWLEDGMENT 


The author wishes to acknowledge many fruitful 
discussions with Dr. D. S. Falk. He is also indebted 
to Dr. L. M. Roth for helpful suggestions and criticisms. 


“ E. O. Kane, J. Phys. Chem. Solids 6, 236 (1958). 
J.C. Phillips, J. Phys. Chem. Solids 7, 52 (1958). 





PHYSICAL REVIEW VOLUME 


118, 


NUMBER 2 APRIL 15, 1960 


Diffusion and Ionic Conductivity in Cesium Bromide and Cesium Iodide* 


Davip W. Lyncut 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received November 9, 1959) 


The diffusion coefficients of the constituent ions were measured in CsBr and CsI single crystals between 
300°C and 550°C by means of radioactive tracers and were compared with electrical conductivity measure- 
ments. Approximate satisfaction of the Nernst-Einstein equation indicates that the conductivity is nearly 
completely ionic and the diffusion measurements show that the halogen ion defects are the more mobile. 
Attempts to identify the mechanisms for ionic transport by means of the Bardeen-Herring correlation 
factor are.discussed. Schottky defects seem likely but the assumption of an additional mechanism for cationic 
transport is required. If Schottky defects are predominant their formation enthalpies are 2.0 ev and 1.9 ev 
in CsBr and CsI respectively, and the activation enthalpies for halogen vacancy motion are 0.27 ev and 
0.3 ev respectively, while the cesium vacancy activation enthalpy is about 0.58 ev for both salts 


1. INTRODUCTION 


INCE diffusion and ionic conductivity in ionic 

crystals occur by means of mobile lattice defects, 
studies of these phenomena frequently yield information 
about the defects in the crystals studied. Previous 
work on some of the alkali halides of the NaC] structure 
and on AgBr and AgCl has led to an apparently 
adequate model for ionic transport in these salts.' 
Little work has been done on the alkali halides of the 
CsCl structure. 

The conductivities of CsBr and CsI have been 
measured previously? but they do not agree with the 
results of the present investigation and are believed to 
be in error due to a surface effect. Diffusion and 
conductivity have been studied in CsCl,?~“ but there is 
evidence of an appreciable electronic contribution to 
the conductivity of this salt. The chlorine ion diffuses 
more rapidly than the cesium ion in CsCl, but cesium 
diffusion is not negligible, being about one-fifth as rapid 
as chlorine diffusion throughout the entire temperature 
range including the high-temperature region where CsCl 
possesses the NaC! structure. Little can be said about 
the lattice defects in CsCl. 

TIC] has the CsCl structure and seems to contain 
Schottky defects with chlorine vacancies considerably 
more mobile than thallium vacancies.*® 

A more extensive study of CsBr and CsI was under- 


* Based on a Ph.D. thesis submitted to the University of 
Illinois. Partially supported by the National Science Foundation 
and the Office of Naval Research. 

¢ Union Carbide Fellow. Present address: Institute for Atomic 
Research and Department of Physics, Iowa State University, 
Ames, Iowa. 

1A general reference on diffusion and conductivity with an 
extensive bibliography is the review by A. B. Lidiard, Handbuch 
der Physik, edited by S. Fliigge (Springer-Verlag, Berlin, 1957), 
Vol. XX, pp. 246-349. 

2 W. W. Harpur, R. L. Moss, and A. R. Ubbelohde, Proc. Roy. 
Soc. (London) A232, 196 (1955). 

3 W. W. Harpur and A. R. Ubbelohde, Proc. Roy. Soc. (London) 
A232, 310 (1955). 

‘J. F. Laurent and J. Benard, J. Phys. Chem. Solids 3, 7 (1957). 

’K. Hauffe and A. L. Griessbach-Vierck, Z. Elektrochem. 57, 
248 (1953). 

*R. J. Friauf, Bull. Am. Phys. Soc. 3, 127 (1958). 


taken to compare the lattice defects of alkali halides 
with the CsCl and NaCl structures. 


2. THEORY 


The electrical conductivity due to j-type ions moving 
by the mth defect mechanism is 


0 = Am(NE/RT )ag?v im EXPL — (gjmt+Agim)/RT], (1) 


where N is the number of j-ion sites per unit volume, 
a is the lattice parameter and »,, is a constant with 
the dimensions of a frequency. a», is a geometrical 
parameter relating the jump distance of the charged 
defect to the lattice parameter. gjm is (or is related to) 
the Gibbs free energy required to form the defect 
involved in the conduction. process and Agim is the 
Gibbs free energy of the activated system (defect in 
the position of highest free energy along its jump path) 
minus the Gibbs free energy of the system with the 
defect in its equilibrium position.’ Both gjm and Agim 
are composed of an entropy term and an enthalpy 
term, and the enthalpy terms are referred to as the 
formation and activation enthalpies. For the case of 
Schottky defects in the CsCl lattice a=1, gjm is half 
the free energy to form a Schottky defect, and Agim is 
the activation energy for the type of vacancy being 
considered. The total ionic conductivity may consist 
of a sum of terms like (1) for each of the two types of 
ions. 

The diffusion coefficient for a radioactive tracer of 
ion 7 moving by mechanism m is 


D7, =m BmA0?V jm expl — (Zim Ag im) kT), (2) 


where a,’ is a geometrical factor which may not always 
equal a» for the same mechanism. 8,, is the Bardeen- 
Herring correlation factor which accounts for the fact 
that tracer diffusion is not always random even though 
the defect responsible for the diffusion may jump 
randomly. 8 depends on the lattice geometry and on 
the mechanism for diffusion. For the vacancy mecha- 


7C, Wert, Phys. Rev. 79, 601 (1950). 
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DIFFUSION AND 
nism in the CsCl lattice a’=1 and 8=0.655.° Tracer j 
may move by several mechanisms so Dr, may be a 
sum of terms like (2). 

If conduction and tracer diffusion occur by means 
of the same single mechanism one expects the Nernst- 
Einstein relation to be valid for each ion: 


to a Né& 


Dr; a’B kT 


(3) 


If ¢;, the transport number, is unknown, then since 
gt+t.=1, 
a'BkTa a’B 
——=-— D,=Dre+Dr., (4) 


a Né@ a 


where c and a refer to cations and anions. For the 
more general case in which many mechanisms may be 
involved the Nernst-Einstein relation in the absence of 
transport numbers becomes 


Le AmV jm expl— (gim+ Ag jm)/RT } 
D= L Dri a 
Le Aim BaP jm expl— (gjm+Agjm)/RT } 


These expressions are not correct if some diffusion 
occurs by a mechanism which contributes nothing to 
the conductivity. Any electrically neutral, mobile 
entity permits such a mechanism, and the most likely 
ones are cation-anion vacancy pairs and cation vacancy- 
divalent cation impurity complexes. Diffusion by a ring 
mechanism’ also contributes nothing to the conduc- 
tivity. In this event the measured Dz; must have 
subtracted from it the diffusion coefficient of the tracer 
via this neutral mechanism before using (3), (4), or (5). 
The diffusion coefficient of the tracer via the neutral 
mechanism cannot be measured by itself but must be 
inferred from the disagreement between D;; and 1,;D,. 

Attempts will be made to fit the data to Eqs. (4) 
and (5) by assuming a few mechanisms. This is not a 
very reliable procedure since even in cases where Eq. 
(3) is believed to be appropriate the uncertainty in the 
experimental data is usually as large as the variations 
in a’8/a for the various possible mechanisms. In these 
cases experiments on crystals doped with aliovalent 
impurities have been the means of identifying success- 
fully the mode of ionic transport.’ The effects of 
aliovalent impurities in CsBr and CsI can be discussed 
only tentatively. 

Another means of identifying the mechanism for 
transport is to compare calculated values of the 
formation and activation energies with the experi- 
mentally obtained enthalpies. However accurate calcu- 
lations are tedious and, in the case of the cesium halides, 
may not be straightforward because of large polarization 
effects and close packing. Rough estimates of relative 


SS - 5 


y=a,¢e 


2° K. Compean and Y. Haven, Trans. Faraday Soc. 52, 786 
(1956). 
°C. Zener, Acta Cryst. 3, 346 (1950). 
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energies have been made in the manner of Jost and 
Nehlep”® and these were used to eliminate from con- 
sideration mechanisms involving interstitials because 
of the large energy required to place an interstitial in 
the crowded lattice. A crowdion configuration was not 


examined. 
3. EXPERIMENTAL PROCEDURE 
Crystals 


Single crystals of CsBr and CsI were obtained from 
the Harshaw Chemical Company and from Dr. Karl 
Korth, Hegelstrasse 37, Kiel, Germany. Conductivity 
measurements were also made on crystals obtained 
from other sources. A CsI crystal grown in argon by 
the Bridgeman technique was kindly supplied by 
Professor A. Smakula of the Massachusetts Institute of 
Technology. Several CsBr and CsI crystals were grown 
in air by the Kyropoulos technique from salts supplied 
by the Dow Chemical Company and A. D. Mackay, Inc. 
Semiquantitative spectrographic analyses and ultra- 
violet absorption measurements revealed that the 
crystals contained many impurities, the most common 
being Mg, Al, Ca, and Si. The total concentration of 
impurities was of the order of 0.01%. 


Conductivity 


Carbon electrodes were painted on a polished slab of 
the crystal which was then placed between the platinum 
electrodes of a sample holder in a reguiated furnace 
with a helium atmosphere. The resistance of the sample 
was measured with a General Radio 716-C capacitance 
bridge at 1 kc/sec. No systematic frequency dependence 
of the resistance was observed between 800 cps and 
16 kc/sec. The temperature of the sample was measured 
with a Pt— Pt+ 10% Rh thermocouple. 

Diffusion 

Thin (usually less than 4 micron) layers of salts 
containing radioisotopes were vacuum evaporated onto 
surfaces of the crystals previously cut with a microtome. 
Cs'™ was obtained by pile irradiation of chips of CsBr 
and CsI. Nal'* and KBr® were obtained from Oak 
Ridge and used as received except that some CsI was 
usually added to the Nal solution. Conductivity 
measurements and one Br® diffusion coefficient meas- 
urement on a CsBr+1% KBr sample indicated that 
the potassium in the evaporated layer had no effect 
on the Br® diffusion coefficient measurements on pure 
crystals. 

Diffusion occurred while the crystals were in vycor 
and platinum holders with helium atmospheres which 
were placed in regulated furnaces. The diffusion time { 
was chosen so that Di~10~-* cm. Temperatures were 
measured with a Pt—Pt+10% Rh thermocouple and 


” W. Jost and G. Nehlep, Z. physik. Chem. 34, 1 (1936). 
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1000/T 
Fic. 1. Conductivity of cesium bromide vs reciprocal absolute 
tem ture. A. Harshaw I, Dow; B. Korth I; C. Korth III; 
D. rshaw “ ial” (center of their ingot); E. Harshaw 


“special” after HBr anneal; and F. Harpur, Moss, and Ubbelohde 
(reference 2). 


corrections were applied for temperature fluctuation 
and for diffusion during the heating period. 

From 15 to 40 slices about 5 microns thick were 
subsequently cut from the crystal on a microtome and 
removed on scotch tape. Slice thicknesses were meas- 
ured with an interferometer during the slicing. Align- 
ment of the surface prior to slicing was accomplished 
with an optical lever and in a few cases a correction due 
to Shirn, Wajda, and Huntington" was applied. 

The slices were placed on plastic holders and the 
activity of each was measured with a G.M. tube and 
scaler. Appropriate corrections were made for the 
short half-lives of Br® and I, and for varying slice 
thicknesses, background activity, and tube dead time. 
Plots of the logarithm of the corrected activity per 
standard slice vs the square of the depth of the slice 
center from the surface were straight lines with slopes 
of —2.303/4Dt. 


Errors 


The conductivities are believed to be correct to 
within 6% for temperatures above about 350°C, and 
within 10% for lower temperatures. The diffusion 
coefficient error is believed to be less than 10% at the 
higher temperatures and less than 15% at the lower 
temperatures. These estimates are largely based on 


 G. A. Shirn, E. S. Wajda, and H. B. Huntington, Acta Met. 
1, 513 (1953). 
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estimated systematic errors in temperature measure- 
ment and are larger than the observed average devia- 
tions of the data. 


4. RESULTS 
Conductivity 


The conductivities of many samples of CsBr and CsI 
are given in Figs. 1 and 2."* The first striking feature of 
these curves is that the two salts have nearly identical 
conductivities. Both show a slight change in slope at 
about 480°C and both have similar low-temperature 
“impurity regions.” The conductivity data are best 
fitted by expressions of the form o=o 9 exp(—E/kT) 
where the constants are given in Table I. Between the 
highest temperatures listed-and the melting point the 
conductivity curves arc upward and are not fitted by 
any simple expression. In the impurity regions the 
slopes correspond to enthalpies of from 0.51 to 0.59 ev 
for both CsI and CsBr. 

There is marked disagreement with the conductivity 
data of Harpur, Moss, and Ubbelohde.? It is believed 
that their data are in error because of a surface effect. 
They poured molten salt into a heated quartz cell fitted 
with platinum electrodes, then cooled slowly. In the 
present work it was found that the cesium halides 
attack both platinum and Vycor when molten. Further- 
more the diffusion measurements reported in this paper 
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Fic. 2. Conductivity of cesium iodide vs reciprocal absolute 
temperature. A. Harshaw I; B. Harshaw II; C. Korth IT, Smakuia; 
D. Korth I; and E. Harpur, Moss, and Ubbelohde (reference 2). 


Tables of numerical conductivity and diffusion data are 
available in Technical Report No. 1, Contract NONR-1834 (19), 
Office of Naval Research, Washington, D. C. (unpublished ) ; or 
D. W. Lynch, thesis, University of Illinois (unpublished). 
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Tem ture region 7) : 

Material Perec ) (ohm cm) (ev) 
2.4810 1.435 
2.51K10" 1.285 
1.87K10 1.165 
2.21K10 1.43 
1.3810" 1.25 
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do not agree with the conductivities of Ubbelohde and 
co-workers. 

Figure 1 also shows the change in conductivity 
produced by heating CsBr to about 550°C for an hour 
in an atmosphere of HBr. This anneal also caused the 
conductivity near the melting point to decrease below 
the extrapolated linear portion of the plot and to 
become concave downward, instead of concave upward 
(not shown). Harpur and Ubbelohde found that heating 
CsCl in HCl vapor reduced the conductivity by as 
much as a factor of 3 over the entire temperature range 
of their measurements, and they suggest that the HC! 
anneal removed oxygen from the crystal. They give 
several mechanisms by which oxygen could lead to 
electronic conductivity. Their measurements of the 
stoichiometry of CsC! as a function of treatment sup- 
port their interpretation of the effect of HCI vapor. 

Attempts were made to grow doped crystals. A 
crystal grown from a melt of CsBr containing 0.02 mole 
% Cs:S had a conductivity curve with a low-tempera- 
ture slope corresponding to an enthalpy of 0.27 ev. The 
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Fic. 3. Tracer diffusion coefficients in cesium bromide vs 
reciprocal absolute temperature. O —Cs™; 0 —Br®. 
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Fic. 4. Tracer diffusion coefficients in cesium iodide vs reciprocal 


absolute temperature. O—Cs™; (1 —I™'. Solid points are less 
reliable. 


high conductivity in this low-temperature region de- 
creased while the crystal was at room temperature 
overnight, disappearing after three days, although no 
change in conductivity was observed during periods of 
about an hour at several temperatures in the region of 
enhanced conductivity. This sulfur-induced conduc- 
tivity could not be restored by annealing near the 
melting point then quenching. A CsBr crystal contain- 
ing about 0.01 mole % BaBr, was grown, but it was 
supersaturated with Ba*+*+ as the conductivity was 
time-dependent in the low-temperature region and the 
thermal history determined the direction in which the 
conductivity changed. 


Diffusion 
Tracer diffusion coefficients are plotted in Figs. 3 and 


'4. (Neither these nor the conductivities have been 


corrected for thermal expansion.) The crystals were 
from Harshaw and Korth and no difference was found 
in the diffusion coefficients for crystals from these two 
sources. In particular for Korth I CsI neither the I'™ 
nor the Cs™ tracer diffusion coefficients were larger 
than those for the other crystals even in the temperature 
range in which the Korth I CsI had a much larger 
conductivity. The diffusion coefficients are fitted by 
the expression D= Dy exp(— E/kT) where the constants 
are given in Table II. Both CsI and CsBr halogen 
tracer diffusion coefficient curves exhibit a slight change 
in slope. 
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TABLE II. Experimentally determined parameters for the 


diffusion coefficients D= Do exp(— E/kT). 





Temperature 


region Do 
Tracer ) (cm? sec”) - 


Br® 


Material 
CsBr 
CsBr Br® 
CsBr Cs 
CsI jist 
CsI ps 300-410 
CsI Cs™ 320-550 


415-530 3.92 
330-415 
320-550 


410-540 


Comparison of Diffusion and Conductivity 


At the present writing no reliable transport numbers 
have been obtained.’* Without these important data 
the diffusion coefficients cannot be compared directly 
with the conductivity with any certainty. To test Eq. 
(4) Drat+Dr. was plotted vs T—' along with D, for 
CsBr in Fig. 5. These should agree if all transport 
occurs by means of direct jumps of interstitial ions 
(a’B/a=1). 0.655D, is also plotted and should agree 
with Dr.+Dr. if all transport is via vacancies. If the 
transport occurs by means of the interstitialcy mecha- 
nism! correlation effects may become very large'* and 
a’B/a is expected to be quite small, giving poorer 
agreement between Dr.+Dr, and the conductivity. 
A similar set of curves results for Csl. 


5. DISCUSSION 


(1) There are qualitative differences between ionic 
transport in CsBr and CsI and ionic transport in the 
alkali and silver halides of the NaCl structure. In CsBr 
and CsI both ions contribute significantly to ionic 
transport phenomena and the anionic diffusion coeffi- 
cients are larger than those for the cation while in the 
other alkali and silver halides ionic transport is almost 
entirely cationic at temperatures well below the melting 
point. 

(2) From the approximate satisfaction of Eq. (4) by 
the data it appears that ionic transport accounts for 
most of the conductivity in the temperature range of 
the diffusion measurements. This conclusion is further 
supported by the sample-to-sample reproducibility of 
the conductivity in this region. There is anomalous 
behavior in the Korth I CsI crystals. Here neither 
diffusion coefficient curve had a small slope at low 
temperatures although the conductivity of the same 
samples had a low slope at these temperatures. It may 
be that the “impurity controlled” CsI conductivity is 
electronic in nature. From the HBr anneal there is no 
evidence for electronic conductivity in CsBr except 

4 N. L. Laurance (private communication). It appears that 
whenever the transport numbers are not nearly unity or zero 
comanenins effects occur at the crystal or tablet interfaces which 
produce considerable scatter in the results of transport number 
measurements and which also may produce a large systematic 
error. For CsBr ¢. is between 0.3 and 0.5 in the temperature 
range 350°C-450°C. 

“A. B. Lidiard, Suppl. Nuovo cimento 7, 620 (1958). 


DAVID W. 


LYNCH 


possibly near the melting point where there are no 
diffusion data. The increase in the low-temperature 
conductivity may have been due to the dispersion of 
impurities by the anneal. Although there are impurity- 
induced absorption bands near the tail of the funda- 
mental absorption band, these crystals are not photo- 
conductive for wavelengths in these bands.'® 

(3) The supposition that Schottky defects predomi- 
nate seems reasonable and yields formation enthalpies 
for Schottky defects of about 2.0 ev and 1.9 ev in 
CsBr and CsI respectively, activation enthalpies for 
halogen vacancy motion of about 0.27 ev and 0.3 ev 
respectively, and a cesium vacancy activation enthalpy 
of 0.58 ev for both salts. Figure 5 shows that, except at 
the highest temperature, agreement between Dr.+ Dr. 
and (a’8/a)D, is within the estimated limits of experi- 
mental error for the two cases in which transport is 
assumed to be due only to vacancies and only to 
interstitials moving by direct jumps. From energy 
considerations the former is preferred. If interstitials 
occurred they would probably occur in a crowdion 
configuration or at least jump by the interstitialcy 
mechanism, each of which would lead to large correla- 
tion effects, and these effects were not observed. 

By assuming that the low-temperature conductivity 
results from cesium vacancies introduced by divalent 
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Fic. 5. Comparison of diffusion and conductivity in cesium 
bromide. The upper curve is the diffusion coefficient curve 
calculated from the total conductivity, using a’8/a=1. The lower 
curve is the diffusion curve calculated from the total conductivity 
using a’8/a=0.655, appropriate for vacancies. The middle curve 
is Dce+Ds, taken from the smooth curves of Fig. 3. 
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metallic impurities the activation enthalpy for these 
vacancies is obtained from the slope of the low- 
temperature conductivity curve, using Eq. (1) with 
N exp(—g,/2kT) replaced by the constant density of 
impurity-introduced vacancies. The slope of the Cs'™ 
diffusion curve then gives a value for the Schottky 
defect formation enthalpy. For CsBr the slope of the 
low-temperature conductivity curve of the crystal doped 
with Cs.S yields a value for the activation enthalpy of 
a bromine ion vacancy. The Br® diffusion coefficient 
curve gives the same numerical value for the Schottky 
defect formation enthalpy as the Cs™ diffusion coeffi- 
cient curve if the portion below the slight change in 
slope of the Br® curve is used. For CsI the iodine 
vacancy activation enthalpy was obtained from the 
slope of the I" diffusion curve below its slope change, 
using the formation enthalpy found from the Cs!* 
curve. The fact that the diffusion of both tracers in 
CsBr leads to the same formation enthalpy supports 
the hypothesis of the predominance of Schottky defects. 

(4) At least one additional diffusion mechanism 
occurs for the halogen tracers. This can be seen from 
the slight change in the slope of D,y,, and is also sug- 
gested by the fact that Eq. (3) for vacancies is not 
satisfied within experimental errors at high tempera- 
tures. If it is assumed that diffusion of the halogen 
tracer by some electrically neutral mechanism becomes 
appreciable in the high-temperature region, then in this 
region 0.655D, should be compared with Dr.+Dr.’, 


where D,,’ is approximately the extrapolation of the 
low-temperature diffusion coefficient. This improves 
the agreement at high temperatures. 

Since the region of intrinsic conductivity is under 
consideration the likely neutral mechanisms are Zener 


rings in the halogen sub-lattice and cation-anion 
vacancy pairs, but not impurity-vacancy complexes. 
(There is not necessarily equal augmentation of the 
cation and anion diffusion coefficients by the pairs.*) 
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If one were to require a closer fit to Eq. (3) with 
a’3/a=0.655 (although closer agreement is not justified 
if the errors are considered) it could be obtained by the 
addition of another neutral mechanism for Dy, or Dr. 
or both. It is here that transport numbers are invaluable 
in deciding to which ion one should ascribe discrepancies 
in the Einstein relation. 

In connection with the present discussion it is 
interesting to note that if all the conductivity is ascribed 
to halogen vacancies there is good agreement between 
0.655D, and Dr, over the entire range for both salts. 
No significance is believed to be attached to this 
agreement since it is known that ¢.>0." 

(5) Divalent impurities are not very soluble in CsBr 
and CsI, but if possible, experiments on doped crystals 
of these salts should be performed to permit a more 
definite assignment of diffusion mechanisms. Even for 
Ba** whose ionic radius is nearly equal to that of Cs* 
the solubility limit at room temperature must be less 
than 0.01 mole %. 

Since the slope of the Cs,S-influenced region of the 
conductivity curve is not equal to the slope of the 
impurity region of undoped crystals, divalent anionic 
impurities are not the impurities preponderant in 
undoped crystals. Thus because of solubility effects the 
conductivity in the impurity region is due to cesium 
defects, although the halogen defects seem to be the 
larger source of conductivity in the intrinsic region. 
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The results of high electric field experiments on p-type InSb at 77°K are described. It is shown that 
electron-hole pair creation occurs at electric fields greater than 700 volts/cm. When a sufficient number of 
pairs are created the Hall coefficient changes from positive to negative. The question of whether holes or 
possible injected electrons initiate the pair creation is examined in detail. An incipient negative resistance 
effect in transverse magnetic fields and the absence of any self-pinch effects are also discussed. 





INTRODUCTION 


N earlier communications'? the authors have de- 
scribed the properties of n-type InSb in high electric 
fields. The material used contained 2X 10* cm~ elec- 
trons initially (in low electric fields), and the experi- 
ments showed that the electrons produced additional 
electron-hole pairs by across-the-gap ionization when 
electric fields of the order of 200 v/cm were applied. 
Similar results were observed by Prior and Kanai.‘ 
The situation in p-type InSb is somewhat different 
experimentally. The very high electron mobility gives 
velocities in excess of 10’ cm/sec at the high fields 
employed. As a result it is difficult to be sure that the 
observed effects (using pulses of 0.25-ysec duration) 
are initiated by the holes initially present, i.e., that 
injected small densities of electrons play no important 
role in the observations. The authors have reported the 
observation® of across-the-gap ionization in p-type ma- 
terial at electric fields of the same order as those found 
in n-type InSb. However, there have been recent ob- 
servations in p-type material which show®:’ ionization 
at lower fields, and Kanai® has suggested that very 
high mobility holes may be responsible. Measurements 
reported here in more detail than previously show 
ionization in appreciable intensity at electric fields con- 
siderably higher than in m-InSb. These effects are due 
either to injected electrons, or to the holes present. It 
is concluded that the field necessary for appreciable 
electron-hole pair production by holes is at least 700 
v/cm. 


EXPERIMENTAL RESULTS 


In the present experiments on p-InSb, the hole con- 
centration at 77°K was 2.3X10"* cm“ in the low elec- 
tric field region. The low-field hole mobility was ~ 4000 
cm?/volt-sec at 77°K. Under these circumstances the 
equilibrium electron concentration would be only 40 


cm~*. With such a low concentration, the electrons 


1 M. Glicksman and M. C. Steele, Phys. Rev. 110, 1204 (1958). 

2M. C. Steele and M. Glicksman, J. Phys. Chem. Solids 8, 242 
(1959). 

2 A.C. Prior, J. Electronics and Control 4, 165 (1958). 

*Y. Kanai, J. Phys. Soc. Japan 13, 967 (1958). 

5M. C. Steele and M. Glicksman, Bull. Am. Phys. Soc. 3, 377 
(1958). 

*Yy. Kanai, J. Phys. Soc. Japan 13, 1065 (1958). 

7 J. Bok and R. Veilex, Compt. rend. 248, 2300 (1959). 


could be expected to play an insignificant role in the 
properties of the crystal at low electric fields. Even if 
a normal amount of background bandgap radiation 
strikes the crystal (as was the case in some of the 
experiments) it is believed that the initial electron con- 
centration would not exceed 10° cm~*. Hence, in the 
particular experiments performed, the electrons ini- 
tially contributed very little to the conductivity even 
though the electron mobility is much larger than the 
hole mobility. 

Figure 1 shows the current density-electric field 
characteristic for the p-InSb crystal at 77°K. The mag- 
netic fields shown in Fig. 1 were applied transverse to 
the current in order to make simultaneous Hall effect 
measurements. Pulses of 0.25-ysec duration (at a repe- 
tition rate of 1 per sec) were used throughout in order 
to avoid heating the crystal. It is seen in Fig. 1 that the 
current density rises abruptly at rather definite thresh- 
old electric fields for each magnetic field intensity 
used. In Table I the threshold electric field is given as 
a function of the transverse magnetic field used. 

For these data only bridge-type specimens of cross- 
sectional areas 2.72 10~* cm? were used. The earlier 
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Fic. 1. Current density-electric field characteristics for p-InSb at 
77°K in various transverse magnetic field strengths. 
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experiments® with soldered voltage probes had given 
inconsistent results. This inconsistency was not present 
in the observations with bridge specimens. 

At electric fields slightly higher than the threshold 
values in Table I it was observed that the Hall coeffi- 
cient changed sign from positive to negative. This is 
interpreted as being due to the creation of electron-hole 
pairs by impact ionization. The Hall data are best 
represented as a function of current density rather than 
electric field. In Figs. 2, 3, and 4 are shown plots of the 
Hall coefficient vs current density for magnetic fields 
of 1050, 2100, and 3500 oersteds, respectively. 

For two mobile carriers the Hall coefficient is given 
by the expression 


Ru=(p—Pn)/e(p+bn)’, (1) 


where Ry=Hall coefficient in cm*/coulomb; p= hole 
concentration in cm~*; m=electron concentration in 
cm; e=electronic charge (1.6X10~* coulomb); 6 
=./pa(the ratio of electron mobility to hole mobility). 
Clearly, in the low electric field region po>b’no, where 
po is the initial hole concentration (2.3 10'* cm~*) and 
mo is the initial electron concentration (~10° cm~*). 


Taste I. Threshold electric field for 
various applied magnetic fields. 





H (oersteds) E (volts/cm) 
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770 
1000 
1350 
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Hence Ry will be positive, and have the value 
(Ru)e1/epo. (2) 


As the electric field is increased to such a value that 
the holes and/or electrons attain enough energy to 
cause impact ionization across the forbidden gap, the 
electron concentration will increase. As this process 
proceeds to increase bn in Eq. (1) Ry will decrease, go 
through zero, and then become negative. The observa- 
tions confirm such behavior exactly. The manner in 
which Ry changes with current density can give valu- 
able information about the value of 6. To begin with, 
Ry=0 when 


n= po/b. (3) 


After this inversion it is assumed that p= po+n, so that 
— Ry will become maximum when 


n= po/(b—1). (4) 


For this value of n 
(— Ru) max = (6—1)?/4epob. 
From Eqs. (2) and (5) it follows that 
b=14+2r+2(r?+7)!, 


r= (—Ry) max/(Ru)o. 


(5) 


where 
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Fic. 2. Hall coefficient vs current density for H = 1050 oersteds 


At this stage it should be pointed out that for InSb 
under the conditions of the present experiment, there 


- are actually three mobile carriers involved.* These are 


the electrons, the heavy holes, and the light holes. If 
proper account is taken of all these carriers the expres- 
sions given by Eqs. (1) through (6) would be far more 
complicated. However, since the impurity concentra- 
tion of the p-InSb used in this work was at least as 
large as 2.3 10'* cm™, the effect of the light holes will 
be greatly diminished because of ionized impurity 
scattering of such light holes. This point, coupled with 
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Fic. 4. Hall coefficient vs current density for //=3500 oersteds 


the fact that at 78°K and magnetic field strengths 
higher than 500 oersteds the Hall coefficient of such 
highly doped p-InSb does not change with magnetic 
field,® justifies the use of the simple two-carrier model 
developed above. If much purer p-InSb is used (im- 
purity concentrations ~10"' cm~*), the effect of the 
light holes would have to be considered. Under such 
conditions the expression for the Hall coefficient would 
follow that given by previous workers.'° 

Therefore, it is possible to compute 6 from Eq. (6) 
and the values of r obtained from the experimental 
data. In Table IT are shown the values of 6 at different 
magnetic fields. It is recognized that the value of b 
computed in this way is not the value that would be 
obtained at low electric fields. Clearly the change in 
distribution which results from making the carriers 
“hot” will affect 6. In this respect the 6 which appears 
in Eqs. (5) or (6) is to be interpreted as an average 
6 under the conditions of approximately equal numbers 
of electrons and holes. 


DISCUSSION 


There is an important question in this p-type InSb 
work about the nature of the carrier which initiates the 


TABLE II. Data for calculating the value of u/s. 


(Ru )o (— Ru) max b 


"1050 270 1050 17. 
2100 250 800 3.2 14. 
3500 350 570 16 8 


* T. Fukuroi and C. Yamanouchi, Sci. Repts. Research Insts., 
Tohoku Univ. 9, 262 (1957) 

” R. K. Willardson, T. C. Harman, and A. C. Beer, Phys. Rev. 
96, 1512 (1954). 
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electron-hole pair creation. If the crystal were com- 
pletely in the dark the initial electron concentration 
would be too small to play a significant role. Under 
such conditions, if any impact ionization were observed 
it would have to be attributed to the holes. Therefore 
an experiment was performed on the p-InSb surrounded 
by a radiation shield. It showed a current density- 
electric field characteristic exactly the same as the 
characteristic seen without the shield, and hence in 
background bandgap radiation which generated ~10* 
cm electron-hole pairs. These experiments might 
suggest that the holes are initiating the ionization. 

There remains, however, another possible effect that 
leaves some doubt about such a conclusion. If electrons 
are being injected into the p-InSb, the radiation shield 
experiment loses its significance. Injected densities in 
an amount appreciably greater than 10° cm~* at some 
fixed voltage, could be responsible for initiating the 
ionization. In order that they be capable of doing so 
their lifetime in the p-InSb must be greater than the 
time needed to initiate the ionization. Prior® has re- 
ported that 1 to 2X 10~* sec are needed for the ioniza- 
tion to occur in n-InSb at room temperature. Following 
Prior, an ionization time 7,(/) is defined as the mean 
time for an electron to create an electron-hole pair. 
This time is a decreasing function of the electric field E. 
A recombination time, 7, is also defined. The current 
will then continue to rise as long as r,<7. A steady 
state value will be reached when 7 has been reduced to 
the value r,. The reduction in r+ can be reasonably as- 
sumed to result from the increase in the carrier con- 
centration. Hence if injected electrons in p-InSb have 
t~r, there should not be any appreciable ionization. 
By raising the electric field and hence decreasing r, a 
threshold will be reached at which ionization will occur. 
It will now be made clear that this threshold field can 
be much higher for injected electrons in p-InSb than 
for the equilibrium electrons in n-InSb. Let F,,, be 
the electric field threshold for appreciable ionization by 
the majority carrier electrons in n-InSb. Earlier work 
has shown that £,. ,200 volts/cm. This value should 
not be dependent on either 7, or r. But the shape of the 
current density-electric field curve beyond E,,, will 
be very much dependent on both r, and r. 

If electrons are injected into the p-type material, 
which in the present experiments is at least ten times 
more impure than the n-type material, it is expected 
that the recombination time r will be much lower than 
in the n-type InSb. To see appreciable ionization by 
these injected electrons, E would then need to be 
larger than £,, in order to reduce 7, to the same value 
as r. This could explain the need for a field as high as 
700 volts/cm to obtain the sharp rise in current density 
in p-type InSb. 

In work with the n-type material, effects due to 
injection of holes were ruled out because of the com- 
bination of flat pulse shape and the relatively long 
transit time of the holes compared to their lifetime. 
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The latter is no longer the case for injection of electrons 
in p-type material. 

There are also physically two difficulties with Kanai’s 
suggestion of ionization by the high-mobility holes. 
One involves the expectation that, if the holes are 
producing ionization at fields of the order of 15-20 
volts/cm or even lower, once holes are produced in 
n-type InSb the field necessary to maintain the high 
density should drop to this value when enough holes 
are present. This was not observed in the earlier work.’ * 
Secondly, the concept of high-mobility holes is in a 
sense statistical, since there is expected to be abundant 
inter-band scattering. If one follows a hole in time, it 
spends only a small fraction of its time in the high- 
mobility state. The inter-band scattering time for the 
light holes is probably the dominant scattering mechan- 
ism, and this gives a relaxation time"! for this process of 
10-" sec for 10° cm?/volt-sec and 10-" sec for a mobility 
10 times higher. Even this larger “high-mobility-co- 
herence time” is much shorter than what might be 
expected for the time necessary to produce enough 
ionization to affect the Hall coefficient. It is recalled 
that Prior’s work* showed that ~ 10~* sec was needed 
to produce a sufficient amount of ionization to see 
departures from the low-field conductivity. As a result, 
the light holes are left in a poor competitive position 
with respect to the electrons, which gain energy over 
a number of collisions.* For a hole of effective mass 
0.015 electron mass, the minimum time necessary to 
gain an energy equal to the band-gap energy of 0.2 ev 
is 4X10-°/F, where F is in v/cm. At E=10v cm, this 
is 4X 10-™ sec, i.e., 40 times the mean free time for the 
fast holes, if they have a mobility as high as 10° cm? 
v-sec. Thus, it appears to be very difficult to have this 
group of hole states be responsible for the ionization 
process. 

The arguments presented earlier, with respect to the 
field necessary for a large current increase predict that 
the threshold field in p-type InSb should be a sensitive 
function of the total impurity content of the crystal. It 
would be expected that this threshold should be lower 
in the purer material (hole densities*:'? of ~3X10'° 
cm~*) employed by Kanai® and Bok and Veilex.? How- 
ever, to explain the effects they observed at such low 
fields as 10 v/cm, it is here suggested that the current 
was being carried by appreciable quantities of injected 
electrons. As is clear, the Hall effect is very sensitive 
to quite small injected densities. Thus in order to test 
the above suggestions, such injection must be kept from 
occurring in densities sufficient to obscure the electron- 
hole pairs produced by ionization. 


" The effective mass has been assumed 0.015 the free electron 
mass, as estimated by E. O. Kane [J. Phys. Chem. Solids 1, 249 
(1957)]. 

2 J. Bok (private communication). 
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In the experiments reported here, the two alterna- 
tives of electron-hole pair production by holes or by 
injected electrons are available. If the threshold field 
for production by holes is smaller than that for ap- 
preciable effects due to electrons in the p-type material, 
the electron-hole pair production observed could be 
due to the holes. If the effects are due to injected 
electrons, it is clear that the field necessary for electron- 
hole pair production by the Aoles in this material is at 
least as large as those observed in the experiments re- 
ported here. Thus these experiments show that ioniza- 
tion across the band gap by holes in p-type material 
requires higher fields than by electrons in n-type 
material. 

There are two other phases of the present work that 
warrant some discussion. The first one deals with the 
“incipient” negative resistance which is shown in Fig. 1 
for a transverse magnetic field of 3500 oersteds. Un- 
fortunately, there are insufficient data to arrive at 
even a tentative explanation of such an effect. It would 
be desirable to extend the measurements to higher 
current densities and stronger magnetic fields before 
attempting any analysis. However, it is worth noting 
that in the p-InSb work of Bok and Veilex,’ they ob- 
served a negative resistance effect in longitudinal mag- 
netic fields. To date, there has been no definitive ex- 
planation of such a behavior. 

The second point involves the question of possible 
self-pinch effects in the p-InSb. In a recent report? the 
authors presented evidence for plasma pinch effects in 
n-InSb. Such evidence was nol observed in the present 
experiments. The maximum currents in this work ex- 
ceed 100 amperes. Such currents are about twenty 
times greater than those needed to produce a self-pinch. 
However, it is believed that due to collisions the time 
needed for the plasma to contract would be greater 
than 0.25 wsec. Since the pulses were 0.25 psec, no 
pinch effects should have been observed. It would be 
significant to extend these measurements to much 
purer p-InSb and seek the pinch effect. For p-type 
material with a total impurity content of ~10" cm, 
the situation should be as favorable for seeing pinch 
effects as in the earlier n-type work." However, care 
has to be taken to avoid injection effects, since it is 
delieved"* that space-charge effects associated with 
injection seriously limit the possibilities of pinching. 
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The temperature dependence of the blue and the green emission in cadmium sulfide has been investigated 
in the temperature range from 77°K to 300°K. The blue emission shifts to longer wavelengths as the tem- 
perature is increased above 77°K with a temperature coefficient of 4.9X 10‘ ev/°C. The intensity of the 
green emission falls off exponentially above 77°K with very little shift in the spectral position of the green 


peaks. 


WO fundamental emissions'? are observed in 
cadmium sulfide at low temperatures. One occurs 
in the blue region of the spectrum, the other in the 
green. It is the purpose of this paper to report on the 
temperature dependence of these emissions between 
liquid nitrogen temperature and room temperature. 
In studying the emission a large number of platelet 
type crystals were investigated. Many of them showed 
intense green emission at room temperature, while 
quite a number of them showed only blue emission at 
77°K, the green emission being absent. A large number 
showed both the blue and the green emission at 77°K. 
The blue emission in all crystals at 77°K showed three 
well defined peaks at 4880A, 4927A, and 5012A. The 
platelets were grown from the vapor phase® and vary 
in thickness from <1y to approximately 100u. The 
“C” axis is contained in the plane of the plate. The 
emission was measured on the as grown surfaces. 

The temperature dependence of the blue emission is 
shown in Fig. 1. The emission spectra was determined 
from a platelet a few millimeters on a side and approxi- 
mately 20u in thickness. The crystal was excited with 
a H100-SP4 mercury lamp, filtered to eliminate the 
visible, and the emission detected with a Bausch & 
Lomb grating monochromator equipped with a 1P28 
photomultiplier tube. The emission spectra in Fig. 1 
were normalized to constant intensity of the maximum 
for purposes of more conveniently showing the shift in 
the peak toward longer wavelengths as the tempera- 
ture was increased. The intensity of the emission de- 
creases as the temperature is increased ; the normaliza- 
tion was accomplished by opening the slits of the 
monochromator to give constant peak intensity as the 
temperature was increased. The slits at liquid nitrogen 
temperature were set at 0.04 mm and were opened to 
approximately 0.1 mm at room temperature. Before 
using this normalizing procedure it was verified that 
changing the slit width as described above did not 
shift the position of the peaks. It should also be pointed 
out that structure in the emission at higher tempera- 
tures could not be observed even at the narrowest slit 
setting etting except for the indication of the second peak at 


1F. A. Kr Physica 7, (1940). 

°c. ¢. Klick, | J. Opt. Soc. Am. 41, 816 (1951). 

7D. C. Reynolds and L. C. Greene, International Conference 
on Solid State Physics, Brussels, June, 1958 (unpublished). 


—126°C shown in Fig. 1. Associated with the short 
wavelength emission peak at 77°K is a strong photo- 
conductive peak. The photoconductivity as a function 
of wavelength is shown superimposed in Fig. 1. The 
photoconductivity was excited with a B-H6 mercury 
vapor lamp as the source for the monochromator and 
the photocurrent was detected with a Model 210 
Keithley electrometer. Another aspect of the blue emis- 
sion is its shift to longer wavelengths as the temperature 
is increased. The temperature coefficient of the shift is 
4.9X10~ ev/°C. This is in agreement with the value 
given by Klick‘ for the temperature coefficient of the 
band edge determined from absorption measurements 
in the temperature range 77°-300°K. The first two 
peaks are separated by 0.024 ev. The second and third 
peaks are separated by approximately twice this energy, 
viz., 0.042 ev. This latter energy is very nearly equal to 
the longitudinal optical phonon energy of 0.038 ev.** 
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Fic. 1. Temperature ——- of blue emission in cadmium 
sulfide between 77°-299°K. Photoconductivity in the same crystal 
at 77°K is also shown. 


*C. C. Klick, Phys. Rev. 89, 274 (1953). 
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These three peaks move together with temperature as 
an entity and their temperature dependence differs 
greatly from that of the green emission indicating that 
the two emissions arise from different origins. 

Furlong and Ravilious have attributed this emission 
to gas adsorbed on the surface of the crystal.’ This 
appears not to be the case. Though it is true that 
scraping the surface of the crystal suppresses the emis- 
sion, it can subsequently be restored by etching. Also, 
if the emission is suppressed by scraping, it can be 
restored by cleaving off that surface of the crystal and 
exposing a new surface. It is also true that grinding or 
polishing destroys the green emission. This emission 
can also be restored by subsequent etching. Since the 
blue emission occurs at the band edge one would expect 
it to be strongly dependent on the surface condition of 
the crystal. 

The decay of the intensity of the green emission with 
increasing temperature is shown in Fig. 2 and Fig. 3. 
In Fig. 2 the decay of the peak intensity of the 5140A 
peak is shown. Figure 3 shows the decay of the inte- 
grated intensity of the total green emission. The emis- 
sion was measured on a platelet approximately 5 mm 
on a side and 404 thick. The points on the curve 
marked with an X were determined with the crystal 
mounted over an aperture in a copper block. The 
thermocouple was attached to the copper block and 
thus the temperature of the copper block was measured. 
In this type of measurement there is always an un- 
certainty as to whether the crystal is in temperature 
equilibrium with the copper block. Three check points 
were obtained by immersing the crystal in boiling 
oxygen, boiling nitrogen and freezing nitrogen. These 
points are marked with an o on the curve. 

It appears that a change in the temperature depend- 
ence of the emission intensity may be occurring below 
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Fic. 2. Emission intensity as a function of temperature 
for the 5140A green line. 


7L. R. Furlong and C. F. Ravilious, Phys. Rev. 98, 954 (1955). 
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Fic. 3. Integrated intensity of the edge emission as a 
function of temperature in cadmium sulfide. 


liquid nitrogen temperatures suggesting that the mea- 
surements should be extended to liquid helium tem- 
peratures. The green emission disappears exponentially 
as the temperature is increased above 77°K. There is 
little shift in the position of the green peaks as the 
temperature is increased above 77°K, however, there is 
a shift to longer wavelengths as shown by Klick,‘ be- 
tween 77°K and 4°K. This is in the opposite direction 
to the shift of the blue emission. This vast difference in 
the temperature dependence of the two emissions 
suggests that they may result from different minima in 
the conduction band. Thomas and Hopfield* have ob- 
served the temperature dependence of the emission in 
cadmium sulfide between 4°K and 77°K. They have 
presented two possibilities for explaining the shift of 
the green emission to longer wavelengths as the tem- 
perature is reduced from 77°K to 4°K. First they 
present the possibility of transitions occurring from 
minima in the conduction band not at K =0. The second 
possibility is that there exists a bound state of the 
electron in the vicinity of the trapped hole. Recently 
Boer and Gutjahr* have observed indirect transitions 
in absorption measurements providing additional evi- 
dence that minima away from K=0 are present. The 
disappearance of the green emission as the temperature 
is increased above 77°K, as well as the shift to shorter 
wavelengths as the temperature is increased above 4°K 
could then be explained by assuming that the off-axis 
minima move up relative to the K=0 minima as the 
temperature is increased, in agreement with Thomas 
and Hopfield’s first hypothesis. 
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The thermoelectric power of dilute binary copper alloys 
containing one atomic percent Zn, Ge, Cd, In, Sn, and Sb was 
determined over the temperature range extending from about 8°K 
to 320°K. The thermoelectric powers were obtained by measuring 
the thermoelectric emf’s of thermocouples formed of the alloys 
and pure copper. The absolute thermoelectric power of pure 
copper was obtained from measurements on a pure copper versus 
lead thermocouple. 

The results are analyzed in terms of the Friedel theory. It is 
found that above 40°K satisfactory agreement with that theory 
can be obtained only if it is assumed that phonon drag makes a 
significant contribution to the thermoelectric power in the pure 
material below room temperature. The magnitude and tempera- 
ture dependence of this assumed phonon drag contribution are in 
satisfactory agreement with theoretical estimates. Moreover, the 
effect of alloying on this phonon drag contribution also agrees 


1. INTRODUCTION 


HE possibility of studying the electronic band 

structures of a pure metal by measuring the 
properties of dilute alloys of that metal has motivated 
a large number of investigations.'~* For example, the 
work of Salkovitz and Schindler* has revealed a number 
of interesting features of the band structure of mag- 
nesium. Of all the metals probably the monovalent 
ones have been subjected to the closest scrutiny, 
primarily because it was originally expected that they 
would most nearly approach the ideal, free electron gas 
metal. In recent years it has, however, become quite 
apparent that with the possible exception of sodium, 
the monovalent metals are far from ideal.‘ Nevertheless, 
the free electron model has still a great deal of usefulness 
even for these materials, especially when we restrict 
our attention to one particular physical property. 

In the following pages we shall report on measure- 
ments of the thermoelectric emf of thermocouples 
formed from well-annealed specimens of pure copper 
and dilute copper alloys. These measurements provide 
information on the change of the thermoelectric power 
(TEP) of copper caused by the addition of about one 
atomic percent of various impurities. The analysis of 
our results is based on the work of Friedel,’ which in 
turn rests on the approximation of nearly free electrons. 


* Supported in part by the Office of Ordnance Research, U. S. 
Army. 

¢ Present address: National Bureau of Standards, Cryogenics 
Laboratory, Boulder, Colorado. 

1J. A. Rayne, Phys. Rev. 110, 606 (1958); Australian J. 
Phys. 9, 189 (1956). 

?W. G. Henry and J. L. Rogers, Phil. Mag. 1, 237 (1956). 

3 E. I. Salkovitz and A. I. Schindler, Phys. Rev. 91, 234 (1953); 
Phys. Rev. 91, 1320 (1953). E. I. Salkovitz, A. I. Schindler, and 
E. W. Kammer, Phys. Rev. 105, 887 (1957). 

9s) B. Pippard, Phil. Trans. Roy. Soc. London A250, 323 
(1957). 

J. Friedel, Phil. Mag. 43, 153 (1952). 


with theoretical estimates based on reasonable models. In the 
temperature range below about 40°K we have not been able to 
give a satisfactory interpretation of our results. Our measurements 
show that near 40°K the absolute thermoelectric power of pure 
copper reverses sign, becoming negative, and attains an anoma- 
lously low minimum of about —1.8 wv/degree near 10°K. If this 
behavior is due to the presence of minute amounts of impurities 
in the pure copper which give rise to a thermoelectric anomaly 
associated with the appearance of a resistivity minimum, then 
our results can be interpreted without much difficulty. However, 
the residual resistivity of the pure copper was so low that we do 
not believe that the low-temperature thermoelectric anomaly can 
be attributed to the presence of impurities. 

A research program on thermoelectric properties of dilute 
alloys which should shed further light on these questions is 
outlined. 


Since the free electron model predicts the correct 
magnitude and temperature dependence of the TEP 
(except at low temperatures) but the incorrect sign for 
the TEP of pure copper, an interpretation of experi- 
mental data based on that model is open to criticism. 
Moreover, if we discard the rigid band model and in- 
stead accept the ideas recently proposed by Cohen and 
Heine,*® then the analysis of the results which we shall 
present herein must be discarded in toto. We make no 
attempt to justify our procedure, but rather take the 
attitude that the primary area of interest should be the 
experimental data, and that in attempting an interpre- 
tation of this data the model which leads to physically 
reasonable results and which is, at the same time, 
fairly simple should take precedence. 

The measurements to be reported herein were moti- 
vated by two somewhat related considerations. First, 
previous work on the residual resistivity of dilute noble 
metal alloys has clearly demonstrated that considerably 
more information may be gathered by the study of an 
alloy series rather than by investigations of several 
alloys chosen more or less at random. In particular, 
one of the outstanding results of the early work of 
Linde,’ namely the dependence of the residual resistivity 
per atomic percent solute on the square of the valence 
difference between solvent and solute atoms, was clearly 
a consequence of this systematic attack on a series of 
related alloys. We, therefore, decided to follow a like 
procedure, hoping that a similar pattern might emerge 
when one compares the changes in thermoelectric 
power brought about by the addition of solutes of ever 
increasing valence. Second, the same work of Linde 
showed that solutes of equal valence but belonging to 

*M. H. Cohen and V. Heine, Advances in Physics (Taylor 
and Francis, London, 1958), Vol. 7, p. 395. 


7J. O. Linde, Ann. Physik 10, 52 (1931); 14, 353 (1932); 
15, 219 (1932). 
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different rows of the periodic table give rise to different 
changes in resistivity of a solvent metal. This depend- 
ence of the residual resistivity on the inner core of the 
solute has been related to the degree of lattice distortion 
brought about by the introduction of the solute atom 
into the host lattice.* This interpretation of the depend- 
ence of the residual resistivity on the location of the 
solute atom in the periodic table was also based firmly 
on the work of Friedel and so stands, or falls, as does 
Friedel’s. 

When we commenced this investigation we were 
searching for a dependence of the thermoelectric power 
change on valence as well as on location of the impurity 
atom in a particular row of the periodic table. We 
believe that we have found the latter dependence, but 
attribute it to a mass rather than to the size effect 
which apparently gives rise to the systematic behavior 
in the residual resistivities. 


2. THERMOELECTRIC POWER, 
FRIEDEL RELATIONS 


We shall make use of the relations derived by 
Friedel, and present here, in brief outline, the salient 
features of that theory. 

According to the free electron model the absolute 
thermoelectric power S of a metal is given by® 


rkT /0 \|no wrk T sd \|np 
Pal ( )--= ( ) (2.1) 
3e de 3e or 


where k is Boltzmann’s constant; 7, the absolute 
temperature; e, the electronic charge; ¢ and p are the 
electrical conductivity and resistivity, respectively ; 
e is the electronic energy; and 9 is the Fermi energy. 
Here the conductivity is given by the following relation 


4e" Afe 
fr(ortee de 
3m* de 


where m* is the effective mass of the electrons; V(e€) is 
the density of states; 7, the relaxation time; and fo is 
the Fermi distribution function; Eq. (2.2) assumes that 
the effective mass and relaxation time are isotropic. 
When an impurity atom is introduced into a pure 
metal, the resistivity is given, to a rather good approxi- 
mation, by Matthiessen’s rule 


p= pot Ap 


where po is the ideal resistivity, and Ap is the residual 
resistivity attributable to the impurity atom. The 
former is temperature-dependent; the latter, tempera- 
ture-independent. One now assumes that the absolute 
thermoelectric power of a dilute alloy is given by Eq. 


(2.3) 


*F. J. Blatt, Phys. Rev. 108, 285 (1957); Phys. Rev. 108, 
1204 (1957). 

*A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1954), 2nd edition. 


POWER 


OF DILUTE Cu ALLOYS 481 
(2.1) where for p we use the total resistivity according 
to Eq. (2.3). The difference between the absolute 
thermoelectric power of the alloy and of the pure metal 
is then given by 


wk T{ 8 \n(po+ Ap) 
ips = | 


0 Inpo 
» (2.4) 
7 


3e Je de 


In writing Eq. (2.4) it is assumed that the alloy is 
sufficiently dilute so that the Fermi energy of the alloy 
and of the pure metal are the same. It is a simple 
matter to correct for the change in the Fermi energy 
upon alloying under the simplifying assumptions of the 
free electron model and the rigid band model.®’! One 
then finds that for a concentration of one atomic per- 
cent, even when the valence of the solute is four or five, 
the error introduced by neglecting the change in the 
Fermi energy is negligible. 

A relationship somewhat more useful than Eq. (2.4) 
was derived by Friedel from the above, namely 


AS (1—Ax/zx) 
s (1+ po/ Ap) 


0 InAp 0 Inpo 
as=n( ) . =f ) ’ (2.6) 
de ‘ de J, 


In Eq. (2.5) all the parameters except Ax are either 
known or can be measured without great difficulty. 
The ideal resistivity of pure copper is well known; the 
residual resistivity caused by the added solute atoms is 
readily measured ; and x is simply related to the absolute 
thermoelectric power of the pure metal through Eq. 
(2.1). The parameter Ax could be calculated once the 
scattering potential which one should associate with 
the impurity atom is known. Some information con- 
cerning this potential can, of course, be deduced from 
the residual resistivity, especially if one employs the 
sum rule derived by Friedel.’ "? Unfortunately, however, 
a variety of potentials of considerably different shapes 
can lead to the same resistivity and be consistent with 
the Friedel rule, whereas the dependence of the resis- 
tivity on electron energy may vary considerably for 
these different potentials." Thus, detailed calculations 
based on a particular choice of scattering potential are 
not too reliable, although they do indicate the correct 
magnitude of Ax. In the following we shall determine 
Ax from the measurements. This procedure does not, 
in fact, admit as much freedom in fitting the data as 
one might at first suspect, especially when, as in our 


(2.5) 


© J. Freidel, Advances in Physics (Taylor and Francis, London, 
1954), Vol. 3, p. 446. 

"©. A. Domenicali and F. Otter, Phys. Rev. 95, 1134 (1954). 

2F. Abeles, Compt. rend. 237, 796 (1953). F. J. Blatt, Phys. 
Rev. 99, 1708 (1955); L. M. Roth, thesis, Harvard University, 
1956 (unpublished ). 

4 L. M. Roth, reference 12; F. J. Blatt, Phys. Rev. 100, 666 
(1955). 
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case, the data extends over a considerable temperature 
range. This is so because the parameter Az in Eq. (2.5) 
should be: 1, independent of temperature; and, 2, 
independent of solute concentration. The first require- 
ment follows from the assumption of Matthiessen’s 
rule which states, in effect, that Ap is temperature- 
independent, from which it follows that its logarithmic 
derivative must also be temperature independent. The 
second condition must hold over that concentration 
range in which the change in Fermi energy caused by 
alloying is negligibly small. Hence, subject to the 
various assumptions already stated, a single determi- 
nation at a given temperature of the change in the 
thermoelectric power caused by alloying with a given 
element should suffice for predictions of the thermo- 
electric behavior of that alloy at any temperature, 
and, moreover, for any composition, provided the 
solute concentration remains small. 

The derivation of the Friedel relation is, however, 
based not merely on the assumptions of free electrons 
and the rigid band model, but assumes that the thermo- 
electric power arises entirely as a result of the change 
in the electron distribution function with temperature, 
the electron gas being considered an isolated system. 
In other words, the results would be valid for a free 
electron gas in which interactions of the gas with its 
surroundings are neglected except that it is implicitly 
assumed that there exists some mechanism by which 
the gas can come to thermal equilibrium with its 
surroundings. This equilibrium is in fact achieved 
through the interaction of the electrons with lattice 
vibrations. 

This same interaction, however, should also give rise 
to a phonon drag contribution." Such an additional 
thermoelectric effect has already been observed in 
semiconductors.'* Its existence in metals has been 
considered by a number of workers,'* and is believed 
to be of comparable magnitude to the free electron 
thermoelectric effect and quite probably significantly 
larger within a certain temperature range. Recently 
the phonon drag effect has been invoked to explain 
anomalies in the thermoelectric power of the alkali 
metals.!? 

We shall interpret our experimental results as 
follows. We first assume that the absolute thermo- 
electric power of pure copper is entirely of electronic 
(i.e., no phonon drag) origin. We shall calculate a value 
of Ax for each of our alloys at a fixed temperature and 


“C. Herring, Phys. Rev. 96, 1163 (1954); F. J. Blatt, “Theory 
of Mobility of Electrons in Solids,” Solid State Physics, edited 
by F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1987}, be 4, pp. 199-366. 

Getalle, Phys. Rev. 92, 857 (1953). T. H. Geballe and 
G. Ww. Hall Phys. Rev. 84, 1134 oS H. P. R. Frederikse, 
Phys. Rev. 91, 491 (1953); 92, 248 (1953). 

18 L. Gurevich , J. Phys. U.s.s. R rs 477 aseii* 67 (1946); 
E. H. Sondheimer, Proc. Roy. Soc. (London A234, 391 (1 956); 
P. G. Klemens, Australian ¥ Phys. 7 an 1984); D. K. 
MacDonald, Physica 20, 996 (1954). 

17 J. M. Ziman, Phil. Mag. 4, 371 (1959). 
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shall then attempt to fit our data over the entire 
temperature range by use of Eq. (2.5). We shall next 
assume that 


S=S,+S, 


where S, and S, are the “electronic” and “phonon drag” 
contributions to the thermoelectric power, respectively. 
We then apply Eq. (2.5) to S, only, again compare 
calculated and experimental results over the entire 
temperature range and attempt to explain our results 
within this framework. 

The latter procedure requires, unfortunately, one 
further piece of information, namely the division 
between S, and S, of the measured absolute thermo- 
electric power of pure copper. Since this information is 
not attainable by any experimental techniques known 
to us, we proceed as follows. 

We recognize first that all calculations of the phonon 
drag TEP predict that this contribution falls off as 1/T 
at high temperatures.'* The absolute TEP of pure 
copper is known to 7=1173°K,"” and we assume that 
at this high temperature S, is vanishingly small 
compared to S,. In support of this contention one may 
point out that at temperatures in excess of about 
400°K, the TEP of pure copper exhibits the nearly 
linear increase with temperature predicted by the free 
electron theory. 

Since, however, the free electron theory predicts the 
incorrect sign for S, we cannot determine this contri- 
bution from the results of that theory without further 
assumptions.” We therefore make the further assump- 
tion that S, of pure copper is given by the Sondheimer- 
Wilson interpolation formula’ 


(1/ (1/44*) (jr/ jo) J 
Apt+pol1+3(0/ eT) — (1/2n? Ae) ( jx] js] 
(2.7) 


=| Ap+ SpoL 1+ (0, ‘eT 


where the product en is to be considered an adjustable 
parameter. Here 7, denotes the usual transport integrals 


og dee 


e—1)(1—e*) 

In short, we assume that as far as the contribution 
S, is concerned the free electron theory predicts the 
correct temperature dependence, but not the correct 
sign, nor exactly the correct magnitude. Whatever 


1® 7. I. Hanna and E. H. Sondheimer, Proc. Roy. Soc. (London) 

A239, 247 (1957). 
at Nystrom, Arkiv Mat. Astron. Fysik A34, No. 27, 1 (1948). 

™It has been suggested that the positive TEP of ‘the alkali 
metals at low temperature could be due to an umklapp phonon 
drag mechanism.’ We do not believe that this same mecharism 
could possibly explain the positive sign of the TEP of = 
because both normal as well as umklapp phonon drag 
must decrease with elevated temperatures. There is no imalication 
whatever that the TEP of pure copper tends to reverse sign at 
elevated temperatures. 
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mechanism is responsible for the positive sign of S,, is 
considered to be lemperature-independent, consistent 
with the interpretation suggested by Jones.” Moreover, 
whatever changes are produced in S, as a result of 
alloying are now presumed to behave according to 
Eq. (2.5). 


It would be difficult, indeed, to justify the foregoing _ 


assumptions, and we do not attempt to do so. Instead, 
we content ourselves with the presentation of the 
results which have been obtained thus far and with 
their interpretation according to the above precepts. 
Considerably more work needs:to be done before the 
tentative conclusions which we shall draw from this 
work could be considered well established. At the end 
of this article we shall indicate the direction in which 
work is currently progressing, and the manner in which 
that work will shed additional light on the matter at 
hand. 


3. EXPERIMENTAL PROCEDURE 
a. Preparation of Alloys” 


The alloys were prepared by melting the constituents 
in vacuum. The copper was obtained from the American 


TABLE I. Composition of copper alloys. 


Total wt 
after 
melt mg 


Total wt 
before 
melt mg 

6429.2 * 
5473.4 5464.0 
7393.4 7393.5 
7373.9 7373.3 
. 6629.6 


Atomic 
Solute % 
wt mg 


Solvent 0 
Alloys wt mg solute 
0.996 
1.048 
0.993 
1.004 
1.000 
1.003 


6363.7 
5411.6 
7264.4 
7241.2 
CuSn 6507.3 
CuSb 7414.5 


CuZn 
CuGe 
CuCd 
Culn 


65.5 
61.8 
129.0 
132.7 
122.7 
143.9 


* Not measured . 


Smelting and Refining Company and was nominally 
99.9999, pure. Solute metals were purchased from the 
same company and from Johnson-Matthey, and their 
purities were 99.99% or better. The constituents for 
each alloy were weighed on a Christian Becker balance 
before they were sealed in a Vycor tube, and the 
weight of the alloy following melting was similarly 
determined. The results are shown in Table I. It is 
apparent that, except for CuGe and possibly CuZn, 
negligible loss occurred during preparation. Prior to 
the initial weighing the solute and solvent metals were 
thoroughly cleaned by an acid etch, rinsed, and dried. 
Before the Vycor tube containing the samples was 
sealed, it was evacuated to a pressure of less than 
3X 10-* mm Hg for four hours or more. During this 
time the specimens were heated to about 300°C for 
short intervals to drive off residual gas. Stirring of the 


21H. Jones, Proc. Phys. Soc. (London) A68, 1191 (1955)., 
"We are grateful to the National Bureau of Standards for 

a to use its facilities at the Cryogenics Laboratory, 
oulder, Colorado, in the preparation of alloy specimens. 
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Taswe Il. Annealing schedule. 





Time- 
hours Atmosphere 


Annealing 
Material temp. °C 


Pure copper 
CuZn 
CuGe 
CuCd 
Culn 
CuSn 
CuSb 


High vacuum 
Helium 
High vacuum 
Helium 
Helium 
Helium 
Helium 


1000 


* In addition to 8 hours at 500°C and 8 hours at 600°C. 


melt was accomplished by severely shaking the Vycor 
capsule while it was in the furnace. Following melting 
the capsules were quenched in water to inhibit segre- 
gation. 

The billets obtained by this procedure were then 
cleaned and rolled into strips approximately 0.005 inch 
thick. Throughout the sample preparation frequent 
etching was used to prevent possible iron contamina- 
tion. The thermocouples were then formed from ribbons, 
approximately 0.05 inch wide, cut from the strips. 

We report here only the measurements which we 
have made on annealed samples. The annealing schedule 
for the various specimens is shown in Table II. We were 
unable to detect any significant difference between the 
CuGe alloys annealed at the different temperatures, 
and the results reported here are for the sample con- 
taining the alloy annealed at 950°C. 


b. Resistance Measurements 


From Eq. (2.5) it is apparent that an interpretation 
according to Friedel’s theory requires a knowledge of 
the resistivity of pure copper as well as of the residual 
resistivity of the alloy. We measured the resistances of 
our ribbons, both in the annealed as well as unannealed 
state, at 273°K, 79°K, and 4.2°K. The results of these 
measurements, as well as some more recent data 
obtained subsequent to the thermoelectric power 
investigation reported herein, have already been pub- 
lished. We show in Table III the resistance ratios 
Ry 2/(Rei— R42) of our samples, as well as the values 


Tasre IIT. Resistance ratio p= Ry 2"/(Rea*— Ra 2") and residual 
resistivity Ap of annealed copper and copper alloys. 


Ap 
Sample gw ohm-cm 
Cu 0.0029 
CuZn 0.23 
CuGe t 
CuCd 08 
Culn a 88 
CuSn A 
CuSb 4 


™= RH. Kropschot, M. Garber, and F. J. Blatt, Phys. Rev. 
Letters 2, 91 (1959). 
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Fic. 1. The thermoelectric power of annealed pure 
copper against pure lead. 


of Ap calculated from these resistance ratios assuming 
po(273°K) = 1.55 pohm-cm.* 


c. Thermoelectric Measurements 


The thermoelectric emf’s were measured with a Leeds 
and Northrup microvolt amplifier. The amplifier was 
calibrated against a Leeds and Northrup K-3 potenti- 
ometer at regular intervals and was found to give 
correct readings each time. The temperature difference 
between the hot and cold junctions of the sample 
thermocouple was determined by means of calibrated 
copper versus constantan and gold-2.1% cobalt versus 
copper thermocouples.”® These thermocouple emf’s were 
measured with a Leeds and Northrup K-3 potenti- 
ometer. We estimate that the error for each individual 
measurement is +1.5% for the sample emf measure- 
ments and +0.1°K for the temperature measurements. 





0 0 @ 
TEMP, °K 











100 400 500 


200 x00 
TEMPERATURE . °K 

Fic. 2, Curve A, the absolute thermoelectric power of pure 
annealed copper. Curve B, the Sondheimer-Wilson interpolation 
formula, Eq. (2.7), matched to Curve A at 1173°K. 


“A. N. Gerritsen, “Metallic Conductivity, Experimental 
Part,” Handbuch der Physik (Springer-Verlag, Berlin, 1956), Vol. 
19, p. 156. 

* We are grateful to Mr. R. L. Powell and Mr. M. D. Bunch, 
N.B.S.C.E.L., for making these calibrated thermocouple wires 
available to us. 
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The range between 4.2°K and 320°K was spanned in 
three intervals. The cold junction was maintained 
either at 4.2°K (immersed in liquid helium), 79°K 
(immersed in liquid air), or 273.2°K (immersed in 
distilled water and ice). In every run the hot junction 
temperature was raised above the cold junction temper- 
ature of the following range to permit proper matching 
of the results. Data were obtained on cooling as well as 
heating of the hot junction, and the results were found 
to agree well with each other. 

A large number of measurements on each thermo- 
couple were made within each of the three temperature 
ranges, and at least 150 points span the entire tempera- 
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Fic. 3. The thermoelectric emf of annealed copper alloys— 
annealed pure copper thermocouples. Cold junctions at 4.2°K. 


ture intervals from 4.2°K to 320°K. In the 4.2°K to 
90°K range we made an average of 35 measurements 
per sample, and in this range the data show the largest 
scatter. We have performed a least squares analysis 
for all our curves, with the result that indeed the largest 
deviation occurs for the low-temperature data, but 
even here the deviation is in every instance less than 
0.3 pvolt. 
4. RESULTS AND DISCUSSION 

Figure 1 shows the TEP of a pure annealed copper 
versus lead thermocouple. Using the results of Christian 
et al.2* we determined the absolute TEP of pure 


"J. W. Christian, J. P. Jan, W. B. Pearson, and I. M. Temple- 
ton, Proc. Roy. Soc. (London) A245, 213 (1958). 
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annealed copper, and this curve is shown in Fig. 2, 
curve A. Since in our measurements we could not 
exceed the melting point of lead, we made use of the 
results reported by Nystrom” to extend the absolute 
TEP of copper to higher temperatures. This information 
is needed to estimate S, of pure copper by application 
of Eq. (2.7), using the procedure mentioned earlier. 
This assumed S, curve, curve B, is shown also in Fig. 2. 

The thermoelectric emf’s of the copper alloy versus 
pure copper thermocouples are shown in Figs. 3 and 4, 
and the TEP’s of these thermocouples are shown in 
Figs. 5 and 6. These TEP’s are, of course, just equal to 
AS, the change in the TEP upon alloying. 

Before we consider the interpretation of the thermo- 
electric power of these alloys in the light of the Friedel 
theory and the possible presence of a phonon drag 
TEP, we wish to say a few words concerning the 
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Fic. 4. The thermoelectric emf of annealed copper alloys— 
annealed pure copper thermocouples. Cold junctions at 79°K. 


absolute TEP of our pure copper. From Fig. 2 we note 


that S is positive above about 30°K, showing a sub-— 


sidiary maximum near 70°K but reverses sign as the 
temperature is lowered and displays a pronounced 
minimum of about —1.8 yuvolt/°K near 10°K. This 
behavior is very reminiscent of the behavior reported 
for extremely dilute copper alloys which exhibit a 
resistance minimum,” and suggests that in fact our 
“pure copper” was perhaps not as pure as we might 
have wished. Although we cannot completely rule out 
this interpretation of our data, we do believe that our 
results are characteristic of pure copper for the following 
reasons. 

1. The measured resistance ratio of our pure annealed 
copper is smaller than that which MacDonald and 
Pearson* quoted for the pure copper which they used 
in their work on the resistance minimum. 

"7D. K. C. MacDonald and W. B. Pearson, Acta Met. 3, 392, 
403 (1955); Proc. Roy. Soc. (London) A219, 373 (1953). 


* D. K. C. MacDonald and W. B. Pearson, Phi!. Mag. 45, 491 
(1954). 
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2. Recently, Powell has examined the change in TEP 
upon cold work of copper of very high purity (resistance 
ratio less than half that of our samples).” Our results” 
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Fic. 6, The thermoelectric power of annealed copper alloys— 
annealed pure copper thermocouples. Liquid air to room temper- 
ature region. 


 ®R. L. Powell, H. M. Roder and W. J. Hall, Phys. Rev. 115, 
314 (1959). 
® RK. H. Kropschot and F. J. Blatt, Phys. Rev. 116, 617 (1959). 
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agree reasonably well with his especially in the low- 
temperature region. 

3. There is now an increasing body of data besides 
our own which indicates that the noble metals show, 
at very low temperatures, a negative absolute TEP of 
unusual magnitude. Results of work on pure silver and 
gold have been reported by MacDonald, Pearson, and 
Templeton,” and a statement that the absolute TEP 
of pure copper is negative at very low temperatures 
may be found in a recent paper by MacDonald and 
co-workers.” * 

In Fig. 7 we show the comparison between calculated 
and experimental results for AS, using the Friedel 
relation Eq. (2.5) and neglecting the possible existence 
of a phonon drag contribution. The calculated AS, here 
denoted AS,, was obtained as follows. We determined 
the parameter Ax, here denoted Arr, by matching the 
measured change in the TEP at 320°K to the Friedel 
relation. In applying Eq. (2.5) we assumed that the 
entire absolute TEP of pure copper was of “electronic” 
origin, and found x from Eq. (2.1). We have used 
the subscript T to denote that in these calculations the 
total TEP of copper was used in Eq. (2.5). The values 
of Axr which give a fit at 320°K are listed in Fig. 7. 

It is apparent: that there is a very large discrepancy 
between calculated and experimental results. Indeed, 
in the neighborhood of 70°K, the temperature at which 
the absolute TEP of copper shows its subsidiary 
maximum, the difference between the calculated and 
experimental results is of the same magnitude as the 
experimental results themselves. A certain pattern is 
already quite apparent, however; the discrepancy is 
positive for those copper alloys which contain solutes 
that are neighbors to silver, whereas the discrepancy is 


* PD. K. C. MacDonald, W. B. Pearson, and I. M. Templeton, 
Phil. Mag. 3, 657 (1958). 

#D. K. C. MacDonald, E. Mooser, W. B. Pearson, I. M. 
bes and S. B. Woods, Phil. Mag. 4, 433 (1959). 

*® Dr. W. B. Pearson has informed us that he has also observed 
a large negative absolute TEP for pure copper at low tem: tures. 
We are grateful to Dr. Pearson for making these results known 
to us prior to their publication. 
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of opposite sign for the copper alloys which contain 
solutes neighboring copper in the periodic table. 

We now apply Eq. (2.5) to the electronic contribution 
only, and again calculate a value for the parameter Ax, 
now denoted Ax,, such that calculated and experimental 
results agree at 320°K. We need to make two assump- 
tions before Ax, can be determined from the data. The 
first is that S, of pure copper is given by curve B, 
Fig. 2. The second assumption is that at 320°K AS, is 
negligibly small so that at 320°K the entire change in 
the TEP due to alloying is given by Eq. (2.5). Following 
the same procedure as before we now obtain the results 
shown in Fig. 8. Here AS, is the value of AS calculated 
from Eq. (2.5) using the Ax, values listed in Fig. 8. 

A clear pattern now emerges. For the CuZn and 
CuGe alloys the Friedel theory appears to give quite 
satisfactory results to temperatures as low as 50°K. 
However, for the alloys which contain solutes adjacent 
to silver in the periodic table a large discrepancy still 
remains, but this discrepancy is practically the same 
for each of the four alloys. Moreover, the points for 
these “silver group” alloys follow a curve which is very 
nearly the curve obtained by taking the difference 
between curve A and curve B of Fig. 2, shown dashed 
in Fig. 8. The solid curve is the difference between the 
absolute TEP of pure copper at temperature T and the 
absolute TEP of pure copper at 320°K. It should be 
noted that the dashed curve is just the assumed phonon 
drag contribution to the absolute TEP of pure copper. 

We believe that these results lend themselves to a 
fairly straightforward interpretation. If, indeed, the 
absolute TEP of copper is a sum of two contributions 


SCu=F$,0r4 §,Cu 





Cu Ge 
Cu Zn 
Cu Cd 
Cu In 
Cu Sn 
Cu Sb 


300 


- 0.658 
-0978 
+0650 
- 0930 
- 1.38 











200 


150. 
TEMPERATURE, °K 


50 100 


Fic. 8. AS,—ASexp, the difference between the calculated 
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phonon drag contribution to the absolute thermoelectric power 
<r r. Points were calculated under the assumption that 

¢(320°K )==0. The dashed curve shows the assumed phonon 
drag contribution in pure copper (Curve A minus Curve B of 
a curve is the dashed curve minus the value of S, 
at 320°K. 
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the change in the TEP upon alloying is 
AS= AS. $AS, = Sstlor—§,°+S,s!97—S, ©. 


We have determined AS, using Eq. (2.5). From Fig. 8 
we now see that for impurities of the copper group 


AS,**!*— AS..,~0 
from which we conclude that 
S,ctera S,C* 


in the temperature range between 50°K and 320°K. 
On the other hand, for impurities of the silver group 


AS,°*!*— AS..,=5,°" 
and since 
AS, =S,27—S,°* 


we conclude that for these alloys in the same tempera- 
ture range 


S,ttloy =O. 


If, indeed, S,*!'°”=0 for the silver group alloys, the 
analysis of the data which has led to Fig. 8 is not 
internally consistent, assuming as it does that AS=0 
at 320°K. What we should do in the light of these 
results is to add to the measured AS(320) of the silver 
group alloys the quantity S,°"(320) to obtain AS,(320). 
We should then use this value of AS, in Eq. (2.5) to 
determine the parameters Ax,, and thereafter proceed 
as before. We did not adopt this procedure at the outset 
because we had no adequate justification for it. How- 
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ever, in view of the striking features of Fig. 8, we have 
re-examined the experimental data by this slightly 
modified procedure, and the results are shown in Fig. 9. 
Here the dashed curve is the assumed S,°*, i.e., the 
difference between curve A and curve B of Fig. 2. 
We can offer no satisfactory explanation for the change 
in sign of the TEP of pure copper at low temperatures, 
and shall refrain from considering our data in that 
temperature region beyond the following remarks. If, 
for example, the anomaly is related to a slight impurity 
contamination giving rise to a resistance minimum in 
the “pure” copper, then the low-temperature behavior 
can be explained fairly readily. One would then simply 
have a situation in which every impurity which we have 
introduced has the effect of removing the TEP anomaly 
of the “‘pure”’ copper, a perfectly reasonable supposition. 
Of course, the assignment of a phonon drag TEP to the 
dashed curve of Fig. 9 in that low-temperature region 
is then quite incorrect. 

In the temperature range extending from about 40°K 
or 50°K upwards, the dashed curve of Fig. 9 does show 
the behavior expected of the phonon drag thermo- 
electric power. The decrease at higher temperatures is 
approximately proportional to 1/7, and the maximum 
occurs at a reasonable temperature and has the expected 
order of magnitude. 

Thus our results suggest that elements of the silver 
group when alloyed with copper act as very effective 
scattering centers for phonons and, therefore, annihilate 
the phonon drag contribution in the alloy. Conse- 
quently, the phonon drag effect which exists in pure 
copper but is absent in the alloy contributes to the 
TEP of a thermocouple formed from the silver group 
alloys and pure copper. 

Similarly, we must conclude that copper group 
impurities in concentrations such as we have employed 
do not scatter phonons very effectively. Phonon drag is 
therefore present about equally in both the alloy and 
in pure copper, and, consequently, does not contribute 
to the measured change in the TEP caused by alloying. 

These conclusions appear quite reasonable in the 
light of the following order of magnitude estimates. In 
the temperature region in which S, appears to vary as 
1/T the relation given by Hanna and Sondheimer'* 


S, Na K, 


=-—— (4.1) 
S,. 3kT K; 


should be valid. Here K, is the ideal electronic thermal 
conductivity, and K,, the lattice thermal conductivity. 
The influence of impurities on 5S, is then directly 
related to the effect these same impurities have on K,, 
the lattice thermal conductivity. Thus 


5,°* K,“ W titer 


S, ctor K,slloy Ww, 





(4.2) 


where W,=1/K, is the lattice thermal resistivity. We 
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estimate the lattice thermal conductivity of pure copper 
by assuming that, in the temperature region of interest, 
the predominant phonon relaxation mechanism is 
anharmonic coupling. The thermal resistivity is then 
given by* 


; 10x h*?T 
V—.= 


——— ; (4.3) 
3k* M a8 


Here y is Gruneisen’s constant, a is the lattice param- 
eter, and M is the atomic mass. Although Eq. (4.3) is 
valid only for T>8@, it is probably still a reasonably 
good approximation at lower temperatures as long as 
anharmonic coupling is predominant and the lattice 
thermal conductivity varies as 1/T. 

The thermal resistivity caused by phonon scattering 
by foreign atoms is given by* 


ra fAM\? 
W,;=— ( +) cT, T<0 (4.4) 
0.9hv* M 
provided scattering caused by lattice strains is neg- 
lected. Here v is the velocity of sound, 4M is the 
difference in mass between solute and solvent atoms, 
and c is the solute concentration. 
We now find that for copper Eq. (4.3) gives 


W,=1.6X10"°T cm-deg/watt. 


The thermal resistivities caused by the presence of 
impurities are 


W1=1.0X10~T cm-deg/watt 
for one atomic percent of Zn; 
W1=3X10"T cm-deg/ watt for one atomic percent Ge; 
W,=8.4X10°T cm-deg/watt 
for one atomic percent Cd; 


W,=12X10~°T cm-deg/ watt for one atomic percent Sb. 


As one would expect, silver group impurities are very 
effective in scattering phonons, whereas zinc gives rise 
to only a very slight lattice thermal resistivity. Ger- 
manium in copper, although more effective than zinc, 
is nevertheless unimportant compared to anharmonicity 
as a scattering mechanism for phonons. 

If we assume a Matthiessen’s rule for W 


W,=W.t+W1 
we conclude that for our samples 


S,(CuGe) 


. Be 
*P. G. Klemens, “Thermal Conductivity of Solids at Low 
Temperatures,” Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 24,. pp. 198-280. 
% W.R. G. Kemp, P. G. Klemens, and R. J. Tainsh, Australian 
J. Phys. 10, 454 (1957). 
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and 


S,(Cu 
0.12<— 


~ Oo 
S, u 


where X represents any one of the silver group im- 
purities. 

These rough numerical estimates are evidently in 
good agreement with our previous conclusion, namely 


S,*'tey = §,°" for the alloys CuZn and CuGe, 


whereas S,*!'°¥=0 for the alloys CuCd, CulIn, CuSn, 
and CuSb. 


5. CONCLUSION 


We have measured the change in the TEP of copper 
due to the addition of various kind of solutes. The 
results have been analyzed according to the theory of 
Friedel and we have found that a consistent analysis 
requires the assumption of a phonon drag contribution 
to the TEP of pure copper. If this assumption is made 
we then find that solutes which belong to the silver 
row of the periodic table have a quite different effect on 
the TEP of copper than do solutes which are adjacent 
to copper in the periodic table. We believe that this 
difference is due to the large mass difference between 
the two groups of solutes. Specifically, solute atoms 
whose mass differs greatly from the mass of the solvent 
atoms present very effective scattering centers to 
lattice vibrational waves and, consequently, diminish 
the phonon drag contribution to the TEP. Solute 
atoms whose mass is nearly the same as the mass of the 
solvent atoms do not scatter phonons very much and, 
therefore, the phonon drag contribution in the alloy is 
nearly the same as in the pure metal. These conclusions 
are in good agreement with appropriate order of magni- 
tude estimates. However, a considerable amount of 
additional data should be available to place these 
conclusions on a firmer basis. We have initiated a 
program of thermoelectric measurements which, we 
believe, will provide the data that will ultimately either 
confirm or definitely contradict our current suggestions 
concerning the TEP of pure copper and the effect of 
alloying on it. 

First, we have already remarked that the parameter 
Ax, should be independent of concentration for small 
concentrations. Obviously, then, further measurements 
on the same alloys but with different concentrations of 
the solutes should be very informative. If we then find 
that the same method of analysis gives adequate 
agreement with the data using the same values for Ar, 
over a reasonably wide range of concentrations, we 
would conclude that our current ideas are indeed 
correct. An extensive study of the same alloys, con- 
taining various amounts of solute is now under way. 

Second, silver as an impurity in copper would also 
give rise to a significant change in the TEP even though 
in electronic configuration silver and copper are nearly 
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identical. The change in the TEP should be almost 
entirely due to the absence of a phonon drag TEP in 
the alloy. The appropriate measurements have also 
been initiated. 

Third, a study similar to that reported herein but 
using silver as the solvent metal and impurities belong- 
ing to the silver and copper rows of the periodic table 
is nearing completion. If our conclusions are correct 
we should find that in this case the roles of copper and 
silver group impurities are reversed. That is, Cd, In, Sn, 
and Sb should not greatly influence the phonon drag 
TEP, whereas Zn and Ge, as well as Ga and As, should 
be effective in eliminating phonon drag. 

Fourth and last, it will be of interest to investigate 
dilute ternary alloys. For example, if a dilute alloy of 
copper containing Cd and In is prepared, each solute 
element being present in sufficient abundance to elimi- 
nate phonon drag by itself, the additional influence of 
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the other impurity (e.g., Cd) on the TEP of the binary 
alloy (e.g., Culn) should reveal itself solely as an effect 
on the electronic contribution to the TEP. Some studies 
of ternary alioys have already been initiated by 
Domenicali.* However, his work is not of particular 
usefulness to us for two reasons. First, one of the 
solutes in each of his ternary alloys is a member of the 
transition group. Second, his measurements span that 
temperature region (room temperature and above) in 
which the phonon drag effect in the pure metal is 
already quite small. It is significant, however, that 
Domenicali is able to predict with a fair degree of 
reliability the thermoelectric behavior of ternary alloys 
from a knowledge of the TEP of the binary alloys. 

We wish to thank Professor M. Garber for his 
valuable assistance particularly with the measurements 
at low temperatures. 


~ %C. A. Domenicali, Phys. Rev. 112, 1863 (1958). 
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Relativistic Self-Consistent Solutions for Atoms of Large Atomic Number* 
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Relativistic self-consistent solutions, without exchange, have been obtained for several atoms of large 
atomic number by use of a general program for a high speed computing machine. A short description of 
this program and of the self-consistent calculation is given. Eigenvalues for the individual electron subshells 
of the self-consistent mercury, tungsten, platinum, and uranium atoms are presented. A comparison of 
the calculation with previous results for the mercury atom is also included. 


I. INTRODUCTION 


HE wave function for an atomic system can be 

obtained by several methods. For atoms of 
small atomic number one method that has met with 
much success is the self-consistent field calculation of 
Hartree.! In the usual self-consistent calculations, 
electronic wave functions that satisfy the Schrédinger 
equation make up the product wave function for the 
atom. For atoms of large atomic number these calcula- 
tions suffer from the neglect of relativistic effects, 
particularly in the inner shells of the atoms. In the 
present calculation the method of Hartree is used to 
obtain the self-consistent wave function for the atom. 
The single-particle wave functions are, however, 
assumed to be solutions to the relativistic Dirac 
equation. Many sizeable relativistic corrections are 


* This study was performed by the author as a Consultant to 
The RAND Corporation and was sponsored by the U.S. Atomic 
Energy Commission. 

t Present address: Physics Division, Argonne National Labora- 
tory, Lemont, Illinois. 

? Douglas R. Hartree, Proc. Cambridge Phil. Soc. 24, 89 (1928). 


therefore contained in these solutions. Exchange effects 
are, however, not included. 

Because a modern high-speed computing machine 
(IBM type 704) was used for the numerical calculations, 
it was possible to obtain self-consistent solutions of 
high accuracy. Not only were a large number of grid 
points used in the calculations but the solutions were 
iterated many times to assure valid self-consistency. 
For reasons of flexibility the computations were carried 
out without the introduction of the usual numerical 
trial solution to begin the iterations. An iterative pro- 
cedure was included in the machine program which 
made the calculation itself entirely automatic. The pro- 
gram used in these calculations may therefore be used 
for the calculation of the self-consistent solution of an 
atom of arbitrary electron configuration and atomic 
number. 

Contained in this paper is a description of the 
method for obtaining the relativistic self-consistent 
solutions and the numerical techniques used. Also 
included are results obtained for the solutions to the 
ground states of several atoms. These include tungsten, 
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platinum, mercury, and uranium. Because the complete 
tabular results of these calculations are lengthy they 
have not been included in this paper but are available 
elsewhere.? A comparison of the results of the calculation 
of the mercury atom with previous calculations is given. 


Il. DESCRIPTION OF THE CALCULATION 


In a self-consistent calculation, each of the electrons 
of the atom is assumed to move in the combined 
coulombic potentials of the nuclear charge and that 
due to the other electrons of the atom. An approxima- 
tion, the central-field approximation, is also used. 
In this approximation all potentials are assumed to be 
spherically symmetric and averages are made for all 
angularly dependent effects. As a consequence of this 
approximation, the electrons of the atom may be 
grouped into subshells. The wave functions of the 
members of a subshell have identical radial behavior 
but differ in their angular dependences. These differ- 
ences correspond to those electron states which differ 
only in the projection of the total angular momentum 
on the g axis. 

Because the wave functions for the various electrons 
are interrelated, a solution to a self-consistent problem 
is given by presenting a set of wave functions for the 
electrons of the atom. Such a set of self-consistent 
wave functions constitutes a unique solution to the 
problem and, in fact, can be shown to be that solution 
which minimizes the energy of the atom if its wave 
function is assumed to be a product of the individual 
electron wave functions. 

In the present treatment the individual electron 
wave functions are assumed to satisfy the usual Dirac 
equation in a central field. The four-component spinor 
solutions may be written in the form 


p+ ; Y 
fn) ¥,¥"-¥(0,6) 
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= 4 
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Edited tabular results consisting of the normalized wave 
functions and individuai subshell potentials of each of the normal 
atoms are available as Rand Corporation research memorandums 
They are identified as follows: Mercury, RM-2272-AEC; Tung- 
sten, RM-2404-AEC; Platinum, RM-2405-AEC; and Uranium, 
RM-2372-AEC. These tables have also been deposit ted as Doc- 
ument No. 6230 with the ADI Auxiliary Publications Project, 
Photoduplication Service, Library of C , Washington om 
D.C. A copy may be secured by ating the ment number and 
by remitting $26.25 for photoprints or $7.50 for 35-mm micro- 
film. Advance payment is required. Make checks or money orders 
payable to: Chief, Photoduplication Service, Library of Congress. 
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for j=/+4 and 


¥7(1,8,6) = 








2j 4 
for j=/—}4. 

Here Y ;* denotes the normalized spherical harmonics 
describing the angular dependences of the wave 
functions, j is the total angular momentum, and uy is 
the projection of this angular momentum on the s 
axis. The radial dependence of the large and small 
components of the wave function are given by f(r) 
and g(r), respectively. These radial parts of the wave 
functions are the solutions to the simultaneous differen- 
tial equations 


E,— Eot Vir) dG k 
ae ah 


(2a) 
c 


E;+Eot Vi(r) dF .. 
aninconeactimnecnies anane ofl 
c dr 


(2b) 


where F is rf(r) and G is irg(r). Here Eo is the rest 
energy of the electron, mc’, and k& is the quantum 
number associated with angular momentum, having 
the properties 


k<O; k=—(j+}), j=/-}, (3) 
k=+1, +2, +3:--- 


V(r) is the radial dependence of the central potential. 
Equations (2a) and (2b) constitute an eigenvalue 
problem in which the proper value of the energy, E;, 
is that which results in solutions satisfying the appro- 
priate boundary conditions. These boundary conditions 
involve not only the asymptotic behaviors of the 
wave function for small and large r but also the existence 
of the correct number of nodes in the radiai solutions. 

Properly normalized solutions also. satisfy the 
condition 


f (FP?-+G@)dr=1. (4) 


The potential distribution due to an electron in the 
ith subshell is determined from its radial wave function 
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and is given by 


n(r)=e f raf (F°?+-G*) dredr. (5) 
r 0 


From the contribution of each of the subshells and the 
nuclear charge, the potential distribution for the atom 
as a whole is obtained, i.e., 


V(r) = — (Ze /r) + Li nai(r), ©) 


where m; is the number of electrons in the ith subshell. 

The effective potential used in obtaining a wave 
function is the total atomic potential less the contribu- 
tion due to the particular electron being treated. Thus 


Vi(r)= V(r) —0,(r). (7) 


If the solutions are indeed self-consistent, then for 
each subshell the wave function obtained by using this 
potential will, when integrated as in (5), lead to a ;(r) 
identical to that used in determining the effective 
potential in (7). 

In practice the method used to solve a self-consistent 
problem is to assume a set of trial wave functions and 
potentials for each of the electrons of the atom and to 
improve on these by successive iterations of the entire 
solution. As a result of the variational nature of the 
problem, these iterations will converge on the correct 
self-consistent solution. 


Calculation of the Radial Wave Functions 


Integration of the radial differential equations was 
carried out numerically. In order to make maximum 
use of the available number of grid points, the calcula- 
tions were carried out on a logarithmic scale in which 
the variable of integration p was defined to be 


p= In(1000r/ao), (8) 


where do is the Bohr radius in hydrogen. In terms of 
the new variable the radial differential equations become 


(E,—Eo)r—1Vi(r) —dG 
F=——-—kG, 
c dp 


(E;x+Eo)r—rVi(r) dF 
G=—— kF. 
dp 





(9a) 





(9b) 
c 


These equations were numerically integrated by the 
method of Milne.’ In this procedure predicted values for 
the wave functions at a new grid point are obtained. 
From the differential equations, values for the predicted 
derivatives are obtained which are then used to deter- 
mine corrected values for the wave functions and also 
their derivatives. The equations used require the values 
of the functions at the four preceding grid points 


* James B. Scarborough, Numerical Mathematical Analysis 
(Johns Hopkins Press, Baltimore, 1950), second edition, p. 293. 


and are of the form 

Y,44,?= V,-sa,+ $4(2Y,’— V,0,’+2Y,-24,’), 
and 

V5406°= Vy ast (Ap/3) (Vora, +4,’+¥,-0,'). (11) 


The maximum error in an integration step by this 
procedure is given by: 


E=| Y¥?—Y°|/29 


Because these equations use functions at several grid 
points, it is necessary to supply values for the functions 
at several points to start the integration. Power-series 
expressions for the wave functions for small r were used 
for this purpose. These series were obtained by assuming 
that the potential for p< is that of the nuclear charge 
with an added constant contribution due to the 
external-electron cloud. With this assumption, the 
wave functions and their derivative can then be shown 
to be of the form 


(10) 


F(r)=(t/nP E aer™, 


2 


G(r) = (r/10)* ¥ Bar™, 


dF (r)/dp= (r/ro) ¥ (A+m)aw™, 


dG(0)/dp= (r/ro) 5 A+-m)Bar™. 
0 


The a’s and §’s satisfy the recursion relationships 
(A-+-m+k)(E—a+ Eo) Bm-1— Za(E—a— Ey)an-1 
c[(A+m)*—d?] 








Am ’ 


(13) 


and 


(A+m+k)(E—a— Eo)am-1+Za(E—a+ Eo)Ba—1 


” , 


e[ (A+m)*—*] 


where a is the constant potential due to the electrons, 
a is the fine structure constant, and ) is given by 


h=+[k— (Za)*}}. 
The constants ap and fo are related by 
ao/Bo= Za/(A—k). (15) 


By the use of these relationships, the wave functions 
and their derivatives at the four innermost grid points 
were evaluated and used for starting the numerical 
integration. 

Numerical integration of the differential equations 
in a classically forbidden region is inherently stable 





(14) 
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about the solution with increasing magnitude. If the 
integration is attempted for the monotonically decreas- 
ing solution, propagated errors will eventually dominate 
over the true solution. It is therefore necessary to 
perform the integration in a manner that will eliminate 
this difficulty. For this reason a second inward integra- 
tion of the differential equation was performed for the 
region outside the outermost classical turning point. 
As starting values for this set of solutions, it wasassumed 
that the ratio of the large to the small components was 
— (Eo+E)'/(Eo— E)' and that the wave functions of 
the form e*” where is given by — (E?—E*)!/c. 

The two sets of solutions were matched at a point, 
7m, near the outermost classical turning point. Because 
the solutions contain an arbitrary multiplicative factor 
this was done by multiplying the outer solution by 
that factor which results in identical values for the 
large components. at the match point. In general, 
because the eigenvalue used is not the correct one, the 
small components will not be identical. This discrepancy 
in the values of the small components was in fact used 
to determine the correction to the eigenvalue for the 
next calculation. The change in the eigenvalue was 
assumed to be 


CF (rm) G(r m—€)—G(rm+e) |] 
AE=lim — ~- 


‘7 f "; (F-+G2)dr+ f : wren] 





(16) 


This expression is obtained by assuming that the 
calculated wave function is a good approximation to 
the correct one, and evaluating its expectation values 
to arrive at a better approximation to the eigenvalue. 
The calculation of the wave functions was repeated 
until this calculated change in the eigenvalue was 
negligible. This wave function was then used to obtain 
the potentials used in the problem. The integrals for 
the various potentials used in the calculation were 
evaluated from the wave functions by use of Simpson’s 
rule. Contributions to these integrals for values of r 
smaller than the innermost grid point were determined 
from power-series expressions involving the parameters 
of Eq. (12) and included in the calculations. 


Iterative Scheme 


The calculations of individual subshell contributions 
to the total atomic potential were carried out by 
making each subshell internally self-consistent in the 
potential of the nuclear charge and that of the other 
subshells. At the completion of the calculation for a 
subshell the total atomic potential was altered to 
include the change in the total atomic potential intro- 
duced by the changes in that subshell. The subshells 
of the atom were treated successively starting with the 
innermost one. At the completion of each iteration of 
the entire atom, each subshell was tested for agreement 
with the results of the previous iteration. If significant 


STANLEY COHEN 


changes had occurred in any of the subshells the iter- 
ative process was continued. 

Tests for self-consistency both within the subshells 
and for the entire solution involved an investigation 
of the potentials at the origin. Because the potential 
distributions are all monotonic, it was assumed that 
any significant changes in a wave function would be 
manifested by changes in the value of its contribution 
to the potential at the origin. 

In a calculation of the self-consistency of a subshell 
three successive iterations of that subshell were 
required to agree before the subshell was considered 
self-consistent. For the atom as a whole, agreement 
between all of the individual subshell contributions for 
two successive iterations was required. 


Computation 


Because the self-consistent calculations were carried 
out on a modern high-speed computer (IBM-704), it 
was decided to make the calculation as flexible as 
possible. Therefore no attempt to supply a trial set of 
wave functions was made. Instead, a rather crude 
first approximation for the solution was computed by 
starting with the totally ionized atom and adding one 
subshell of electrons at a time. During this process the 
individual subshells were made self-consistent in the 
potential of the nuclear charge and that of the other 
subshells already included. In this manner the required 
information for the starting a self-consistent calculation 
was minimized and consisted only of the desired 
configuration of the atom. 

Although the calculations varied, seven or eight 
iterations of the solutions were generally sufficient to 
obtain self-consistent results that were limited in 
accuracy only by roundoff errors in the numerical 
calculations. 

When the final self-consistent solutions were obtained, 
the results were stored on magnetic tape suitable for 
use on an IBM-704 computer. These results include 
the wave functions for each of the subshells of the atom 
and also the potentials due to each of the subshells. 


Ill. RESULTS FOR MERCURY 


In this calculation 541 grid points were used for the 
numerical integrations. The grid spacing was chosen as 
Ap= 1/36 with an innermost value of p= —4.00000. 
The range in values of r is therefore from rmin= 1.83156 
X 10a to max = 59.8741 ao. For this particular calcula- 
tion iterations were carried out until successive values 
of the individual subshell contributions at the origin 
were constant to at least 2 parts in 10’. Six-figure accu- 
racy on all of the eigenvalues was obtained as indicated 
by the values in successive iterations. 

In order to obtain estimates of the accuracy of the 
wave functions, the hydrogenlike wave function for 
the 1S electron in an ionized mercury atom was 
computed. This wave function was accurate to at 
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least six figures inside the classical turning point and 
to at least one part in 10° of the value of the functions 
at the turning point for points outside. In addition in 
order to obtain estimates of the accuracy of the self- 
consistent calculations as a whole the entire calculation 
was repeated with half the number of grid points and 
a grid spacing of Ap= 1/18. The results of this calcula- 
tion were found to be in excellent agreement with the 
previous calculation. The energy eigenvalues for the 
individual subshells agreed to at least six figures for 
K, L, and M shells and deviated by less than 0.0002 Ry 
for the other electrons. At least four figure agreement 
was found in all the potential functions and wave 
functions for the individual subshells. 

The eigenvalues obtained for the normal mercury 
atom are given in Table I. Also included in this table 


TasBLe I. Comparative results for the energy-term 
values in the normal mercury atom, in rydbergs. 





Previous 
non- Previous 
relativistic relativistic 
results results 


Experimental 
energy-term 


This 
calculation 
5553 6145.7 

925 1081.8 
1041.7 
(892 897 9 

216.9 

236.1 


) 

_ 204.7 
S 173.2 
j170.5 166.4 
" 46.07 


55.86 
> 38.89 


255.7 


47.42 
39.81 
26.19 
24.78 
7.44 
7.13 
8.806 
5.997 
4.626 
0.858 
0.712 
0.5665 


Nn 


25.79 


8.39 
6.93 

) 

> 4.60 
0.920 
0.471 


8.01 
5.58 
4.92 
1.021 
0.981 
0.536 


59.3 
50.2 
2.7 
8.3 
6.7 
7.8 
6.9 
9.2 


1.1 
0.7682* 





* The value was obtained from the first ionization potential. 

are previous nonrelativistic results,‘ a previous relati- 
vistic calculation’ and experimental energy terms for 
this atom.® As expected, the relativistic results are in 
considerably better agreement for the inner electrons. 
It is apparent that some improvement is also present 
for the outer electrons. Table II contains similar 
information for the Hg** ior. 


IV. RESULTS FOR TUNGSTEN 


In this calculation 541 grid points were used for the 
numerical integrations. The grid spacing chosen was 

*D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A149, 210 (1935). 

* D. F. Mayers, Proc. Roy. Soc (London) A241, 93 (1957). 

*H. H. Landolt and R. Bornstein, Z. und Funktionen, 
(Springer-Verlag, Berlin, 1950), 6th ed., Vol. 1, p. 228. 


Taste II. Energy-term values for Hg**, in rydbergs. 


Previous 
relativistic 
results 


Previous 
nonrelativistic 
results calculation 

6147.00 
1083.08 

1042.98 

899.17 

257.02 

237.41 

206.60 

174.47 


Subshell 


18 6181 
28 1102 
2P in 1061 
—— — . 
y 63. 

244.4 
212.5 
3Dae 181.2 
3Ds2 175.5 
4S 57.73 
4Pin 50.08 
4Pan 42.47 
4D 28.68 
4Dsi2 27.36 
4F un 9.63 
4F ia 9.40 
5S 10.36 
5Pie 7.50 
SP a2 


SDs 
5Dsia 


3Pus 
3P ua 


8.115 
\s.07 
d 





Ap= 1/36 with an innermost value of p=po= —4. The 
range of values of r is therefore from fmin=7o= 1.83156 
X10 ap to rmax= 59.8741 ao. The iterations of the 
calculation were repeated until successive values of 
the individual subshell contributions to the potential at 
the origin were constant to at least 1 part in 10*. 
Six-figure accuracy for all energy eigenvalues was 
obtained as indicated by their values in successive 
iterations. The energy eigenvalues obtained from this 
calculation are given in Table III. Also included in 
this table are experimental energy-term values for 
each of the subshells of the atom.® 


Taste III. Comparison of energy eigenvalues with experimentally 
determined term values for tungsten, in rydbergs. 


Number Experimental 


of energy-term 
electrons value 








Calculated 
eigenvalue 


$120.3 5139.0 
890.64 880.90 
849.75 845.74 
751.25 
207.17 
189.20 
167.58 
137.36 
132.76 

43.38 
35.70 
30.79 
18.57 
17.58 


1.99 


5.19 
2.96 
2.20 


Subshell 





1§ 

2S 

2P us 
2P ar 
3S 

3P in 
3P us 
3Diia 
3Dsn 
4S 

4P iis 
4P a2 
4Dar 
4Dy, : 
4F ua 
4F a2 
5S 


5P i 
5P a2 
5Dar 
6S 
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Tas_e IV. Comparison of energy eigenvalues with experimentally 
determined term values for platinum, in rydbergs. 











Number __ Experimental 
energy-term 
value 


5773.8 
1021.92 


Calculated 
eigenvalue 


5796.7 
1011.44 
973.04 
845.37 
236.76 
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6S 


electrons 





wm 
SERS 
oQnuN~s 
wR 


— UE EP NHRWADSSHNOL SHON NHN DY 


SSoSoveyunn 


S 








| 


V. RESULTS FOR PLATINUM 


In this calculation 613 grid points were used for the 
numerical integrations. The grid spacing chosen was 
Ap= 1/36 with an innermost value of p=po= —4. The 
range of values of r is therefore from frmin=fo= 1.83156 
X10 ao to rmax= 442.413 ao. Values of r larger than 
59.8741 however were of no importance because the 
electron cloud has an insignificant density beyond this 
value. The iterations of the calculation were repeated 
until successive values of the individual subshell 
contributions to the potential at the origin were 
constant to at least 1 part in 10°. Six-figure accuracy for 
all energy eigenvalues was obtained as indicated by 
their values in successive iterations. The energy 
eigenvalues obtained from this calculation are given in 
Table IV. Also included in this table are experimental 
energy-term values for each of the subshells of the 
atom.® 


VI. RESULTS FOR URANIUM 


This calculation made use of the same parameters as 
the calculation of the platinum atom. Values of r 
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between 1.83156X10~ a, and 442.413 ag were com- 
puted. As in that case however only values of r less 
than 59.8741 contained any useful information. The 
iterations were continued until values of the individual 
subshell contributions to the potential at the origin 
were constant to 1 part in 10°. Six-figure accuracy for 
all energy eigenvalues was obtained as indicated by 


TasBie V. Comparison of energy eigenvalues with experimentally 
determined term values for uranium, in rydbergs. 








Number Experimental 
energy-term 


value 


of Calculated 
Subshell electrons eigenvalue 





1S 
2S 
2P uz 
2P ua 
3S 


3P in 
3P aa 
3Daa 
3Dsi2 
4S 


4P ir 
4Pin 
4Dys 
4Dui2 
4F ui 
AMF y/2 
5S 
5P us 
5Pasa 
SDaa 
/2 
5F sn 
6S 


6P 2 
6P a2 
6D 
7S 


8515.0 
1602.44 
1542.73 
1264.32 
408.66 
381.66 
316.90 
274.42 
261.51 
106.00 
93.69 
76.79 
57.43 
54.36 

28.5 

27.6 
23.94 
18.86 
13.59 


) 
} 7.12 


8562.76 
1589.79 
1537.77 
1255.32 

399.48 


373.79 
309.50 
270.05 
256.95 
101.01 
89.40 
72.71 
54.45 
51.40 
27.69 


5.32 
2.04 
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their values on successive iterations. The results are 
given in Table V. 
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The angular distribution of the a particles from the O"*(p,a)N™ reaction and the total cross section for 
the O"*(p,n)F"* reaction have been measured for proton energies between 2.60 and 2.97 Mev. Comparison 
of the total cross sections for the two reactions eliminates the previously observed differences in resonance 
energies in these reactions. At most energies the a particles are preferentially emitted in the forward and 
backward directions and the angular distributions are rapid functions of proton energy. 





INTRODUCTION 


PREVIOUS study’ of the energy levels in the F” 

nucleus from observations of maxima in the yields 
of the O'*(p,a)N"* and O'*(p,%)F"* reactions resulted in 
some ambiguity due to small but definite differences in 
the proton energies needed to produce yield maxima 
of these reactions. In this earlier work the two reactions 
were observed simultaneously but at different angles, 
the @ particles at 90° to the proton beam and the 
neutrons at 0°. In an effort to resolve these ambiguities 
further measurements have been made in which the 
total cross section for the (p,m) reaction and the de- 
tailed angular distribution of the (p,a) reaction were 
obtained for certain ranges of proton energy which, 
from the earlier data, appeared to be interesting. 


EQUIPMENT 


Due to the different techniques required for the 
(px) and (p,#) measurements the two reactions had 
to be studied separately in this present work. 

The yield of a particles as a function of angles and 
proton energy was obtained using a target chamber 
described previously? with the following modifications. 
The magnetic analyzer (H) and nuclear emulsion holder 
(1,J,K) shown in Fig. 1 of reference 2, were removed 
and replaced by a proportional counter. The proton 
beam defining aperature was made 0.125 in. in diam- 
eter and the aperature leading into the proportional 
counter was 0.200 in. in diameter at a distance of 
4.25 ins. from the target. The monitor proportional 
counter (L) was removed. Other equipment used in 
the (p,a) work was similar to that described in reference 
1 


The neutron yield was measured by counting the 
positron activity of the resulting F"*, a technique which 
has been applied elsewhere’ to this reaction, but with 
thicker targets and proton beams having a wider 
energy spread than in the present work. 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic E Commission. 

1H. A. Hill and J. M. Blair, Ph . 104, 198 (1956). 

*H. D. Holmgren, J. M. Blair, . E. Simmon Simmons, T. F. Stratton, 
and R. V. Stuart, Phys. Rev. 95, 1544 (ose. 

+L. A. DuBridge, S. W. Barnes, J. H. Buck, and C. V. Strain, 
Phys. Rev. 53, 447 (1938 ). 

‘J.-P. Blaser, F. Boehm, P. Marmier, and P. Scherrer, Helv. 

Phys. Acta 24, 465 (1951). 


The target chamber used for the neutron measure- 
ments was that described in reference 1 with the 
target mounting clamp modified so that a 1-mg/cm* 
aluminum foil, 1.0 in. wide and 1.5 ins. high, could 
be held at a distance of 0.025 in. from the targét foil 
in the forward direction. This aluminum foil served to 
catch the F"* nuclei emerging from the target in the 
forward direction, but did not stop the protons which 
had passed through the target. Therefore, the usual 
insulated cup could be used for beam current collection 
and measurement. After a suitable bombardment 
period, the aluminum foil was removed and the positron 
activity in it, due to the F"* nuclei which have been 
caught, was measured using a thin-wall Geiger counter. 
It was found that this procedure gave more repro- 
ducible results than counting the F"* activity remaining 
in the target, since the NiO target foils were very 
fragile and often broke during handling. It was not 
convenient to count the F"* activity in the target in its 
original positicn because of the delay in starting the 
next bombardment. The target foils were prepared by 
a method described previously. In both target cham- 
bers the foils were mounted at a fixed angle of 45° with 
respect to the proton beam. Several targets were used 
during the course of these experiments and their thick- 
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Fic. 1. Differential cross section for the O'*(p)N™ reaction 
observed at three center-of-mass angles as a function of incident 
proton energy. Proton energies are for center of target. 
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T. F. Stratton, 
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(b), (c), and (d). 
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nesses ranged between 10 and 15 kev for 2.7-Mev 
protons. 


EXPERIMENTAL PROCEDURE 


The yield of the (f,) reaction was measured as a 
function of proton energy with the proportional counter 
at laboratory angles of 36°, 52°, 66°, 90°, 105°, 121°, 
147°, and 160°. The upper and lower angular limits 
were determined by the structure of the target chamber 
and counter. The proton energy was varied in steps of 
approximately 6 kev over three ranges of energy which 
were thought to be interesting due to the considera- 
tions mentioned in the introductory section above. As 
in the previous (p,a) work,’ the counter window thick- 
ness and filling pressure were adjusted so that the a 
particle pulses were easily separated from those due 
to other causes. 

As a preliminary to taking the (p,m) data, tests were 
made to determine the fraction of F'* atoms which 
reached the aluminum catcher foil, the fraction which 
remained in the target foil and the fraction recoiling 
in the backward direction. It was found that 42% of 
the F'* atoms reached the catcher foil, 55% of them 
remained in the target foil and 3% of them left the 
target in the backward direction. None of the F'* atoms 
passed through the catcher foil. Since the dimensions 
of the catcher foil were large compared with the proton 
beam diameter (0.065 inch) and the spacing between 
target and catcher, essentially all of the F'® atoms 
leaving the target in the forward direction were caught 
by the aluminum foil. 

Due to the large number of protons scattered by the 
aluminum catcher foil into the proportional counter 
attached to the target chamber, it was not feasible to 
count the a particles produced during a bombardment 
with the catcher in place. Therefore, preliminary runs 
with no catcher present were made before each series 
of F'* measurements and the resulting a particle yield 
at 90° was used to confirm the condition of the target 
and to check the consistency of the energy calibration 
of the machine by comparison with our previous 
(pa) data. 

During each bombardment with the catcher in place 
the proton beam intensity was checked periodically 
and the F"* activity was later corrected for its decay 
during the bombardment, taking into account the ob- 
served variations in beam current. After a bombard- 
ment the active catcher foil was removed from the 
target chamber and placed under a calibrated, thin- 
wall Geiger counter. The time (about 5 minutes) re- 
quired for this operation was long enough to permit the 
complete decay of any F"’ activity (7,=66 seconds®) 
due to the O'*(p,7)F"’ reaction. The decay of the F'* 
activity in each catcher was followed for about one 
hour, during which time other bombardments could be 
made. 


*C. Wong, Phys. Rev. 95, 765 (1954). 
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Fic. 3. Total cross sections for the O"*(p,a)N™ reaction (solid 
curve) and the O'*(p,8)F" reaction (dashed curve) as a function 
of proton energy in kev. Triangular dots along the energy scale 
designate proton energies for which angular distribution curves 
are presented in Fig. 2. 





RESULTS 


Three of the (p,) yield curves taken with the angular 
distribution chamber are shown in Fig. 1. The proton 
energies have been corrected for target thickness and 
represent the average energy at the center of the target. 
The cross sections have been converted to the center- 
of-mass coordinate system and the angles given for the 
three curves are center-of-mass angles with respect to 
the direction of the proton beam. 

A representative selection of angular distribution 
curves are presented in Figs. 2(a), (b), (c), and (d). 
The cross sections have been converted to the center- 
of-mass coordinate system and they have been plotted 
against the cosine of the angle of observation, converted 
to the center-of-mass coordinate system. The numbers 
designating each curve represent the proton energies 
at the center of the target in kev. 

The total cross sections for the (py) reaction, the 
solid curves in Fig. 3, were obtained by graphical in- 
tegration of the angular distribution curves. The 
smaller triangular marks along the bottom edge of 
Fig. 3 designate the proton energies for which curves 
are given in Fig. 2. The curves not given in Fig. 2 were 
omitted to avoid confusion due to the large number of 
overlapping lines. 

The dotted curves in Fig. 3 represent the total cross 
section for the O'*(p,n)F"* reaction. The F'* activities 
measured in the catcher foils are considered to be pro- 
portional to the total cross section for this reaction 
without regard to possible variations in the angular 
distribution of the neutrons. This should be true since 
this reaction was studied over an energy range of no 
more than 400 kev above its threshold energy (2577 
kev'), and in this region the F'* nuclei should all have 
initial directions within 12° of the direction of the 
proton beam. During their passage through the target 
the fluorine atoms will make collisions with the nickel 
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and oxygen atoms in the target so that some diffuse 
out of the target and some remain in it, as was experi- 
mentally confirmed. However, the velocity and direc- 
tion of the fluorine atoms are mainly determined by the 
velocity of the center-of-mass of the reaction system, 
which changes only slightly over the range of this 
experiment, so that the fraction of fluorine atoms 
reaching the catcher should not be a strong function of 
the incident proton energy. 

The relative errors between the points on the (p,a) 
curves in Figs. 1 and 2 are thought to be between 2% 
and 4%, as determined by counting statistics and the 
reproducibility of data. Because of uncertainties in the 
number of O'* atoms in the targets the cross section 
scales may be in error by +25%. Some of the points in 
Fig. 3 giving the total cross section of the (p,) reaction 
have an additional uncertainty up to +5% due to the 
need for extrapolation of the curves of Fig. 2 to 0° and 
180°. The maximum error due to this cause occurs at 
those proton energies where the yield rises most rapidly 
at high and low angles. 

The individual points on the (p,m) curves in Fig. 3 
are thought to have relative errors of +5% with the 
cross section scale being uncertain by as much as 
+50%, due to target conditions and the uncertainty 
in the absolute efficiency of the positron counters. 


DISCUSSION OF RESULTS 


The 94° curves in Fig. 1 closely resemble the perti- 
nent portions of the solid curve in Fig. 1 of reference 1, 
with the addition of some finer details, apparently due 
to the thinner targets used in the present work. How- 
ever a comparison of the 38° and 161° curves with the 
94° curve show that there are many features of this 
reaction which the curve for any single angle cannot 
show. The apparent excess of yield in the backward 
direction, as illustrated by the 161° curve being higher 
than the 38° curve, is an illusion due to the fact that 
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these two angles are not symmetric about 90°. As the 
proton energy is varied, the angular distribution of the 
a particles emitted varies widely, as can be seen from 
Fig. 2. On the whole, the yield per unit solid angle near 
90° is less than that in the forward or backward 
direction. 

The curves in Fig. 3 showing the total cross section 
for the (pz) reaction indicate that there are more 
energy levels in the F nucleus than was evident from 
the 90° curve in the older work.' In the older data there 
was a displacement in energy between the neutron peak 
at 2649 kev and the a-particle peak at 2635 kev, whereas 
the total cross section curves now show that the neutron 
maxima at both 2772 kev and 2650 kev correspond 
within one or two kev to maxima in a-particle yield. 
As in the earlier data, the neutron cross section does 
not appear to have a maximum in the neighborhood of 
the maximum of the (f,a) cross section at 2928 kev. 

An inspection of the curves in Fig. 2 shows that the 
angular distributions on the low-energy sides of the 
resonances at 2650 kev and 2772 kev are more complex 
than those on the high-energy sides, and that the chief 
contributions to the peaks are the strong yields in the 
forward and backward directions. In contrast to these, 
the resonance at 2928 kev has much less complex angu- 
lar distributions on either side of the peak and is most 
nearly isotropic at the peak. It is possible that these 
differences in the a-particle distributions are related to 
the fact that the 2650-kev and 2772-kev resonances 
appear in both (p,a) and (p,m) reactions, while the 
2928-kev resonance appears only in the (p,q) interaction. 
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Energy Spectra of Protons from (d,p) Reactions in Heavy Elements* 
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Surveys of proton energy distributions from (d,p) reactions were made on nucle! with Z>30 using reso- 
lutions of 500 and 80 kev. The gross structure shows broad peaks due to the major nuclear shells, as expected 
from the fact that (d,p) stripping reactions excite single-particle states; peaks due to the subshell structure 
can be seen in some cases, especially in the heavier nuclei. The energies of the various peaks do not shift from 
element to element in the manner expected from simple theory; it is shown that this is not in conflict with 
neutron cross-section evidence, and possible explanations are proposed. The energy spacing between major 
shells derived from these measurements allows calculation of the reduced mass for nucleons in nuclei; the 
result is very different from the predictions of Brueckner theory, but explanations for this discrepancy are 
advanced. The results and their interpretation given here are in direct conflict with the Wilkinson theory 
of gamma-ray giant resonances. The energy spectra are very similar at different angles, which indicates that 
the stripping process is predominant at all angles. Deviations from Butler angular distribution theory at 
large angles must therefore be due to difficulties in that theory rather than due to the onset of competing 


process. 


INTRODUCTION 
T is well known that (d,p) stripping reactions excite 
single-particle levels—or excite any given level with 


a strength proportional to its single particle component.’ ” 


Thus, the cross section for a (d,p) reaction is large when 
the energy of the neutron it inserts into the nucleus 
(E,) is equal to the energy of a single particle level this 
neutron can occupy. Since the energy of the proton 
emitted in the reaction (E,) is rigidly related to E, by 

E,= Ea— E,—2.2 Mev (1) 
(where Ey is the energy of the incident deuteron), 
measurements of o(d,p) vs Ey, [the energy spectra of 
protons from (d,p) reactions }, are equivalent to meas- 
urements of o(d,p) vs En, and are thus suitable for 
studying the single particle neutron levels. Since single 
particle levels occur at about the same energy for 
neighboring elements, strong similarities in the spectra 
of neighboring elements are expected. 

In this paper, we report on a general survey of energy 
distributions of protons from (d,p) reactions in heavy 
elements (Z> 30). It includes a low resolution survey 
to determine the’ gross structure of the single particle 
level density, and a preliminary high resolution survey. 
The low resolution survey shows the effects of major 
shell structures, including the regularities among 
neighboring nuclei, and some unexpected results on 
how the positions of the shells shift from element to 
element. The high resolution survey shows some of the 
subshell structure, and indicates some of the problems 
in studying this in detail. The data aiso has implications 
for deuteron stripping theory, and gives spacings 
between adjacent major shells which bears on the 
question of reduced mass of nucleons in nuclei, and on 
the Wilkinson theory of gamma-ray giant resonance. 


* Supported by the National Science Foundation and by the 
joint program of the Office of Naval Research and the U.S. Atomic 
Energy Commission. 

1T. Auerbach and J. P. French, Phys. Rev. 98, 1276 (1955); 
J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956). 


EXPERIMENTAL METHODS AND RESULTS 


The low resolution measurements were made by de- 
tecting the protons with a CsI(T1) scintillation crystal, 
and measuring the resulting pulse-height’ distributions 
with a 256-channel pulse-height analyzer. An aluminum 
absorber was placed in front of the crystal to stop 
deuterons, tritons, and alpha particles; this necessitated 
elaborate corrections to the proton energies. States with 
known (d,p) reaction Q values were used for the energy 
calibration, and many cross checks of this type were 
made. The over-all energy resolution in these measure- 
ments was about 0.5 Mev except in a few cases where 
target thickness was the limiting factor. An example of 
data taken directly from the 256-channel analyzer is 
shown in Fig. 1. 

The types of target and their thicknesses are listed 
in Table I. Commercial metal foils were used wherever 
these were available. In other cases, targets were 
prepared from powdered chemical compounds (usually 
oxides) by depositing a suspension of these in poly- 
styrene on a one-mil Mylar film. Due to the large 
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Fic. 1. Energy distribution of protons from (d,p) reactions on 
Au. This is a typical example of unprocessed data taken with the 
scintillation detector used in conjunction with a 256channel 
pulse-height analyzer. Data of this type was used in constructing 
the composite low resolution display shown in Figs. 2, 3, and 4. 
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TABLE I. Targets and thicknesses 


A. Foil targets 


Element Thickness (mg/cm?) Element hickness 


Pb 16 Cd 7.1, 11 
Au 7 Ag 0. 10.0 
Pt 7 Pd ) 
W 49.3 Kh 0 
Ta 14.8 Mo 18.5 
on 10.7 Nb 
In 17 Zr 
Zn 


B. Powder targets (on one mil M ylar support) 
Element Material Thickness (mg/cm?) Elemer 


UO,(NO,): 
4i metal 
POs 
HgO 
Er); 
Dy, 
GdO; 
Sm2O0 
PrO; 
CeOsy 


La 
Ba 
I 
Sb 
Ru 
\ 
or 
R} 
As 
Te 


Uw 


Ut & bt 
< 


- 
NM Ne bt Ut Se 


oe 
> bee wh un 


Aon wee 


w 
oul 


tr 


Special composite targets 


Cs CsI crystal on Mylar support 
Ir Ir-loaded polyethelyne tape 





amounts of carbon and oxygen included, powder targets 
were used only for measurements at 90° where the 
energies of protons from (d,p) reactions in light elements 
are greatly reduced by center-of-mass motion. Non- 
uniformities and uncertainties in target thickness lead 
to uncertainties in the energy scale as large as 0.3 Mev 
in some cases. The data from low resolution surveys 
taken at 90°, 60°, and 30° are shown in Figs. 2, 3, and 
1 respec tive ly , 

The high resolution measurements were made by 
magnetic analysis of the protons with a 60° wedge 
magnet spectrometer? and were detected with photo- 
graphic plates on the focal plane.’ The plates were 
covered with sufficient aluminum absorber to stop 
deuterons, tritons, and alpha particles. After develop- 
ment, they were scanned with microscopes by counting 
the number of tracks per unit area as a function of 
position along the plate. The targets were the same as 
those used in the low resolution work (see Table 1). 
Except in cases where target thickness was limiting, 
the energy resolution was about 80 kev. A typical 
example of the fine structure data is shown in Fig. 5. 
Some of the results from the fine structure survey are 
shown in Figs. 6, 7, and 8. 





Since the absorber needed to stop the deuterons also 


stops low-energy protons (or degrades their energy 
enough to make them indistinguishable from gamma- 





ray background), these protons could not be studied 


2R. S. Bender, E. M. Reilley, A. J. Allen, J. S. Arthur, and 
H. J. Hausman, Rev. Sci. Instr. 23, 542 (1952) Fic. 2. Low resolution survey of the proton energy spectra from 
* The authors are greatly indebted to Professor J. R. Cameron (d,p) reactions on n it] >30. Detection angle is 90°, 
who set up the photographic plate detection program. resolution abx 
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in the low resolution survey. It was not considered 
worthwhile to include them in the high resolution survey 
because of their lack of detailed structure. An inter- 
mediate resolution survey of the low-energy portion 
of the proton energy distributions was therefore made 
by magnetically analyzing the protons and detecting 
them with a CsI(T1) crystal. Since only particles with 
a given Hp were incident on the crystal, the protons 
were easily separated from the other particles and 
gamma rays by pulse-height analysis (E,=2E4=3£;). 
The spectrum was then measured by determining 
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F1c. 3. Low resolution 
survey of proton energy 
spectra from (d,p) re- 
actions taken at 60°. 
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counts per microcoulomb of incident beam for various 
settings of the magnetic field. All parameters of the 
system were set to give an over-all resolution of about 
200 kev. A typical example of unprocessed data of this 
type is shown in Fig. 9. 

The results of this survey are shown in Fig. 10. 
Since the time required to measure a spectrum in this 
manner decreases very rapidly as resolution is reduced 
(it varies approximately as the fourth power of the 
resolution), curves such as those in Fig. 10, 
obtained in less than one hour each. 


were 


PROTONS 


FROM (4,?p ACTIONS 





8 
g 


i 


j 


\ \ 
~ ' \ 
1e/\ 


~ 
7 gPt S 


os 


ENSITY 


+ 


Fic. 4. Low resolution 
survey of proton energy 
spectra from (d,p) re 
actions taken at 30°. 
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DISCUSSION AND CONCLUSIONS 
A. Correlation with Nuclear Shell Structure 


It is clear from Figs. 2, 3, and 4 that the energy 
spectrum is quite independent of angle. Thus, the 
ensuing discussion will in genera! refer to the 90° data 
since it is the most complete. 

The gross structure in the region of Z=42 to 53 is 
characterized by a peak at O>4 Mev followed by a 
valley at 02.5 Mev and a rise to plateau at Q-~1.5 


‘Mev. This is the region where the sy, dy, dy, gzj2, and 
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Fic. 6. Intermediate resolution (200-kev) survey of the low-energy 
portion of the energy spectra of protons from (d,p) reactions 








his2 levels, comprising the major shell of 50<N < 82 
(where N is neutron number), are filling; levels corre- 
sponding to all of these j values are known to occur in 
the region of the 4-Mev peak‘ (see for example, Cd™ 
and Sn"), This peak ends abruptly at Ba where the 
shell is filled. Both of these facts strongly indicate that 
this peak is due to the filling of single particles levels 
in the’S50<N<82 shell. The fact that single particle 
levels from a single major shell tend to group together 
into a relatively narrow band was first pointed out to 
the author by Lane® whose conclusions were based on 
both theoretical®:? and experimental‘ evidence. 


4 s ‘ 
20 25 30 40 45 
PLATE DISTANCE CM 





Av 60° 


TRACKS/iSmm* 











Fic. 7. Fine structure of the energy spectrum of protons from 
(d,p) reactions on Au taken with the magnetic spectrometer and 
photographic plates. This figure is representative of data used to 
compile Figs. 8, 9, 10. Approximate resolution, 80 kev. 


‘D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 50, 585 (1958). 

5 A. M. Lane (private communication). 

*A. A. Ross, ft Mark, and R. D. Lawson, Phys. Rev. 102, 
1613 (1956); 104, 401 (1956). 

7A. Schréder, Nuovo cimento 7, 461 (1958). 
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The plateau starting at Q-~1.5 Mev would then seem 
to be due to the filling of single particle levels in the 
82<N < 126 shell. This interpretation is supported by 
following this structure from element to element up 
to the Pt-Au-Pb region; by this time it has moved to 
Q=~4 Mev where it includes many known levels with 
spins and parities corresponding to 4, pj, fy, ft, Moy, 
113/2 which are the single particle levels for 82<_N < 126. 
There is further evidence for the surmise that the filling 
of single particle levels in this shell is responsible for 
the O~~1.5-Mev plateau in the region Z=42-53; this 
arises from neutron cross-section work® which indicates 
that the p subshell passes through zero neutron energy 
(Q=—2.2 Mev) at Z~40. Since the p subshell is at 
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Fic. 8. High resolution (80-kev) proton energy distribution 
from (d,p) reactions on several heavy elements 


the top of the 82<.N<126 major shell,® the peak due 
to the filling of this major shell 
Q=1.5 Mev toQ 

The region Z=73 to 83 is charac terized by peaks at 
Q—=4 Mev, 1.6 Mev, and 0 Mev. The peak at 1.6 Mev 
is the highest energy peak for with N>126 
(e.g . Pb™® Bi™, et e 4-Mev peak must be 
due to filling levels in the 82< N< 126 shell, in agree- 
The N>126 
to O=—1.0 
Near the top of this major shell is 
according to the neutron data, 


extends roughly from 
—2 Mev in this region. 


nut lei 
SO tl at tl 
ment with evidence referred to above 
shell then extends roughly from Q=1.7 
Mev in this region 
the s subshell which, 

*H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1954). 

*P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
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passes through Q= —2.2 Mev at Z=65, in good agree- 
ment with the above estimate of the extent of the major 
shell in the region Z=73 to 83. 

Returning to the lighter element region, we note that 
for Z=38 to 44, there is an extra peak to the right of 
what we have previously identified as the 0~4-Mev 
peak in the region immediately above it. In several 
cases, this extra peak includes known dj levels, so that 
it must be due to the dy subshell of the 50<N<82 
major shell. This indicates that the dy subshell is split 
away from the rest of the major shell by about 1 Mev. 
In these nuclei, the remainder of the major shell also 
seems to be somewhat split up (probably into the s, 
and d, subshells; these should be more strongly excited 
than the gzy2 and /yy2 subshells) and spread over a 
wider energy region. The upper extent of this major 
shell may be estimated from the fact that in accordance 
with the neutron data, the s-subshell passes through 
Q=--2.2 Mev at Z=25; according to the recent work 
of Schiffer and Lee,” it is at about Q=2 Mev at Z= 30. 

The splitting of the major shells into subshells is 
especially well illustrated by the high resolution data 
in the heavy element region shown in Fig. 8; at least 
3 distinct subshells in the N>126 major shell can be 
discerned ard traced from element to element from 
Z=73 to 83. This technique is not nearly so successful 
among the lighter nuclei as evidenced from Figs. 9 and 
10. The reason for this may be surmised from the data 
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Fic. 9. High resolution proton energy distribution from (d,p) 
reactions in several intermediate weight elements with even 
number of protons. The arrows designate known levels in Zir- 
conium. Resolution, 80 kev. 


"J. P. Schiffer and L. L. Lee, Phys. Rev. 115, 1705 (1959). 
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Fic. 10. High resolution proton energy distribution from (d,p) 
reactions in intermediate weight nuclei with an odd number of 
protons. Resolution, 80 kev. 


for Zr in Fig. 9: the arrows show the states due to the 
(d,p) reaction on Zr™, and there is evidence that the 
smaller peaks occurring regularly to the left of these are 
the corresponding peaks due to other isotopes. It is 
clear from this that when mixtures of isotopes are 
bombarded, the subshell structure is washed out, so 
that the subshell structure in this region can only be 
studied by use of separated isotopes. An active program 
of studies using separated isotopes is in progress," but 
a description of that work is beyond the scope of this 
paper. The reason for this difference between heavy 
and medium weight nuclei is not clear, but the evidence 
for it is unquestionable. 

A detailed understanding of the energy spectra from 
odd proton nuclei, shown in Fig. 10, will be difficult to 
achieve until more is known about the even proton 
nuclei, which are much simpler. 

Some interest might be attached to nuclei with an 
odd number of neutrons since these are essentially not 
represented in Figs. 1 to 6; they exist only as low 
abundance isotopes of even proton elements. Some data 


"™ B. L. Cohen, R. E. Price, and S. Mayo (to be published). 
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on these is shown in Fig. 11 where results for odd 
neutron isotopes are compared with those for even 
neutron isotopes of the same elements. The most 
striking observation from Fig. 11 is that the gross 
structure peaks occur at the same Q value in even and 
odd neutron isotopes even though the excitation energy 
at which they occur differs by more than 3 Mev. This 
may be explained® if one notes that the neutron that 
is added does not usually form a pair with the odd 
neutron, so that its binding energy is unaffected by the 
existence of the odd neutron. The high excitation energy 
of the resulting nucleus is only high relative to the 
ground state; that is, to the state that would have been 
formed if the added neutron had formed a pair. The 
separation between the 0~4-Mev peak and the ground 
state is a clear cut determination of the pairing energy, 
since similar states are involved in each. From Fig. 11, 
the pairing energy in Cd and Sn is about 3 Mev. 

The division between the various shells is shown by 
the dashed lines in Fig. 2. 


B. Shifting of Single Particle Levels 
with Nuclear Size 


Single particle levels occur approximately at energies 
where the nuclear radius is an integral multiple of half 
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wavelengths. Thus as the mass number increases 
leading to an increase in nuclear radius, the wavelength 
for a given level must increase proportionately, causing 
the energy of the level to drop down lower in the well. 
If one calculates this effect for a square well with the 
Feshbach-Porter-Weisskopf parameters,* one obtains 
an energy shift per mass number, AE/AA, of 


AE/AA™15 Mev/A. (2) 


This corresponds to an energy shift of about 0.4 Mev 
per atomic number in the region Z=38-55, and about 
0.2 Mev per atomic number in the region Z=73 to 83. 
It is immediately from Fig. 2, that the 
observed shifts are not nearly that large; an upper 
limit to their magnitude is about 20% of the value 
obtained from (2 lusions are obtained 
from the structure in the low-energy part of the spectra 
shown in Fig. 6. 


clear 


Similar con 


From Fig. 2, it is apparent that most of the energy 
shifting that does occur is in the immediate neighbor- 
hood of closed shells. This is definitely the case in the 
regions of N=50 and N=82, but N=126 seems to be 
an exception. When the shell closing at 126 neutrons 
becomes full, it is no longer excited; the levels from the 
next shell do not shift, but rather stay fixed, so that 
there is a sharp discontinuity in the neutron binding 
energy. However, even including the rapid shifting 
near closed shells, the over-all shifting is only about 
half as large as expected from (2). These results were 
very puzzling in view of the supposed close agreement 
between the neutron data of Barschall and others,” 
and the calculations of Feshbacl Porter, and Weiss- 
kopf.* The latter used a square well, and thus show a 
shifting in accordance with (2 
is difficult to study in detai 
dimensional representation 


Since the neutron data 
the usual three- 
was replotted from the 
original data and is shown in Fig. 12 


with 


The positions of the three principle pe aks at nonzero 


i 
energy predicted by the calculations in reference 8 are 
shown in Fig. 12 by the dashed lines; the attached 
letters are the angular momentum wave which, being 
12 that 


in resonance, causes them. It is clear from Fig 


two of ihe three predicted peaks are not present at all 
in the data, whereas the third (whicl 


in the theoretical 
calculations is no more prominent than the 
shifts much less rapidly than the 


others) 
theoretical predictions. 
The agreement between experiment and theory in the 
neutron case is much poorer than is generally believed, 
and there is certainly no evidence in th 
contradic tory to the lack of sl 
experiments. 

In the lack of shifting found in these experiments, 
there are two phenomena to explain: the fact that the 


neutron data 
ifting found in the present 


over-all shifting is only about half of the square well 


2H. H. Barschall, Phys. Rev. 86, 431 (1952); Neutron Cross 
Sections, compiled by D. J. Hughes and J. A. Harvey, Brookhaven 
National Laboratory Report BNL-325 (Superintendent of 
Documents, Washington, D. C., 1955 





ENERGY SPECTRA OF 


prediction ; and the fact that practically all the shifting 
occurs over very small mass number intervals, with 
almost no shifting being observed in two rather ex- 
tensive mass number intervals. The first may be ex- 
plained by deviations from a square well in which the 
top few Mev of the well have a much larger radius than 
the remainder.” Calculations by Baranger and Lee" 
indicate that this explanation is quantitatively satis- 
factory. The second might be explained by variations 
of the nuclear radius from the A* dependence, or by 
changes in the depth of the nuclear potential well, Vo; 
however, any variations of this type would cause 
irregularities in the angular distributions from elasti« 
scattering, as both effects are sensitive essentially to 
Vr’. Since no such irregularities are observed in elastic 
proton scattering experiments," these explanations are 
difficult. 

From a broader point of view, positions of energy 
levels can be affected by variations in any of the terms 
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Fic. 12. A replot of the original total neutron cross-section data 
of Barshall. The dashed lines indicate the positions of peaks in the 
neutron total cross section as predicted by the optical model 

4 E. Baranger and C. W. Lee (private communication). 

“ B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954); 
B. B. Kinsey, Phys. Rev. 99, 332 (1955); F. Dayton and G 
Schrank, Phys. Rev. 101, 1358 (1956); N. M. Hintz, Phys. Rev. 
106, 1201 (1957). 
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Taste II. Energy changes per added neutron or proton, and total 
energies for A = 125 from the Weizacker mass formula. 


Total 
ype of E/Neutron £/Proton energy 


energy Mev) (Mev) (Mev) 


Volume 14 14 —1750 
Symmetry 6 -6 70 
Coulomb 0.7 11 300 
Surface 1.8 1.8 300 


Number 


in the Weizacker mass formula. When a neutron or 
proton is added to a nucleus of A~125, the energy 
changes and total energies are shown in Table IT. 

The single particle model being used in this analysis 
takes into account (1) and perhaps (4); it definitely 
does not take into account (2) and (3), so that any 
changes in the sum of these would cause deviations of 
energy shifts from the single particle model prediction 
of Eq. (2). 

One example of this type would be a surface dis- 
tortion ; if it is assumed to be of the form 1+ 42P2(cos#), 
the sum of (3) and (4) changes'* by the fraction a,*/5. 
Since this sum is 600 Mev (see Table II), only a very 
small change in a: can cause appreciable deviations 
from the few tenths Mev shifts per atomic number 
predicted by the single particle model. 


C. Spacings Between Major Shells 


In accordance with Fig. 2 and the discussion of Sec. 
A above, the energy spacing between the centers of 
consecutive nuclear shells is about 4.5 Mev. This 
spacing may be used’* to calculate the reduced mass of 
nucleons in the nucleus, and the nuclear potential 
depth. The results for a square well potential with 
radius 1.45 A! are 

V ¢~20 Mev, 
M*/M~=~2.0. 


This is in sharp disagreement with usual estimates of 
reduced mass'*? which are about 4M. This disagree- 
ment would be lessened if the top of the well were 
assumed to have a much larger radius; but a factor of 
two increase in nuclear radius would be necessary to 
eliminate the discrepancy, and this would seem to be 
quite improbable. Another possible explanation is that 
the reduced mass is different in excited and normally 
unoccupied levels than in normally occupied levels. 


D. Implications for Wilkinson Theory of 
Gamma-Ray Giant Resonances 


The results reported here and their interpretation in 
Sec. A are in direct conflict with the Wilkinson theory 


16 N. Bohr and J. Wheeler, Phys. Rev. 56, 426 (1939). 

* V. F. Weisskopf, Nuclear Phys. 3, 423 (1957). 

17K. Brueckner and C. Levinson, Phys. Rev. 97, 1344 (1955); 
L. C. Gomes, J. D. Walecka, and V. F. Weisskopf, Ann. Phys. 3, 
241 (1958). 
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Fic. 13. A comparison between the proton energy spectra from 
(d,p) reactions on Pd and Cd taken at different scattering angles. 


of gamma-ray giant resonances.'* To illustrate this 
conflict and present some additional evidence, we will 
consider in detail two special cases, Zr® and Pb™*. 

In Zr”, the Wilkinson theory would require a go/2 
neutron to be excited to the Ayyj2 level. The energy 
required to remove a g2 neutron from Zr® is directly 
obtainable from the (y,) threshold energy; it is about 
12.3 Mev. The Wilkinson explanation would then 
require that an Aj. neutron be unbound by about 6 
Mev, whereas in accordance with the discussion of 
Sec. A, it is bound by about 4 Mev. (Binding energy 

Q+2.2 Mev)—a discrepancy of about 10 Mev! The 
position of the Ay. particle level is known in Pd", 
Pd, Pd™, Cd", Cd", Cd, Sn!!7, Sn", Sn, Sn!, 
Sn, and Sn"’; in all these cases it is within 0.5 Mev 
of the ground state which is bound by about 6 Mev. 
In view of this very slow variation with mass number, 
it would seem most unlikely that its position would 
shift by more than a few Mev between masses 107 and 
90. In addition, in all cases where the position of the 
hy1y2 level is known, it is very close to the s; level; the 
latter is certainly bound by mass 90, since, from the 
neutron data* it passes through zero binding energy 
at mass 55. One would certainly expect the /y1/2 level 
to be more strongly bound than the 3 level, but the 
latter passes through zero binding energy*® at mass 90. 
All of these facts strongly support the location of the 
hy1/2 level given in Sec. A, as opposed to the Wilkinson 
theory prediction which is some 10 Mev higher. 

Another specific example is Pb®*. The Wilkinson 
theory requires that the giant resonance transition be 


“TD. H. Wilkinson, Physica 23, 1039 (1956). 
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between the p; and dj staies. A p; neutron is bound by 
7.4 Mev, so that the dy state would have to be unbound 
by about 7 Mev to explain the energy of the giant 
resonance, whereas from Sec. A, it is bound by about 
2 Mev—a discrepancy of 9 Mev. Additional evidence 
that the d; level is actually bound by a few Mev comes 
from its proximity to the s, level which goes through 
zero binding energy*® at mass 160. From their intensity, 
the three strong peaks near zero binding in the Pb data 
of Fig. 8 are expected to be the s,, ds, and dy particle 
states. 

The choice of two closed shell examples in no way 
implies that the discrepancy between Wilkinson theory 
and the discussion of Sec. A is limited to those cases. 
All the effects mentioned vary slowly from nucleus to 
nucleus, with no very large discontinuities at closed 
shells. 


E. Implications for Reaction Theory 


It is almost universal in deuteron stripping studies 
to find that angular distributions do not fall off at 
large angles nearly as rapidly as predicted by theory; 
this indeed is the case in the present experiment. The 
usual explanation for this is that the protons emitted 
at large angles do not result from stripping. 

In the present experiments, the energy distributions 
are the same at various angles as evidenced by Figs. 2, 
3, and 4, and by the similarity in fine structure at 
various angles as shown by Fig. 13. Further evidence 
for this may be seen in the angular distribution meas- 
urements of Gove.” 

However, all the characteristics of the energy dis- 
tribution are explained by the fact that these reactions 
do proceed by deuteron stripping. One must therefore 
conclude that the difficulty at 
stripping angular distribution theory rather than with 
the onset of competing processes 

The shape of the low-energy portion of the proton 
energy distributions shown in Fig. 6 are very puzzling 
since the position of the peak is virtually independent 
of atomic number. It is believed that this part of the 
spectrum is due to deuteron break-up, but this matter 
is being further studied both experimentally and 
thecretically. 


large angles is with 
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Neutron yields from C", N“, and Ne*® bombardments of a number of target elements have been measured 
by an activation method. The maximum bombarding energies were 10.4 Mev per nucleon of the incident ion. 
Neutron yields have been calculated by assuming complete fusion of the two nuclei, with an interaction 
radius of ro~1.5X10~" cm, followed by de-excitation of the compound nuclei by neutron emission only. 
Calculated neutron yields are a factor of about two higher than experiment in the case of heavy target nuclei, 
with greater differences for light targets. Some possible refinements of the theory that could bring the results 


closer to agreement with experiment are mentioned. 


L_ INTRODUCTION 


HE bombardments of complex auclei by high- 
energy nucleons or light nuclei produce a large 
variety of reactions, from which some of the emitted 
nucleons are due to cascade processes and some are 
evaporated from excited residual nuclei. In the latter 
case, the excitation energies have a considerable spread 
because of statistical fluctuations in the cascade process. 
Under these conditions, it is impossible to compare 
evaporation theory and experiment at energies of, say, 
100 Mev except by averaging over many compound 
nuclei and excitation energies. Within these limits, 
theory and experiment are in fairly good agreement.'~* 
Compound nuclei excited to 100 or more Mev can also 
be produced in heavy-ion bombardments at the Berkeley 
heavy-ion linear accelerator (“Hilac’”’), and it is thought 
likely that a large fraction of the compound nuclei have 
excitation energies appropriate to the complete fusion of 
the projectile and target nuclei. Cascade effects should 
be of minor importance, because the kinetic energies 
of the bombarding nuclei are 10 Mev or less per nucleon. 
These compound nuclei are of additional interest be- 
cause they are often highly neutron-deficient and are 
therefore more susceptible to de-excitation by fission 
and charged-particle emission than are those formed by 
light-particle interactions. They also may be formed 
with very high angular momenta. Whether or not heavy- 
ion reactions will, in fact, be easier to interpret on the 
basis of compound-nucleus interactions than are those 
produced by high-energy nucleons depends on further 
measurements concerning the details of the interactions. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

+t Now at Tracerlab, Inc., Richmond, California. 
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? L. Evan Bailey, University of California Radiation Laboratory 
Report UCRL-3334, March 1, 1956 (unpublished). 

* L. Dostrovsky, P. Rabinowitz, and R. Bivins, Phys. Rev. 111, 
1659 (1958); other references are given in this article. 

*M. Whitehead and F. Adelman, University of California 
Radiation Laboratory Report UCRL-2094, January 30, 1953 
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* Warren Heckrotte, University of California Radiation Labora 
tory Report UCRL-2184 Rev. 2, December 18, 1953 (un- 
published). 
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It is known, for example, that in some cases fragmenta- 
tion of the heavy ion will lead to something less than 
complete fusion of the two nuclei.*~* 

In this survey experiment, the average numbers of 
neutrons produced by bombarding a variety of mate- 
rials with carbon, nitrogen, and neon nuclei have been 
measured by an activation process." The measured 
yields are compared with the values that are predicted 
from a simple boil-off theory by assuming de-excitation 
by neutron emission only. It is also assumed that the 
compound nuclei are formed by the complete fusion of 
the two nuclei, and the cross sections for compound- 
nucleus formation are calculated from commonly used 
parameters. 


Il. METHOD 


The ions emerged from the linear accelerator in 
several charge states, and then passed through a }-mil 
aluminum foil which stripped most of the ions of their 
remaining orbital electrons. The beam then passed 
through a 1-in. diam collimator, a steering magnet, 
another 1-in. collimator, and energy-degrading foils, and 
then entered the experimental area through a port in a 
2-ft thick concrete wall. The general arrangement is 
shown in Fig. 1. The targets were placed at the center of 
the 3-ft cube of MnSO, solution, the thick targets being 
mounted in a Faraday cup on the end of a solution-filled 
plug. When thin targets were used, the beam was 
monitored by a Faraday cup 4 ft from the exit of the 
tank. In both Faraday cups magnetic fields of several- 
hundred gauss were used to suppress the escape of 
secondary electrons. The collimators and the external 


7 James F. Miller, University of California Radiation Labora- 
tory Report UCRL-1902, July, 1952 of iH Freed 
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Faraday cup were surrounded by 18 in. of paraffin to 
reduce the background in the detector. The beam was 
aligned while the operator viewed a fluorescent plate 
with a television camera. Just ahead of the tank of 
MnSQ, solution was a 2-in. diam insulated collimator. 
The accelerator operator monitored the current to this 
collimator to verify that the beam remained centered in 
the 44-in. beam tube which went through the tank. 
The detection method is that described by Crandall 
et al? Neutrons emitted from the target were moderated 
in thé solution, and those that were captured by Mn 
nuclei formed the 2.59-hr half-life Mn®°*®. Before and 


after each bombardment, samples were drawn from the 


continuously stirred solution and were counted in two 
identical sets of immersion Geiger-counter systems. For 
the first few bombardments, the activity was monitored 
during the run by circulating the solution through a 
small shielded tank which contained a Nal crystal 
viewed by a photomultiplier. In this way the length of 
each bombardment was adjusted so that the activity of 
successive bombardments was approximately doubled. 
About six targets could be bombarded in a day, with the 
beam currents of about 0.02 wa (average) of particles 
obtained (the 
is 10"), 


average number of particles per sec 


The system was calibrated with a 1-g Ra-a-Be source 
and with a smaller Pu-a-Be source, both of which had, 
in turn, been calibrated by the National Bureau of 
3%. The 


e same for both sources. The modera- 


Standards to within + measured detection 


efficiency was t 
tion and capture efficiency has been calculated to be 


98% for Ra-a-Be neutrons in a detector of similar 


geometry, except for the beam tube.”° From calibrations 


with the plug on the exit end, both and filled 
with solution, the effect of the beam tube was shown to 
T he diffe rence 


artificial-source 


empty 


be small, was less than 1%. These 
therefore, be 


suitable for calculating the detection efficiency for the 


measurements should, 
heavy-ion-reaction neutrons, which have considerably 
lower average energy (assuming they ars 


Irom 


ingular anisotropy 


mostly 
boil-off processes). The considerable 
in the a particles" and fission fragments'*~"* from heavy- 
ion reactions suggests the possibility of a similar ani- 
This could make the 

of a disproportionate 


number of neutrons escaping through the beam tube, 


sotropy for neutron emission 


measured yi lds too low because 


especially in the thin-target measurements, which may 
thick-target 


ition in the plug do 


However, 
measurements with and without s 


show the greatest anisotropy 
not show a significant difference 

The multiple scattering in the thin targets was suffi- 
cient to prevent an appreciable fraction of the beam that 
traversed the 
The necessary correction wa 
the 


simultaneously re 


target from entering the Faraday cup. 


s determined by monitoring 


beam at the entran if the MnSO, tank and 


ording the é ad 


1y-cup currents with 


and without targets, and also wi he I araday cup at 


varying distances from the 1 t. Corrections of 8 to 
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15% were necessary, depending on the thickness and 
material of the targets. 

For measurements at less than the full energy, Be 
absorbers were inserted immediately after the steering 
magnet (the current was reduced to an impossibly low 
value when the absorbers were ahead of the magnet). A 
lead collimator at the center of the concrete shielding 
stopped the beam that was scattered out of the useful 
solid angle. Sufficient neutron absorber was placed be- 
tween the collimator and the MnSO, tank so that back- 
ground corrections from this source were always fairly 
small. Both thick- and thin-target background corre« 
tions were estimated in the same way, namely, by 
stopping the beam at the position of the Faraday cup 
for the thin-target measurements. The thick-target 
background corrections are presumably overestimated 
by this procedure, but they were usually a few percent, 
and were never more than 15% except when the beam 
energy was reduced to the point where it approached the 
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Fic. 2. Range vs energy for C® ions in several materials 


Coulomb barrier. In the latter cases, the background 
corrections were as much as 40%. 

Experimental range-energy relations for heavy ions in 
emulsion have been obtained by Heckman et al.'’ In 
order to determine the energy loss in the Be absorbers 
and in the targets, range-energy relations for heavy ions 
in metals have been calculated from Heckman’s data 
and from range-energy relations for protons in emul 
sion'*- and in metals.™™ The range-energy 


7H. H. Heckman, B. L. Perkins, W. H. Barkas, and F. M 
Smith, Bull. Am. Phys. Soc. 3, 419 (1958); H. H. Heckman, B. L 
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Fic. 3. Range vs energy for N“ ions in several materials. 


calculated for C, N, and Ne ions are shown in Figs. 2, 3, 
and 4, respectively. Preliminary experimental checks 
exist for some of these curves and are in good agree- 
ment.”-** The beam energy calculated from the ac- 
celerator parameters is 10.4 Mev/A. Wire-orbit meas- 
urements*® and measurements of ranges in emulsions?’ 
agree with this value and indicate that the energy spread 
is about +1.5%. 


Ill. RESULTS 


The neutron yields from thick targets (slightly more 
than one range thick) are given in Table I. The choice 
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Fic. 4. Range vs energy for Ne” ions in several materials. 
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Taste I. Neutron yields from targets slightly more than one range thick, in units of neutrons per incident ion 
errors are estimated to be about 6% except close to the Coulomb barrier, wher« 


Bom Calculated 
barding 


ion 


Absorber 


(mg/cm? 
Be) 


energy 
(Mev)* 


122 
106 

92 

78 
141 
201 
154 
114 


Cc 0 
12.6 
20.9 


10.4 
4.83 
2.17 


N' 
Ne® 


* lon energies are calculated from the range data of Figs. 2, 3, and 4 after 
of bombarding particle and bombarding energy was 
rather spotty. However, the results followed rather clear 
trends so that it was not considered necessary to fill in 
the gaps. 

The “thin target” measurements of the effective cross 
sections for producing one neutron, oi, are given in 
Table II, where o;, is defined as the number of neutrons 
produced per incident ion, divided by the number of 
atoms per square centimeter of the thin target. These 
data were obtained at full energy only, because of the 
complexity of the background. correction at reduced 
energies. 

The term “thin target” usually refers to targets in 
which the ion energy, interaction cross section, etc., 
do not change appreciably within the targets. However, 
these quantities do change appreciably during the ion 
traversal of some of the thin targets used in this ex- 
periment. We therefore, defined an effective 
kinetic energy for neutron production, 7. As will be 
discussed in Sec. IV, for the energies of interest, the 
neutron yield from compound-nucleus de-excitation 
N(T) be approximately proportional to 7, 
oss section ¢,(7) proportional to 


have, 


should be 


the interaction cr 
(1—V./T), and the ion range proportional to T*. With 
these assumptions, the yield per incident particle from 
the target is 
Ti 
J 


o.(T)N(T)TdT, 


——_ Nol 
Nolo (T)N(T 
T? 


0 


TABLE II. Thin-target measurements of the effective cross sections for producing one neutron, o1, 
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The absolute standard 


the about 50% 


are 


small co e been made 


where Nof=number of atoms/cm? in the target. After 
integrating and neglecting terms of second order in AT, 
it is found that the effective energy is T= 7 )—4AT. The 
values of T given in Table II were calculated in this way. 

All of the targets were of natura 
abundances. The 


repeating a number of the bombardmer 


y occurring isotopic 
y was checked by 


il iternail consiste! 
its several times. 
For example, thick and thin Ta targets were bombarded 
with the full-energy carbon beam on five different days, 
and gave results that agreed vithin 1% 


IV. DISCUSSION 

deuteron bom- 
severalfold as the mass 
hat of Al to U. 


ross section is increasing 


The neutron yields from thick-target 
bardments at 190 Mev inc1 
number of the target is in« 
This is because the interaction « 
and the fraction of the available energy lost to cascade 
particles and to charged-parti 
pound nucleus is decreasing. A jump in the yield for Th 


ised from t 


1 


le emission from the com- 


and U is presumably due to a contribution from fission. 

The neutron yields from the full-energy heavy-ion 
bombardments of thick Fig 
smaller increases as the ss number of 
raised than do those from light-particle bombardments. 
curve 


5) show much 


he 


targets 


ma t target is 


This flattening of the yield-vs-mas 
tively reasonable, because in these heavy-ion reactions 
the Coulomb barrier strongly affec interaction 
cross sections. Therefore, in high-Z targets t 


is qu ilita- 


ts the 


he effective 


interaction cross sections fall so rapidly with increasing 


The ite 


absol 


estimated to be about 9%. AT is the total energy loss in the target and 7 is the mean energy 


cu 
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10.66 
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depth in the target that the interaction cross section, 
averaged over the range of the particles, is not much 
greater than for light targets. Moreover, in heavy-ion 
bombardments cascade effects are presumably small. 
For these reasons, the variation of the neutron yield 
with the nuclear mass of the target can be less pro- 
nounced for heavy-ion than for proton or deuteron 
bombardments at similar energies. Once again, the Th 
and U points are higher than the Ta and Pb points, 
perhaps because of a contribution from fission. If this 
is so, it is not because of lack of fission in Ta and 
Pb,'*"* but must be because such fission does not pro- 
duce much additional nuclear excitation. 

It may be noted, incidentally, that the thick-target 
yields from these heavy ions are two orders of magnitude 
lower than those from deuterons of siinilar energy, be- 
cause of the greatly reduced ranges of the former. The 
values of o;, obtained from the thin-target measure- 
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Fic. 5. Neutron yields from thick-target bombardments by 
heavy ions of approximately 10 Mev per nucleon. The points are 
@ for 122-Mev C”, © for 141-Mev N™, and © for 201-Mev Ne®. 


ments at full energy, on the other hand, are quite similar 
to those from proton or deuteron bombardments at 
similar energies,"* as shown in Fig. 6. 

If it is assumed that all of the neutrons detected in the 
MnSOQ, tank are evaporated from compound nuclei 


Taste ITI. Average numbers of neutrons emitted per compound nucleus, and other calculated quantities. 
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Fic. 6. Measured values of o;, from proton, deuteron, reference 
12, and Ne” bombardments of thin targets at about 190 Mev. The 
points are © for 190-Mev H', 0 for 170-Mev D*, and © for 
190-Mev Ne”. 


formed from the complete fusion of the target and inci- 
dent nuclei, then the average number of neutrons, N, 
emitted by the excited compound nucleus can be calcu- 
lated from the experimental values of o1, by using the 
relation 


Nexp=10/¢e. (1) 


Since experimental values of ¢,, the cross section for the 
formation of a compound nucleus, are not presently 
available, it is necessary to calculate them to obtain 


: “experimental” values of N. 


Cross sections for the compound-nucleus formation 
have been calculated from the classical expression 


AitAa Ve 
ce=eo( 1-— *), (2) 
Ay T 


where A,;=mass number of the projectile, A;= mass 
number of the target nucleus, 7= kinetic energy of the 
projectile in the laboratory system, V.=@Z,Z2/r0'(A;! 
+A,}) is the effective Coulomb barrier, Z;e= nuclear 
charge of projectile, Z,e=nuclear charge of tar- 
get, ro’=radius parameter of the nuclear forces, og 
= rro(A ,4+- A+) is the geometric cross section for com- 





115-Mev C®* 


E, B, (Vee m Ce 
Target (Mev) (Mev) Neteor (Mev) (barns) JAy,., 





Al 63 8.5 
Ni 95 12.1 
Cu 12.1 
Ag A] 
Ta oO 

3 

4 


14.0 

26.6 

26.3 

38.0 

5 42.5 
10. 55.5 
8. 57.0 


1.68 
1.93 
2.03 
2.23 
2.69 
2.27 
2.33 


Au 
Pb 


190-Mev Ne® * 

BR, (Vee ™ Ge 
(Mev) N tneor (Mev) (barns) 
18.7 
35.0 
35.5 
51.8 
718 
76.2 
78.2 


E, 
» (Mev) 





1.05 
1.27 
1.95 
3.77 
641 
6.70 
706 


128 14.3 6.0 
146 14.1 7.3 
145 10.0 10.4 
141 8.0 12.8 
128 76 12.8 
120 74 11.6 





* Note that the mean energies for the experimental figures are not exactly 115 Mev or 190 Mev (see Table II), but the tabulated values of Nee have been 
approximately adjusted to 115 Mev and 190 Mev by multiplying ¢1./¢. by 115/T and 190/T, for carbon and neon, respectively. 


» Nezy is calculated from eia/ee with re =1.5 X10" cm. 
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pound-nucleus formation, and ro>=radius parameter of 
nuclear matter. Assuming ro=ro’, calculations of o, 
were made for ro= 1.5 10-" cm and 1.3 10-" cm. The 
calculated values of o, and the values of Nix» obtained 
from the thin-target bombardments are tabulated in 
Table III for roe= 1.5 10-" cm. 

A rather long Monte Carlo calculation is required to 
obtain accurate values of N from compound-nucleus 
evaporation theory. However, Heckrotte has developed 
an expression that gives good agreement with the Monte 
Carlo calculations for the cases where charged-particle 
emission is negligible and fission does not occur until 
after all the neutrons are boiled off. Heckrotte’s equa 
tion is 


LB, 


where E, is the initial excitation energy and B, is the 


average neutron binding energy. Here we have: 


y= (2/B,)(10E,/A.)!, 


where A, is the mass number of the compound nucleus. 


TABLE IV. Results of compound-nucleus boil-off calculations by 
Dostrovsky* for Au™ excited to 50 Mev and 100 Mev. For each 
energy, 500 evaporations were followed 


E. Number of emitted particles 
p d t He 


He* Fission 


0 6 
0 1 


The excitation energy E, was obtained from the 
kinetic energies of the incident ions and from the mass 
differences. Since experimental mass differences are not 
available for the neutron-deficient compound nuclei pro- 
duced in heavy-ion bombardments, they were obtained 
from Levy’s tables.** Neutron binding energies were also 
obtained from reference 28. Values of N calculated from 
Eq. (3) for the compound nuclei produced in the thin- 
target experiments are presented in Table ITI. 

To check the assumptions made con erning charged- 
particle emission and fission, Dostrovsky has kindly 
carried outa Monte Carlo calculation of particles evapo- 
rated from the compound nucleus Au™ formed in the 
bombardments of Ta'*' with C® ions.” This particular 
reaction was chosen with the hope of minimizing the 
charged-particle emission that would be large for low-Z 
compound nuclei and the fission that occurs in high-Z 
compound nuclei. The results of his calculation are given 


8 J. Riddell, Chalk River 
1956 (unpublished ) 

* I. Dostrovsky, Weissman Institute, Rehovoth, Israel (private 
communication). 
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Fic. 7. Average numbers of neutr 
formed by C® bombardments at 115 Mev (Table III). Experi 
mental points are calculated for two values of the radius parame- 
ter, ro, by the use of an assumed expression for the compound 
nucleus-formation cross sectior e text). The theoretical points 
are denoted by : the experimental! points for r>=1.3X10~" cm 
by @, and forr =1.5xX10°" cr Table II 


S per ympound nucleus 


in Table IV. The value of N obtained for E, 
is in good agreement with the value obtained from 
Heckrotte’s formula (Table III). It is seen that the 


number of charged particles emitted and the number of 


100 Mev 


fission events are too small to affect seriously the 
number of neutrons emitted. However, the experimental 


data presently available" indicate that the fission cross 
section is actually very large, perhaps half of the total 
cross section. 


In Figs. 7 and 8 the theoretical values of N are com- 


pared with experimental values of N computed for 
ro=1.5X10-" cm and ro= 1 


ments indicate that the best 


$< 10-" cm. Other experi- 


for ro is about 
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Fic. 8. Average numbers of neutrons per compound nucleus 
formed by Ne” bombard upproximately 190 Mev (Table 
ITI). Experimental point ca values of the 
radius parameter, ro, by the use of a1 imed expression for the 
compound-nucleus-formation cro mm e text). The theo 
retical points are denoted by - the ex points for 


re=13X10-" cm by @, and f 


for two 


perimenta 


rrom=1.5XK10"% b 





NEUTRON PRODUCTION BY 


1.5 10-" cm.?*.*-® For this latter value, the experi- 
mental values of N are considerably smaller than the 
theoretical ones. The disagreement is stronger in the 
case of light target nuclei, but it is reasonable to expect 
the model to fail for such nuclei, especially with regard 
to charged-particle emission. It would be necessary to 
take ro>~ 1.2 10~" cm to obtain agreement between the 
experimental and theoretical values of N for the heavier 
nuclei. 

The observed dependence of the neutron production 
on the bombarding energy (Table I) is qualitatively 
reasonable, with the yields extrapolating to zero at 
something like the Coulomb barriers appropriate to a 
radius parameter of ro~1.5X10~" cm. More than this 
cannot be said, however, because the data are not 
sufficiently good. The expressions used in the thin-target 
calculations have been integrated over the range for the 
case of the tantalum bombardments and give a tolerable 
fit to the observed yields, except that the production is 
considerably overestimated for the highest energy 
points. 

Finally, we enumerate a few of the uncertainties and 
some of the refinements that could be made to the above 
simple theory within the framework of the statistical 
model. 


1. The classical expressions used for the interaction 
calculations should be replaced by quantum-mechani- 
cally correct formulas. Thomas® has used the expres- 
sions of Blatt and Weisskopf,* and for the same value 
of ro he obtains fusion cross sections 15 to 20% smaller 
than we obtained from the classical formulas. When his 
cross sections are used, it is necessary to take ro~1.3 
x 10-" cm to obtain agreement between the calculated 
and experimental neutron yields. 

2. The interaction cross sections vary approximately 
as the square of the radius parameter, ro, for energies far 
above the Coulomb barrier. We have used the value 
1.5 10~* because other experimenters have found that 
values close to this one give the best fits to their data; 
1.4X10-" is reasonably consistent with other experi- 
ments, but values much lower than this would not be. 

3. Charged-particle emission is certainly not negligible 
for low-Z compound nuclei, and the fact that the com- 
pound nuclei are sometimes highly neutron-deficient 
should enhance the effect. However, the calculations of 
Dostrovsky” for C?+Ta'™ — Au™ at 100-Mev excita- 
tion indicate that de-excitation by charged-particle 


*» E. Goldberg and H. L. Reynolds, Phys. Rev. 112, 1981 (1958) 


* N. I. Tarantin, Y. B. Gerlit, L. I. Guseva, B. F 
K. V. Filippova, and G. N. Flerov, J. Exptl 
U.S.S.R.) 34, 220 (1958) 

# A. E. Larsh, A. Ghiorso, G. E. Gordon, T. Sikkeland, and J 
R. Walton, Lawrence Radiation Laboratory, Berkeley, California 
private communication). The preliminary excitation function for 
fission of U induced by carbon bombardment agrees with ro= 1.5 
X10 cm to within about 5% 

*T. D. Thomas, Lawrence Radiation Laboratory, Berkeley, 
California, Phys. Rev. 116, 703 (1959) 

* J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley & Sons, Inc., New York, 1952). 
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emission may change the neutron yields by at most a 
few percent in the case of heavy compound nuclei. 
Calculations indicate that reduction of the effective 
Coulomb barrier of the compound nucleus by the high 
state of excitation does not appreciably affect the ratio 
of charged-particle emission to neutron emission.’ 

4. The masses and binding energies obtained from 
reference 28 are of unknown accuracy, and the average 
binding energies used in Eq. (3) are, at best, guesses. 

5. Fission is now known to occur with almost 100% 
probability from such bombardments as carbon on 
gold,” and is a large effect for somewhat lighter com- 
pound nuclei.'* The effect of fission on the neutron yield 
is not obvious; e.g., if fission occurs early in the de- 
excitation process, charged-particle emission may be 
enhanced, and it seems possible that fission can lead to 
a reduction in the average numbers of neutrons. 

6. The likelihood of forming compound nuclei in very 
high angular-momentum states by heavy-ion bombard- 
ments may reduce, or at least affect, the neutron yields 
in two ways: 

(a) Compound nuclei are more likely to undergo 
fission if they have large angular momenta.**** 

(b) The rotational energy may not be available for 
neutron emission. 

In neon bombardments of gold, for example, the 
angular momenta may be as high as 125%, and the 
rotational energy as much as 45 Mev (assuming that 
ro=1.5X10-" cm and that the nucleus rotates as a rigid 
sphere). This could reduce the neutron yield by perhaps 
30% in this extreme case. 

A more serious question is that of the applicability of 
the statistical model. It is known that the assumption 
that all interactions involve the complete fusion of the 
two nuclei is faulty in some instances.** In addition to 
small cross sections for the exchange of nucleons be- 
tween the nuclei, carbon nuclei interacting in nuclear 
emulsions exhibit complete disintegration and stripping 
phenomena which may account for as much as 20% of 
total star-production cross section.* Experiments indi- 
cate that 10% of the fissions produced by carbon 
bombardments are the result of direct interactions.” 
The available excitation energy is correspondingly 
reduced. 

There is also the possibility that particle emission may 
occur before the excitation energy is uniformly dis- 
tributed.” The statistical model would be entirely 
inappropriate in this case. 


V. CONCLUSIONS 


Neutron boil-off calculations based on a classical 
interaction model involving the complete fusion of the 
incident heavy ion and the target nucleus, with uniform 

% G. A. Pik-Pichak, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 238 

1958) 

* J. Hiskes and W. Swiatecki, Lawrence Radiation Laboratory, 

Berkeley, California (private communication). 


7G. N. Flerov, Geneva Conference, reference 15, paper 
A/cont/P /2299. 
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heating of the compound nucleus followed by de- 
excitation by neutron emission only, overestimate the 
actual neutron yields by a factor of two or more if the 
commonly accepted interaction radius, re~ 1.5 10~-" 
cm, is used. However, refinements to the theory could 
change the predicted neutron yields by as much as the 
discrepancy between the experiments and the present 
theory. Before a more accurate comparison with the 
statistical model is possible, additional theoretical work 
and many more measurements, especially of the reaction 
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The neutron cross section data up to 350 kev show a number of relatively 
ones among the 86 peaks observed, the widths ranging from 0.2 to 6 kev. Approximate 
observed between 60 and 200 kev. Above 200 kev, each of the previously knowr 
two or more peaks and between these large peaks many narrower peaks were observe 
9 s-wave levels and 46 p-wave levels, the remainder being d- and f-wave levels. A plot of the 
levels having energies < £, as a function of the neutron energy £, shows an essenti 
As obtained from the reduced widths averaged over both values of J, 
function for 1!=0 is 0.06; averaged over all values of J for ]=1 it is 0.65; and for higher values 
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number of 
ear distribution 
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of | it is too 


large in comparison with the p-wave strength function. 


I. INTRODUCTION 


HE first measurements of virtual nuclear energy 

levels of Na™ in the kev region were made by 
Adair et al.' with a neutron energy spread of approxi- 
mately 20 kev. They reported the presence of eight 
peaks in the region from 60 kev to 1 Mev. (All energies 
given in the present paper are neutron energies in the 
laboratory system.) Later Stelson and Preston? studied 
the region from 120 kev to 1 Mev with a neutron energy 
spread ranging between 2.5 and 5 kev and observed 
twelve resonances. One other resonance near 3 kev 
was also reported by Hibdon et al.’ Hibdon, Langsdorf, 
and Holland‘ studied the region from about 2 to 80 kev 
with a neutron energy spread of 1.5 to 2 kev and con- 
firmed the resonances near 3 and 55 kev. Several recent 
studies® by different experimenters indicate that only 


tf Work performed under the auspices of the U. S. Atomic 


Energy Commission. 

* The preliminary results of the measurements were reported at 
the meeting of the American Physical Society at Cleveland, Ohio, 
November 27-28, 1959 [ Bull. Am. Phys. Soc. 4, 404 (1959) ] 

1R. K. Adair, H. H. Barschall, C. K. Bockelman, and O. Sala, 
Phys. Rev. 75, 1124 (1949 

? P. H. Stelson and W. M 

*C. T. Hibdon, C. O 
Phys. Rev. 77, 730 (1950 

*C. T. Hibdon, A. Langsdorf 
Rev. 85, 595 (1952) 

* For a graphical display of the data obtained by the various 
experimenters and for references to the original papers, see 


Preston, Phys. Rev. 88, 1354 (1952). 
Muehlhause, W. Selove, and W. Woolf, 
and R. E. Holland, Phys. 
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one resonance, near 3 kev, 
region. 

The present paper is concerned with a study of the 
virtual nuclear energy levels of Na™ in the region from 
about 1 kev to 350 kev with the hope that the smaller 
neutron energy spreads « 
other narrower resonances 
not previously observed 
known could be better resolver 
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useful in reactor technology and for other practical 
applications. 


2. EXPERIMENTAL METHOD 


The experimental techniques and procedures are the 
same as were used previously and described in detail in 
the papers®’ on Al** and on Fe and Cr. No further 
significant changes have been made in the basic 
counting equipment. However, the 90° electrostatic 
analyzer, which controls the energy of the Van de 
Graaff generator and selects the energy of the proton 
beam for high-resolution work; has been remounted 
Precision compound cross slides have been installed 
to move the entrance and exit slits to align the analyzer® 
and thereby avoid the loss of beam and change of 
voltage between the analyzer plates when the beam 
strikes the plates. The positions and widths of the slits 
are adjusted by micrometers. The entire assembly 
moves on ball bearings about a pivot point at the 
entrance slit and, when properly located, is locked in 
position. With the aid of some additional electronic 
equipment and grounded end blocks to indicate the 
position of the proton beam, just before and after the 
analyzer plates, the alignment of the analyzer now 
takes only a short time once the entrance slit is properly 
positioned. Considerable care was taken te level the 
analyzer and locate the proper positions of the slits. 
With this arrangement a proton beam current of 12 
to 15 wa could be maintained on the lithium target with 
no detectable current to the analyzer plates. A larger 
beam current was obtainable but was not used because 
the effects of so large a beam through the analyzer 
were not known, sufficient cooling for the slits and 
lithium target was not immediately available, and the 
speed of the necessary processing of the data could not 
be increased. 

Samples of high-purity sodium metal of 2-in. diameter 
were sealed in aluminum cans having one-mil stainless 
steel end windows. The canning of the metal was done 
in a carefully dried box which had previously been 
evacuated for a long time and then filled with dry argon 
gas, thanks to L. S. Lacknowicz of the Argonne Central 
Shops. The sodiurn was melted, poured into the cans, 
allowed to solidify, and then pressed to eliminate 
bubbles before sealing by use of O rings. When not in 
use the samples are stored in a desiccator. Previous 
experience has shown that samples prepared in this 
way can be kept for long periods. A series of samples 
ranging in thickness from 0.1 to 3 in. were prepared 
and are arranged in the wheels of a remotely-controlled 
sample changer so that any combination of samples up 
to 4.5 in. can be obtained in a few seconds. The effects 
of the end windows were undetectable. The background 
was found to be unaffected by the presence of the 
sample-changing wheels. This appears to be attributable 


*R. E. Holland, F. P. Mooring, and J. R. Wallace, Argonne 
National Laboratory Report ANL-5911, 1958 (unpublished), p. 2. 
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Fic. 1. Scattering-in of 
75-kev neutrons by sodium 
samples and containers. 
Sample thickness: (A) 0.50 
in., (B) 1.00 in., (C) 3.00 in. 
The crosses indicate the 
positions of the samples 
for neutron cross-section 
measurements 
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to the small acceptance angle of the collimator of the 
neutron counter. The scattering-in effect of the sodium 
samples and their containers was also investigated 
for samples 0.5, 1.0, and 3.0 in. in length with neutrons 
at an energy of 75 kev. The relative counting rates 
corrected for background are shown in Fig. 1 for various 
positions of these samples. The points represented by 
crosses indicate the positions where the samples are 
placed for neutron cross-section measurements. Since 
these curves are horizontal straight lines (at least in the: 
regions where the samples are normally used), no 
corrections for in-scattering are necessary. In the low- 
energy region the data show the 2.95-kev resonance of 
sodium but no resonance that might indicate the 
presence of impurities in the samples of sodium metal. 
A further check made by a spectrochemical analysis 
shows the presence of about 0.2% potassium. Other 
possible impurities were undetectable by this means 
of analysis. 

The cross-section measurements were made from 
about 1 to 350 kev by use of neutrons whose energy 
spreads ranged between 350 and 400 ev, as given by the 
rise-curve method. A number of resonance were also 
studied by the self-detection technique.*’ Briefly 
stated, flat-detection measurements are made when the 
scattering sample (see Fig. 1 of reference 6) in the 
neutron counter is made of a material (such as paraffin, 
Lucite, or graphite) that exhibits no resonance structure 
in the energy region of interest. Self-detection measure- 
ments are made when the transmission and scattering 
samples are of the same material. Thus the self- 
detection technique is a methed which discriminates 
against neutrons whose energy differs much from that 
of the maximum of a resonance. The peak cross section 
determined thereby comes closer to the true peak 
height than does that determined by flat detection 
unless the width of the resonance is appreciably larger 
than the neutron energy spread. For these studies the 
scattering sample was sodium 300 mils thick, canned 
as described above. At higher energies it was necessary 
to use a scattering sample 500 mils thick in order to 
obtain a usable counting rate. A run with a similar 
empty can showed no appreciable effect so no correction 
was needed for the stainless steel end windows. The 
spread in energy of the neutrons was estimated by the 
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rise-curve method outlined in reference 6. Although no 
sufficiently narrow resonance at the higher energies is 
suitably isolated to study the spread in the energy of 
the neutrons, it is expected that the spread becomes 
somewhat larger at these energi 


gies. 


3. EXPERIMENTAL RESULTS 


The various figures show the observed neutron total 
cross section from about 1 to 350 kev. Unless otherwise 
stated the point s obtained by flat detection are generally 
represented by open ciré les and the points obtained by 
self-detection are indicated by solid circles. The approxi- 
mately 86 levels observed included all those found 
previously’ and many new ones, the average level 
spacing being about 4.1 kev. 
section show a more complicated level structure for 
Na™ than for the neighboring odd-odd nuclide’ Al**. 
All of the large peaks observed by Stelson and Preston? 


Variations in the cross 


were found to be composed of two or more peaks and 
between these large peaks many narrower peaks were 
observed. Only a relatively small number of peaks 
0) identifiable by 
presence of low 

’ Because of the 
observable features of the data, one then expects a 
profusion of p and d 


the various peak heights seem to indicate the presence 


appear to be s-wave resonances (/ 


and the 


low-energy 


their asymmetrical shapes 


minima on their sides 


wave resonances (/=1, 2, etc.) and 
of an assortment of values for the angular momentum J. 
It can be seen by a casual examination of the data that 
the widths of the levels vary from about 0.20 kev to 
about 6 kev, compared with a range from 1 to 7 kev 
for Al**, 

It is especially interesting to know whether the levels 
of a single nucleus are distributed at random or at 
regular intervals. Whatever the manner of occurrence, 
a knowledge of the level spacings is of interest both for 
comparison with the theory of nuclear structure and 
for practical purposes such as the design of reactors. 
This is particularly true in the kev region because data 
in this region are less abundant than at low energies. 
It is also desirable to know whether a sizeable number 
of levels were missed during the measurements because 
of their very narrow widths. Figure 2 shows a plot of 
levels at E, as a function 


he number of energies 


of the neutron energy E,. This plot is essentially linear 
except at the lower energies. There is no downward 
curvature to indicate the general missing of levels in 
The 
straight line and the larger deviation at lower energies 
might indicate that a very narrow 


were missed. On the other hand, whatever model of the 


the high-energy region small variations from a 


number of levels 


nucleus is appropriate, it is to be expected that the 
This 


d then account for some of the 


levels would be spaced somewhat at random. 


random occurrence 


deviations from linearity 


An examination of the data in the various figures 


shows a number of relatively large peaks scattered 
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concludes that the resonances of sodium, at least up to 
about 800 kev, may be treated as simple elastic scatter- 
ing resonances, since the peak cross sections for inelastic 
and elastic scattering is approximately proportional to 
the corresponding widths (¢ine1/oe1~T ine:/T'o1) and the 
peaks of the resonances in question have total cross 
sections of several barns. Recently Bame and Cubitt” 
made measurements of the Na™(n,7)Na™ process from 
about 20 kev to 1 Mev with large neutron energy 
spreads. Their data show broad maxima near 40, 110, 
300, and 650 kev but no maximum exhibits a height 
above 3 mb so this cross section can also be ignored in 
the present analyses. 

The various resonances at low energies may produce 
spurious peaks at higher energies because the neutron 
beam contains a second group of low-energy neutrons 
that arises from the formation of the residual nucleus 
Be’ in the 430-kev excited state.*:? When the main group 
of neutrons has an energy of 284.4 kev, the low-energy 
component has an energy of 2.95 kev. Therefore, the 
2.95-kev resonance reappears as a spurious peak at 
284.4 kev, which thus (on the basis of relative peak 
heights) can be accounted for by assuming that about 
0.6% of the beam of neutrons is in the low-energy 
group. Similarly, if at 357 kev the low-energy group 
constitutes about 5% of the beam, the small peak there 
may be a spurious reflection of the 54.1-kev resonance. 
Other small peaks up to 200 kev appear to be too small 
to reflect more than a few tenths of a barn at high 
energies. 


4. ANALYSES OF THE RESONANCE LEVELS 


A. Potential Scattering «, and the 
Number of Levels 


Because of the observable features of the data, it 
does not appear that any of the 86 resonances, with the 
possible exception of the 2.95- and 54.1-kev resonances, 
can be analyzed as isolated levels. To obtain an analysis 
of any of the resonances one must first determine a 
value of the potential scattering ¢, that is reasonably 
close to its true value. In the past it has been customary 
to take for a, the lowest measured value of the cross 
section in a region which appeared to be relatively free 
of the wings of resonances. This procedure was used by 
Stelson and Preston? in their analyses of the levels of 
Na™. They assumed a value of 3 barns for ¢, because 
this is the value indicated by their data below 200 kev 
and also in the region around 350 kev. However, they 
pointed out that this value for ¢, appeared to be too 
large and led to some inconsistencies that could not be 
readily explained. They also noted that the observed 
minimum of the s-wave resonance at 302.5 kev is below 
the theoretical minimum of (i—g)o, [reference 7, 
Eq. (6)] for a value of ¢,=3 barns. Apparently their 
analyses were made on the assumption that the level 


spacing of Na™ is sufficiently large that each level 


2S. J. Bame and R. L. Cubitt, Phys. Rev. 113, 256 (1959) 
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could be treated as an isolated level so the interfering 
wings of other levels could be neglected. In the present 
data the many levels observed in Na™ constitute a 
compelling argument against a value of o, as large as 
3 barns. The overlapping and interfering wings of so 
many levels can be expected to contribute in every 
region a cross section quite significant in comparison 
with the true value of ¢,. The wings of s-wave reso- 
nances are known to extend relatively far from their 
peaks and, because of interference with the potential 
scattering, they may depress or elevate the cross 
section in a region which is otherwise well removed 
from resonances. This was shown to be the case’ for 
AF’, so it should also be expected to happen in Na™ 
which has a number of s-wave levels. 

In the present measurements no region appears to be 
free of contributions from the wings of one or more 
resonances and this prevents a direct determination of 
a, from the data. The depths of the minima of the 
s-wave resonances indicate a value of ¢, lower than 
3 barns. This is particularly true for the level at 302.5 
kev, whose minimum is as well resolved as any other 
resonance. On the other hand the observed depth of 
this minimum is somewhat above the theoretical 
value of (1—g)e, for o,=1.9 barns obtained from 
O p= 3.1 (214+-1)4e® sin*%é,. The data do show a number 
of neighboring wings certainly 
contribute to the cross section in the region of this 
minimum. Also the wide s-wave resonance at 542 kev 
is known to mutually interfere with the level at 302.5 
kev and can be expected to add a small amount at its 
minimum. Consequently, the true single-level depth of 
the minimum of the resonance at 302.5 kev can not be 
determined directly from the data. In view of the fore- 
going observations it appears that the true value of the 
potential scattering may be expected to be close to the 
> (2/4+-1)4r%? sin*6;. This value 
of o, differs but little from the value of 2.4 barns 
obtained by Lynn et al.” in a study of the 2.95-kev 
resonance. Therefore, the theoretical value of a, will 
be assumed for the present analyses and the conse- 
quences compared with the data. 

The method of analysis’ is essentially the same as that 
used for Al?*. By use of estimated parameters, single- 
level plots are made until a best fit to the data is 
obtained. If necessary, multiple-level plots are included 
and the parameters adjusted to obtain a still better fit. 
The analyses proceed more directly if the s-wave levels 
are first located and their multiple-level plots subtracted 
from the data to remove a, and the extensive interfering 
wings of these levels. One then continues the analyses 
by considering first the more prominent resonances 
wings are For some groups of 
resonances this was not pra tical because of multiple 
subtractions. In these cases it was necessary to estimate 
the parameters and compare the multiple-level plots 
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with the data and adjust the parameters until a best 
fit was obtained. The equations used for these analyses 
are Eqs. (1) to (6) of reference 7. Programs for the 
many tedious calculations needed in these analyses 
have been set up for machine computation by the 
Applied Mathematics Division. One program for the 
IBM-704 is used to calculate points over the resonances 
and the needed portions of the wings by use of the 
Breit-Wigner multiple-level dispersion formula. The 
program includes the. variation of the widths of the 
levels with energy in accordance with l,=2P ry?, where 
Po=«, P\=2x3/(1+2°), etc., with «= R/x. The nuclear 
radius was assumed to be 1.44 10-8 cm. 

A program has also been set up for the computer 
GEORGE to determine the location and width of a 
resonance by the method of least squares. It is useful 
for resonances whose wings are relatively free from 
interference with other resonances and for which a 
reasonably close initial estimate of the parameters can be 
made. This program can also determine simultaneously 
the parameters of two mutually interfering resonances. 
It also includes the variation of the width of a level 
with energy, [,=2Pr*. The parameters found are 
then used to obtain plots by use of the IBM-704 
computer. The plots for every resonance were compared 
with the data and the parameters were adjusted until 
a reasonable fit was obtained. 

It is to be noted that the levels of Na™ are narrower 
than those of Al** and, therefore, the determination 
of the total angular momentum J is usually more 
difficult. 

Sodium has only one stable isotope, Na™; so all 
observed resonances are levels of the compound nucleus 
Na™, The nuclear spin’ of Na™ is J= 4 and the parity 
of the ground state is even. Then the levels of the 
compound nucleus formed by s-wave neutron inter- 
action (J=0) have a possible J of 1 or 2 and even 
parity; those formed by p-wave neutrons (/=1) have a 
possible J of 0, 1, 2, or 3 and odd parity; and those 
formed by d-wave neutrons (/=2) a possible value of 
J of 0, 1, 2, 3, or 4 and even parity. For f-wave neutrons 
(1=3) the possible values of J are 1, 2, 3, 4, and 5 and 
the parity is odd. Hence the possible combinations of 
J and parity for /<3 may lead to any of 11 types of 
resonances for the compound nucleus Na™. 


B. Analysis of the 2.95-Kev Resonance 


During the present experiments the 2.95-kev reso- 
nance was studied intensively both by flat- and by 
self-detection techniques.* A graphite scattering sample 
6 in. thick was used for the flat-detection and a sodium 
scattering sample 300 mils thick for the self-detection 
measurements. The data, Fig. 3, show the wings of 
this resonance to be very definitely asymmetrical in 
shape with comparatively high values of the cross 
This asymmetry 
appears to be sufficient to establish an s-wave neutron 


section on the high-energy side 
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interaction (J=0) for this resonance despite the fact 
that the minimum on the low-energy side is broad and 
less pronounced than is usually observed with an 
isolated level of this type. Self-detection data are 
shown in the insert of Fig. 3 from which it may be seen 
that the width at half the measured height is about 
300 ev. Since the resonance does not appear to be fully 
resolved to its true height, the actual width would then 
be expected to be somewhat less than 300 ev. 

Because of its unusual shape and its importance in 
reactor technology, various experimenters have studied 
this resonance, but its shape, its narrow width and its 
high peak cross section have prevented an unambiguous 
determination of its parameters. Results of initial 
experiments’ were interpreted to give a value of J/=2 
and /=0 but recently Lynn, Firk, and Moxon" inter- 
preted their data to show a value of J=1 with a 
preference for /=0. Neiler, and Gibbons“ 
interpreted their data in a similar way. Block'® measured 
the angular distribution of the neutrons in the region 
of this resonance and his results strongly favor a value 
of 1=0. Some experimenters? have suggested that this 
resonance might be p-wave neutron 
interaction, but others":'® pointed out that the reduced 
width would then be much greater than the Wigner 
upper limit on reduced neutron widths 
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Fic. 3. Neutron total 
Crosses show data obtained with a neutron energy spread of about 
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Possible values of the peak heights of this resonance 
for /=0 are about 370 and 630 barns corresponding to 
values of J=1 and 2, respectively. In view of these 
high peak values and a width as narrow as 200 to 300 
ev, it would appear that neutron energy spreads 
currently in use are really too large to resolve this 


resonance sufficiently to clearly distinguish between the ' 


two possible values of J and one then must resort to 
some other means to find the value of J. It is doubtful 
that one can reach a peak height comparable to that 
for J=2 by use of current neutron energy spreads. 

Because the peak height which can be attained in the 
present experiments will depend on the thickness of 
the sodium transmission sample and on the neutron 
energy spread, lithium targets of different thicknesses 
were used to gain information concerning the relative 
peak heights to be expected from the various measure- 
ments. In the present experiments the over-all neutron 
energy spread appears to be about one-half the thickness 
of the lithium target indicated by the rise-curve 
method.* The results of these studies are shown in 
Fig. 4. Curves A and C indicate the relative peak 
heights to be expected for a sodium sample 100 mils 
thick measured by flat detection and by self-detection, 
respectively. The point shown by a solid circle on curve 
A was obtained during a previous experiment. A 
second point by a solid circle above it was obtained by 
use of a sample of sodium 50 mils thick. For comparison 
the two points shown by a cross and a triangle indicate, 
respectively, the corresponding peak heights attained 
at Harwell" and Oak Ridge.“ The measurements at 
Harwell were made with a neutron energy spread of 
about 150 ev and a sample of sodium about 60 mils 
thick, while those at Oak Ridge were made with an 
energy spread of about 200 ev and a sample approxi- 
mately 20 mils thick. Curve B, then, indicates the 
approximate peak height to be expected for a sample 
of sodium 50 mils thick. 

The general trend of these curves in Fig. 4 shows that 


> 
’ 
. 


g 


Fic. 4. Observed 
peak height of the 
2.95-kev resonance 
of sodium as a func- 
tion of the thickness 
of the lithium target 
The target thick- 
ness is approximately 
double the neutron 
energy spread. See 
text for explanations. 
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one can expect progressively higher peak values of the 
resonance as decreasing neutron energy spreads and 
thinner sodium samples are used and that the expected 
peak values are within reasonable limits. Projections of 
the curves to the region of sma!] neutron energy spreads 
indicate that the true peak height of the 2.95-kev 
resonance is well above 500 barns. By self-detection 
and a sample of sodium about 25 mils thick one could 
expect to attain a peak height of about 600 barns if a 
neutron energy spread of about 50 ev could be used. 
One then concludes that the correct value of J is 2 
since the corresponding theoretical peak height is 
about 630 barns. 

No set of parameters for a single-level plot has been 
found that will provide a perfect fit for both wings of 
the 2.95-kev resonance for values of /=0 or 1. The 
similarity in the shapes of the peaks and wings of the 
2.95-kev resonance in Na™ and the 35-kev resonance 
already analyzed® in Al** suggests that one can expect 
strong mutual interference to be associated with the 
resonance in sodium. The cross section in the high- 
energy wing of the sodium resonance is so high and 
the wing so extensive that only a strong mutual inter- 
ference with a bound level can be expected to account 
for it. No other level has been observed in the im- 
mediate region of the 2.95-kev resonance. Therefore, 
any strong mutual interference must be attributed to a 
bound level, Apparently the bound levels of Na™ have 
not been studied” above 4.7 Mev and one must then 
deduce the location of the bound level and its reduced 
width from the present data. Lynn, Firk, and Moxon" 
attempted to fit their data on the 2.95-kev resonance 
(J=1, l=0, and [,=405 ev) by including the contri- 
butions of a bound level (J =2, /=0) but the calculated 
curve does not fit their data below 800 ev nor above 
5 kev. 

Many calculations have been made during the 
present analyses in an attempt to fit this resonance by 
including the mutual interference with a bound level. 
Values of E, from —1 to —60 kev have been assumed 
with various values for the reduced width y*. Not even 
the least-squares computations by the computer 
GEORGE have found a combination of parameters 
for the resonance and the bound level that duplicates 
the observed data everywhere. This is apparently 
attributable to the high value of the cross section in the 
low-energy wing of resonance No. 1. This method does, 
however, always indicate a width of about 0.22 kev 
and a location near 2.95 kev for resonance No. 1 but 
fails to provide reasonable parameters for the bound 
level. The high-energy wing can be fitted fairly well 
even far away from the resonance. The calculated cross 
section then fits the low-energy wing near the resonance 
but deviates from it away from the peak. However, 
all of these calculations show values of E,=2.95 kev, 
l,=0.22 kev, J/=2, and /=0. 

Many sets of provisional parameters were tried and 
it was found that a best fit occurs if the bound level 
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located at 
30 kev 
the shape of the high-energy wing up to about 35 kev, 


is assumed to be 
width is y’ 


but begins to drop below the data in the low-energy 
wing below about 2.4 kev. This drop in the low-energy 
wing occurs for any set of parameters that provides 
a fit for the high-energy wing. This would then indicate 
that the high-energy wings of other bound levels may 
extend into this region and account for the extra cross 
region up to 2.4 kev. However, 
the wings of these peaks can not be included in the 


prese¢ nt calculation 


section needed in the 


until their locations are known. 

If a p-wave neutron interaction is assumed for the 
two levels, the closest fit to the data occurs for a bound 
level at + kev with a reduced width of 2000 kev along 
reduced width of 1400 kev 2.95-kev 
However, the fit to the the low 

2.95-kev little 
better than for /=0. The region around 3.5 to 5 kev 
does not appear to be fitted by any set 
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C. Analysis of the 54.1- and 55-Kev Resonances 


The resonance \ cl DT i t ‘ ated at 54.2 
kev was also studied in detail by u a lithium target 
0.8 kev thick (as detern y the rise-curve method) 
and a sample of sodium 100 mils thick. It was resolved 
to a height of 26.5 bart y flat detection and 37 barns 
by self-detection.® A 
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and / are probable 


values obtained as a best fit to the data. 
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approximately 0.7 kev thick. The peak was resolved 
to a height of 28 barns by flat detection and 43.543.5 
barns by self-detection. These results indicate a value 
of J=3, the corresponding single-level peak height 
being about 47.5 barns for this value and about 35 
barns for /=2. A plot of the data is shown in Fig. 6 
Because of its apparent symmetrical shape with no 
discernible interference dip on its low-energy side, this 
resonance is taken to be formed by a p-wave neutron 
interaction. Measurements of the differential elastic 
neutron scattering cross section in this region by Block, 
Haeberli, and Newson,'* although somewhat 
clusive, also indicate a p-wave neutron interaction. 
This resonance appears to be sufficiently removed 
from other interfering resonances to permit treating it as 
a single level. It does, however, sit on an apparent 
background of 3.6 barns. A best fit for a single-level 
plot occurs when the parameters shown in Table I are 
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used, but a complete fit for the high-energy wing is not 
obtainable with any set of parameters because of the 
presence of the small peak at 55 kev. This small peak 
has been thoroughly investigated by flat detection and 
by self-detection. Flat-detection measurements always 
showed a small peak in the high-energy wing of the 
54.1-kev resonance. The peak is much more pronounced 
when self-detection measurements are made. 

By subtiacting the single-level plot of the 54.1-kev 
resonance from the data, one finds that the peak near 
55 kev is left with a peak height (self-detection) of 
ibout 12.5 barns compared with possible heights of 
1.8, 17.8, and 29 barns (exclusive of potential scattering) 
for J=0, 1, and 2, respectively, and must therefore, 
have a value of /21. A plot of these results, shown as 
an insert in Fig. 6, indicates a width of 300 ev or less. 
Its width is less than the neutron energy spread and 
neither method of detection will resolve it sufficiently 
to determine the value of J directly from its peak 
height alone. However, its shape (especially its high- 
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energy wing) is so characteristic of an s-wave neutron 
interaction that no other assignment appears to be 
possible, although certainly some inaccuracies are to 
be expected in the subtractions. The level is obviously 
so narrow that one can not determine its width directly. 
However, the high-energy wing above about 56.5 kev 
appears to be fairly well established and the parameters 
of this resonance would then be expected to account 
for this wing. 

Single-level plots for widths ranging from 200 to 300 
ev and for both /=1 and 2 were made in attempting to 
determine the parameters of the 55-kev resonance. 
Finally, it was found that a multiple-level plot of all 
the s-wave levels (J=2) gave the best fit when the 
parameters shown in Table I are used. For J=1 the 
computed points in the high-energy wing always fell 
below the corresponding points shown in the insert 
of Fig. 6. A width of 0.20 kev for this level provides 
a best fit for the data when the cumulative mutual 
interference of all s-wave levels (J = 2) is included. 

The minimum of resonance No. 3 then depresses the 
peak of No. 2 by more than a barn, depresses its low- 
energy wing, and elevates its high-energy wing. The 
result is to shift the peak near 54 kev to a position 
slightly above the true energy of the resonance. By 
making the correction for the low-energy wing of the 
55-kev resonanc €, the true location was found to be 
at 54.1 kev and that of No. 3 at 55.0 kev. A re- 
subtraction of the high-energy wing of the 54.1-kev 
resonance from the data then shows a slightly larger 
width and a slightly higher peak for the 55-kev reso- 
nance. The plot in the insert of Fig. 6 shows the 
corrected data. If the corrections are omitted, the two 
resonances appear to be located at 54.2 and 55.1 kev. 


D. Analysis of the Resonance Levels 
from 60 to 180 Kev 


In this region, many small peaks of various heights 
and generally narrow widths were observed. From 
about 60 to 100 kev, repeated measurements with 
flat even by the smallest usable neutron 
energy spreads) failed to resolve a number of the peaks 
well enough to determine their J values directly from 
the observed peak heights. To reach higher values near 
the peaks of these levels, measurements were made over 
the entire region by self-detection at 0.5-kev intervals. 
The results of the 


detection 


measurements are shown 
in Figs. 7, 9, 11, and 13 in which open circles are used 
to represent data obtained by flat detection and solid 
circles the data obtained by self-detection. Even by 
self-detection, many of the peaks do not appear to be 


various 


resolved to heights that are close to their true heights. 
The peaks are narrow, the wings are steep, and the 
distribution of the neutron energies does not break 
off sharply at the edges.-It is, therefore, recognized at 
the outset that the values of J determined for some of 
these peaks may only be minimum values and hence 
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Fic. 7. Neutron total cross 
section of sodium from 60 to 90 
kev. Open circles show data ob- 
tained by flat detection; solid 
circles data by self-detection. 
Curve A is a multiple-level plot 
of the s-wave levels that extend 
into this region 


most of these levels. They must, therefore, be p-wave 
levels. 

Consider first the region from 60 to 90 kev, which is 
shown in Fig. 7. Apparently no s-wave levels are 
present in this small region, since there are no clearly 
defined dips on the low-energy sides of the peaks and 
the peaks are not asymmetrical in shape. Moreover, 
the high average value of the cross section below about 
63 kev is hardly explicable in the presence of s-wave 
levels in this region, because the low-energy wings of 
any such peaks would interfere with the potential 
scattering and reduce the average cross section below 
the observed value. The wings of various 
resonances in other regions do, however, extend into 
this region and their combined contribution plus the 
potential scattering cross section is shown by curve A 


S-wave 


in Fig. 7. This curve also includes the low-energy wings 
of the s-wave resonances Nos. 12, 14, and 16 (see Figs. 
9 and 11). By subtracting curve A from the data in 
Fig. 7, one obtains the curve shown in Fig. 8. This 
curve represents the cross section produced by the 
resonances and their overlapping and interfering wings 
Because of the relative peak heights and widths of 
these resonances, one expects (a) a value of J/=0 for 
peak No. 3A and for the group Nos. 7 through 118, 
(b) J21 for Nos. 4 and 5, and (c) J22 for No. 6. 
Because of their apparent widths, all of these peaks are 
expected to be attributable to p-wave neutron inter- 
actions, and mutual interference among various levels 
having common values of J is expected. The minima 
between pairs of adjacent levels in the group Nos. 7 
through 11B, considered with the level spacings, are 
compatible with the expected mutual interference. One 
or more of the peaks in the group Nos. 7 through 118 
might be expected to have a value of J of at least 1, but, 
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on the basis of the present data, one is compelled to 
assume a value of J =0 for each resonance in this group. 
Although some of these peaks are relatively narrow, 
they are wide enough to indicate that fully resolving 
them would be expected to give peak heights corre- 
sponding to the theoretical values for J/=0. A multiple- 
level plot was made for the group of peaks Nos. 7 
through 118; it is shown as a dashed curve in Fig. 8. 
According to this curve, the widths of these peaks can 
be no greater than the widths listed in Table I. If it can 
be shown that the true peak heights of some of these 
levels are much higher and the correct value of J is 1 
rather than 0, then correspondingly narrower widths 
would account for the data. 

The peak heights of Nos. 4 and 5 compared with 
Nos. 7 through 11B would then certainly indicate a 
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Fic. 8. Analyses of the level of Na™ from 60 to 90 kev. The 
points shown were obtained by subtracting curve A in Fig. 7 from 
the data. The dashed curves are the theoretical plots obtained 
by use of the resonance parameters listed in Table I. 
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and 15C for widths of 0.50 and 0.60 kev, respectively, 
are shown in Fig. 10. The spacing between Nos. 15B 
and 15C appears to be too small for observation of a 
minimum as deep as the theoretical minimum. 

The data from 120 to 150 kev are shown in Fig. 11. 
Peak No. 16 exhibits a dip in the cross-section data 
on its low-energy side and an apparently asymmetrical 
shape. It is, therefore, taken to be an s-wave level. 
Because of the relatively low observed peak, a value of 
J=1 is assumed. The proximity of peak No. 15C to the 
minimum of No. 16 prevents one from observing a 
deeper minimum on the low-energy side of No. 16. 
Curve B in Fig. 11 is a continuation of the multiple- 
level plot of peaks Nos. 12, 14, and 16 from Fig. 9 
It includes the potential scattering. Curve A also 
includes the potential scattering and shows a multiple- 
level plot of the s-wave levels in other regions. Curve C 
is a continuation of the multiple-level plot of Nos. 15B 
and 15C in Fig. 10. When curve A and the resonance 
contribution of curve B are subtracted from the data, 
one obtains the solid curve shown in Fig. 12. This curve 
is then the resonance contribution of the remaining 
levels in this region. 

Because of the relative peak heights and apparent 
widths of the levels shown in Fig. 12, the value of J is 
expected to be 0 for peaks Nos. 17, 19, and 20 and 1 for 
each of the remaining peaks in Fig. 12, with the excep- 
tion of No. 27. At a first glance Nos. 17, 19, and 20 
might appear to have a small width and therefore to 
be associated with a higher value of J; but a comparison 
with the peak heights of Nos. 22, 23, 25, and 26, levels 
of similar apparent widths, disfavors a value of J =1 for 
Nos. 17, 19, and 20. The multiple-level plot for Nos. 
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Fic. 11. Neutron total cross section of sodium from 120 to 150 
kev. Open circles show the data obtained by flat detection; solid 
circles the data by self-detection. Curve A is a multiple-level plot 
f the s-wave levels that extend into this region. Curve B is a 
continuation (from Fig. 9) of the multipie-level plot of peaks 
Nos. 12, 14, and 16. Curve C is the high energy wing of peak 
No. 15C. 
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Fic. 12. Analyses of the levels of Na™ from 120 to 150 kev. The 
points shown were obtained by subtracting curves A, B, C from 
the data in Fig. 11. The dashed curves show the theoretical plots 
»btained by use of the resonance parameters listed in Table I. 


17, 19, and 20 was obtained by use of neutron widths 
of 0.90, 0.70, and 1.0 kev, respectively. This plot 
appears to agree with the data, particularly the self- 
detection data. A single-level plot for No. 18 is shown 
by a dashed curve in Fig. 12 for a width of 0.50 kev. 

The observed heights of peaks Nos. 21 through 26, 
particularly by self-detection, indicate a value of J>0. 
Moreover, one would expect to resolve resonances of 
these apparent widths to higher peak values by use of 
smaller neutron energy spreads. The value of J for each 
resonance might then be taken to be 1. Therefore, if 
each resonance is attributable to a p-wave neutron 
interaction, a single multiple-level curve should account 
for this entire group of levels. However, the fact that 
peaks Nos. 21 and 24 appear to be somewhat wider than 
the remaining peaks may indicate that Nos. 21 and 24 
are p-wave levels and that the widths of Nos. 22, 23, 
25, and 26 may be sufficiently narrow for d-wave 
interactions. Accordingly, a multiple-level plot for 
Nos. 21 and 24 is shown in Fig. 12 for a p-wave inter- 
action and a multiple-level plot for the remaining 
four peaks for a d-wave interaction. The various widths 
used to obtain these plots are listed in Table I. The 
depths of the minima between various pairs of reso- 
nances appear to further strengthen the assignments for 
the values of /. A discussion of peak No. 27 is reserved 
for inclusion with the next group of levels. 

The data from 150 to 180 kev are displayed in Fig. 13 
in which points obtained by flat detection are repre- 
sented by open circles and those obtained by self- 
detection by solid circles. Curve A in Fig. 13 includes 
the potentiai-scattering cross section as well as the 
mutually interfering wings of all s-wave levels that 
extend into this region. When this curve is subtracted 
from the data, one has left oniy the resonance contri- 
butions of the levels in this region. These resonance 
contributions are shown by the solid curve in Fig. 14. 
The loci of the possible peak heights for J=0 and 1 are 
also shown in this figure 
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In Fig. 14 one sees that these peaks divide into two 
groups according to level widths: (1) a group of rela- 
tively narrow levels comprising peaks Nos. 27 through 
32, and (2) a second group of wider levels comprising 
peaks Nos. 33 through 38. The narrow peaks appear 
to divide into two subgroups according to peak heights. 
The data obtained by flat detection show peak heights 
0 for peaks Nos. 27 
through 32. Taking into account the contribution of 
the high-energy wing of No. 26 to the peak of No. 27, 
the peak heights of Nos. 27 through 29 were practically 


well below possible values for J 


unchanged by self-detection measurements. However, 
self-detection measurements increased the peak heights 
of Nos. 30 through 32 to values near those corresponding 
to the theoretical values for /=0. This increase in the 
observed peak heights over the amounts observed for 
Nos. 27 through 29 does not appear to be attributable 
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to differences in the widths because the widths of 
Nos. 30 through 32 appear to differ very little from the 
widths of Nos. 27 through 29 (for the same value of J). 
One, then, concludes that these differences in observed 
peak heights occurred because of d in the true 
peak heights. Therefore, the value of J is taken to be 
0 for Nos. 27 through 29 and 1 for Nos. 30 through 32. 
This, then, leads to two set f 
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mined by trial and error. A multiple-level plot is shown 
in Fig. 14 for Nos. 27 through 29 for J=0 (J=1), the 
widths used being listed in Table I. For Nos. 30 through 
32, a second multiple-level plot is shown in Fig. 14 
for /=1 and /=2 although this plot differs little from 
a similar plot for /=1. The widths used for this plot 
are also tabulated in Table I. 

The peaks of the group of wider levels, Nos. 33 
through 38, rise to observed heights close to or above 
the corresponding theoretical single-level peak heights 
for J=0, Nos. 37 and 38 being the highest. By a direct 
examination, one can see that the widths of these 
levels are close to 2 kev. Therefore, smaller neutron 
energy spreads would not be expected to resolve 
resonances of this apparent width to very much higher 
peak values. Hence, the value of J is taken to be 0 
for each level in this group; and, because of their 
relatively large widths, the value of / is taken to be 1. 
For these assignments, mutual interference must occur. 
However, the depths of some of the minima between 
adjacent pairs of peaks appear to be insufficient to 
support these conclusions. On the other hand, the 
behavior of the cross section in the valleys between 
some of the pairs of adjacent peaks indicates the 
presence of some unresolved levels, particularly the 
valleys between peaks Nos. 33 and 34 and between 
Nos. 34 and 35. All of these peaks are then taken to be 
due to mutually interfering levels because no other 
assignment appears to be possible for the present data. 
By trial and error a best fit to the data was obtained. 
The multiple-level plot shown in Fig. 14 for these levels 
appears to agree with the data except for the two or 
three valleys between the peaks. In particular, the plot 
shows that, as observed, the mutual interference 
caused the peak heights of most of these levels to rise 
above the single-level heights. 


E. Analysis of the Resonance Levels 
from 180 to 240 Kev 


The large resonance observed by Stelson and Preston* 
just above 200 kev was found to be composed of two 
peaks, Nos. 42 and 43, shown in the upper curve of Fig. 
15 in which points obtained by self-detection are 
represented by solid circles and those obtained by flat 
detection are represented by open circles. The splitting 
of this resonance into two peaks was observed twice 
by flat-detection measurements and later by self- 
detection. The combined configuration of these two 
peaks together with the overlapping wings of other 
nearby peaks indicates that No. 42 can be expected 
to be a relatively narrow p- or d-wave resonance. The 
high value of the cross section in the high-energy wing 
of Nos. 42 and 43 indicates an s-wave neutron inter- 
action for No. 43. By trial and error it was found that 
the most reasonable fit for Nos. 42 and 43 could be 
obtained only by assuming No. 43 to be an s-wave 
resonance. Resonance No. 42 is then located at the 


ENERGY 


LEVELS OF Na** 


O, (Borns) 
— = 


ad - 





5 a ae \ 
4) “ ke N {\w ‘sf 
T - L~ t 
Ale 
. . 


2 [, A /A/ \ Ay 


J ~~ 





i 
| 


180 190 206. 210 220 230 240 
E,, (Kew) 


Fic. 15. Neutron total cross section (upper curve) of sodium 
from 180 to 240 kev. Open circles show data obtained by flat 
detection ; solid circles data by self-detection. Curve A is a single- 
level plot for resonance No. 42 and includes the low-energy wing 
of No. 49 and the s-wave levels at higher energy. Curve B repre 
sents the difference between the data and curve A, 


minimum of No. 43 and hence this minimum depresses 
the peak of No. 42 and also distorts the shape of the 


resonance. This distortion is clearly recognizable in 
Fig. 15. Repeated attempts to analyze this pair of 
resonances indicated that a best fit could be obtained 
by taking a value of /=3 for No. 42 with '=1.8 kev 
and /=1, although a value of /=2 can not be un- 
ambiguously ruled out. After the analyses were com- 
pleted, the self-detection data near the peak of No. 42 
were corrected for the depression caused by the mini- 
mum of No. 43. The corrected points are represented 
by crosses in the upper curve of Fig. 15. The highest 
corrected point is then very near the possible value for 
J=2 and rules out this value of J because a resonance 
of this width can not be expected to be resolved to a 
height so near its true value. Curve A in Fig. 15 includes 
the potential scattering, the combined single-level plots 
of No. 42 and No. 49 (J=2, l=1), the s-wave level 
No. 60, and the one at 542 kev. The wings of the s-wave 
levels, which were computed by the multiple-level 
dispersion formula [Eq. (2) of reference 7] show that 
the cross section is depressed throughout this region. 
By subtracting curve A from the data in Fig. 15, one 
obtains the two parts of curve B, which are then 
transferred to curve D of Fig. 16. 

Because of its apparent asymmetrical shape and on 
the basis of the trial-and-error fit mentioned above, 
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ic. 16. Ana r f the levels of Na™ in the region from 180 
to 240 kev. The points shown 
curve A in Fig. 15 fror 
s-wave plot for Nos 


were obtained by subtracting 
the data. Curve C shows the multiple-level 
, and 50. Curve £ is a single-level plot fer 
No. 48. Curve D {80 to 200 kev has been corrected for the 
low-energy Nos. 43 and 48. The 
scattering 1s not included in any curve. 


wing i resonance poter tial 


peak No. 43 1 The 
measured peak height is close to the theoretically 
possible height for J 


taken to be an s-wave resonance. 


1. Use of smaller neutron energy 
spreads would not be expected to resolve a resonance 
of this apparent width to any appreciably higher peak 
value. Therefore, it is considered well resolved and J 
has a value of 1. Curve C in Fig. 16 is a multiple-level 
plot of the s-wave levels Nos. 43 and 50, obtained by 
the parameters shown in Table I. These parameters 
were first obtained by trial and error and later con- 
firmed by the computer GEORGE. The mutual 
interference of these two levels lowers the peak height 
of No. 43 below the single-level height and elevates the 
peak of No. 50 above its single-level height as shown by 
curve C in Fig. 16 and curve E in Fig. 19. 

Because of the asymmetrical shape of peak No. 48, 
it is also taken to be an s-wave resonance. Its relatively 
narrow width prevents one from resolving its peak to a 
height sufficient to distinguish clearly between the two 
and 2 for J. But 
which it is re olved, partic ularly by self-detec tion, 


shows a preference for a value of J=2. 


possible values of 1 the degree to 
Moreover, one 
can account for the high-energy wing of this resonance 
more easily with a value of /=2. By trial and error 
it was found that a best fit occurs for a width of 0.90 
kev. The single-level plot for the parameters J=2 
r'=0.90 kev, and / 
Curves C 


0 is shown as curve E in Fig. 16. 
and E are then subtracted from the data 
to obtain the two parts of curve F in Fig. 17. 

All of the peaks in the group comprising Nos. 44 
to 47 inclusive (Fig. 17) appear to be symmetrical in 
so they are taken to be p- or d-wave resonances. 
The fairly deep minimum (revealed by self-detection) 
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The multiple-level plot of Nos. 33 through 38 inclusive, 
obtained by a width of 1.9 kev for No. 37 and a width 
of 2.1 kev for No. 38, is shown in Fig. 17. This plot 
accounts very well for these two peaks. The value of J 
is taken to be 1 for peaks Nos. 39 to 41 inclusive because 
of their approximately equal peak heights. The apparent 
widths of these levels are too narrow to resolve to their 
true peak heights but sufficiently wide that one would 
have resolved the peaks to greater heights for a value 
of J=2. The minimum between Nos. 39 and 40 is not 
as deep as would be expected if there was mutual 
interference between resonances as well separated as 
On the other hand, mutual interference 
assumed for peaks Nos. 40 and 41 because of the deep 
minimum between them. The self-detection data show 
that peak No. 414 is high and narrow with J 22. 
Because of the nature of the data presented by the 
foregoing arguments, one must then necessarily assign a 
value of /=1 to No. 39 and /=2 to Nos. 40, 41, and 
41A. The various plots obtained by the widths tabu- 
lated in Table I are shown in Fig. 17 and the sum of the 
plots appears to agree with the data except near the 


peaks. 


these. 
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F. Analysis of the Resonance Levels 
from 240 to 290 Kev 


Two different measurements were made by flat 
detection over the region of peaks Nos. 49 and 50. The 
data are shown in the upper curve of Fig. 18, the points 
obtained in one run being represented by open circles 
and those of a second run by crosses. Resonance No. 49 
is the predominant peak of this region and is the widest 
observed peak up to 500 kev. The wings are sufficiently 
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Fic. 18. Neutron total cross section (upper curve) of sodium 
from 230 to 290 kev. Open circles show data obtained by flat 
detection ; solid circles data by self-detection. Curve A is a single 
level plot for resonance No. 49. It includes the high-energy wing 
of No. 42 and the wings of s-wave levels at higher energy. Curve B 
represents the difference between the data and curve A. 
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Fic. 19. Analyses of the levels of Na™ in the region from 230 
to 290 kev. The points shown were obtained by subtracting curve 
{ from the data in Fig. 18. Curve E shows the suuhtiaietovel 
s-wave plot for resonance Nos. 43 and 50. Curve C has been 
corrected for the s-wave The potential scattering is not 
included in any curve 


levels 


revealed to show that it is symmetrical in shape. 
Because of its large width, it is attributable to a p-wave 
neutron interaction. Also because of its large width, 
this resonance is undoubtedly well resolved and a value 
of J=2 appears to be certain. It is to be noted, however, 
that the low-energy wings of the s-wave level No. 60 
and the one at 542 kev extend into this region and 
therefore depress the cross section everywhere in the 
region. Consequently the apparent peak height of 
No. 49 should fall the theoretical 
single-level value for J =2 even with perfect resolution. 
The curve designated by A in Fig. 18 is a single-level 
plot obtained by a width of '=6.0 kev and /=1. It 


resonance below 


includes a single-level calculation of the high-energy 
wing of No. 42 and also the low-energy wing of the 
s-wave level No. 60 and of the s-wave resonance at 


542 kev. The low-energy wings of these s-wave levels 
were calculated from the multiple-level formula [Eq. 
(2) of reference 7 |. The two parts of curve B in Fig. 18 
were obtained by subtracting curve A from the data 
and were then transferred to Fig. 19 where they are 
labeled C and D. The analysis of resonance No. 48 is 
shown in Fig. 16. 

With any reasonable widths of the resonances in the 
neighborhood of peak No. 50, subtracting their wings 
from the data yielded an asymmetric shape for the 
latter peak. In particular, the cross section in the high- 
energy wing of No. 50 is so high that an s-wave neutron 
interaction seems to provide the only possible means of 
accounting for it. Because of its width, this resonance 
is nearly completely resolved and the value of J is 
therefore taken to be 1. Curve £ in Fig. 19 is a multiple- 
level plot of the s-wave resonances Nos. 43 and 50 and 
is a continuation of curve C in Fig. 16. 

It is understandable that resonance No. 49, although 
6 kev wide, is not resolved to its true single-level peak 
height for a value of /=2. This is attributable in part 
to the depression of the cross section in this region by 
the s-wave levels at higher energies and in part to the 
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Fic. 20. A continuation of the analyses of the levels of Na™ 
from 250 to 300 kev. The potential scattering and wings of s-wave 
levels were removed by the subtractions shown in Figs. 18 and 19 
The dashed single- and multiple-level plots show the best fits for 
the resonances 


fact that No. 49 is located very near the minimum of 
No. 50; but this extra depression caused by the mini- 
mum of No. 50 is mostly offset by the high-energy wing 
of the s-wave resonance No. 48 and the wings of other 
neighboring resonances. The calculated curve A in Fig. 
18 includes the wing of the s-wave resonance No. 60 
and of the one at 542 kev plus the high-energy wing 
of No. 42. The peak height of this curve can be seen 
to be a few tenths of a barn below the single-level 
height of No. 49. The close agreement of the calculated 
and observed peak heights of No. 49 then serves to 
that the assumed value of the potential 
scattering cross section in this region is close to its 
true value. Resonance No. 50,'having a width of 3 kev, 
might also be expected to be resolved very nearly to 
its true peak height but one sees in Fig. 19 that it is 
slightly below the multiple-level value. However, the 
multiple-level plot (curve Z in Fig. 19) has not been 


indicate 


corrected for the wings of neighboring resonances and 
therefore will be slightly higher than the observed peak 
height of No. 50. 

By subtracting curve £ in Fig. 19 from curve D one 
shown in Fig. 20. All of the peaks in 
51 through 59A) appear to be sym- 
metrical in shape and are, therefore, attributable to p- 
and d-wave neutron interactions. The various 
single- and multiple-level plots shown in Fig. 20 were 
obtained by use of the parameters tabulated in Table I. 
These parameters were determined by trial and error. 
Peak No. 56A is a spurious reflection of the 2.95-kev 
resonance and arises because of the second group of 
low-energy neutrons in the beam.*? This peak is 
therefore not included among the levels of Na™. 


obtains the curve 
this group (Nos 


G. Analysis of the Resonance Levels 
from 290 to 350 Kev 
The data for this region are shown by the upper 
curve in Fig. 21, where open circles represent points 
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obtained by flat detection and closed circles the points 
obtained by self-detection. Peak No. 60 is the pre- 
dominant resonance in this region and clearly shows a 
pronounced minimum on its low-energy side. Its shape, 
although modified to some extent by neighboring peaks, 
is still distinctly asymmetrical and therefore is clearly 
attributable to an itron interaction. The 
observed peak (including the 
potential scattering) compared with theoretical single- 
level heights of 4.6 and 6.4 barns for J=1 and 2, 
respectively. Mutual with the s-wave 
resonance at 542 kev can be expected to reduce the 
peak height of No. 60 considerably because of the large 
width of the former. T! value of J is taken 
By a direct examination, on 


S-wave ne 
height is 5.5 barns 


interference 


eretore ine 
can see that the 


is was confirmed by 


to be 2. 
width is approximately 2.5 kev. T] 
a multiple-ievel plot for this resonance and the resonance 
at 542 kev. This plot is 1 in Fig. 21, 
which also includes the contribution of the multiple- 
level plot of resonances Nos. 43 and 50 (J=1, l=0). 
By subtracting this curve from the data, one obtains 
curves B and C. Only curve C is then transferred to 
Fig. 22, curve B being included in Fig. 20. Peak No. 61 
is attributable to J=0 and a single-level plot for 
I',= 1.6 kev and /=2 is shown by curve D in Fig. 21, 
this being about the best fit in 
neighboring levels 
No wide peaks or 
region from 300 to 350 kev 
by self-detection 


hown by curve 


view of the wings of 


left in the 
The peak heights obtained 


s-wave resonances are 


indicate that no peak has a value of 
J less than 1 and the relat 
d- and f-wave neutron i 
height of No. 63 

value for J/=1 and 


arrow widths indicate 
ns. The observed peak 
near the possible 

e of this apparent 
smaller 


width, one could expect y i of neutron 


energy spreads to r peak to a considerably 


OG, (Boras) 


Fic. 21. Neutror cross sectis ( j from 288 to 
348 kev. Open cir how data tair y flat detection; solid 
circles data by self-detectior bove 3 kev the solid circles 
show self-detection d I itrons emitted in the 
direction of the proton bean irve is the multiple-level 
s-wave plot of resor wave level at 542 kev. 
It also includes the multiy | f resonances Nos. 43 and 
50. Curves B and (¢ ybtained by subtracting curve A from 
the data 
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higher value which would be at least sufficiently high 
to rule out a value of /=1. Since the data show similar 
heights and widths for Nos. 63 and 67, the value of J 
is taken to be 2 for these two resonances. Peaks Nos. 
62, 64, 65, and 66 are then attributable to J=1 because 
they are wider than Nos. 63 and 67 and their peaks are 
not as high (self-detection). The self-detection data 
on peak No. 634A also indicate a value of J=1 for this 
peak and it is then reasonable to conclude the same 
for Nos. 64A, 65A, and 67A. These latter peaks are so 
narrow that the value of / is 2, or preferably 3, for 
them. The appropriate single- and multiple-level plots 
are shown in Fig. 22. Single-level plots are shown for 
Nos. 63 and 67 for /=3 and a single-level plot is shown 
for Nos. 62, 64, 65, and 66 for /=2. A multiple-level 
plot is shown for Nos. 63A, 64A, 65A, and 67A (/=3). 
Although this multiple-level plot was obtained for 
l=3, it differs little from the one obtained for /=2. 
These plots were obtained by use of the parameters 
shown in Table I. The widths were determined by trial 
and error. The widths of these resonances are relatively 
narrow and it is entirely possible that one or more of 
them could be resolved to higher values of J by narrower 
neutron energy spreads. On the other hand, their widths 
are sufficiently wide that one can hardly expect to 
resolve them to heights much above those heights 
corresponding to the assigned values of the J’s. The 
corresponding reduced widths are so smali that one 
expects that /22 for Nos. 61, 62, 65, and 66 and /=3 
for all others. 


5. STRENGTH FUNCTIONS 


Values of the s- and p-wave strength functions have 
been obtained for the levels of Na™ up to 350 kev. These 
strength functions are tentative and will be revised 
when the levels at higher energies can be included. 
The strength function’ is given by (7*)«/D, the ratio 
of the average reduced width to level spacing, where 
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Fic. 22. Analyses of the levels of Na™ from 306 to 350 kev. The 
potential scattering and wings of s-wave levels were removed 
by the subtraction shown in Fig. 20. The best fit is shown by the 
dashed curves obtained by the appropriate single- and multiple- 
level computations. 
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the reduced width y*=I,/(2P,) and D are averaged 
for a given value of /. Averaged over both values of J 
for s-wave levels (J/=0), the strength function is 0.06; 
and averaged over all observed values of J for p-wave 
levels (J= 1) it is 0.65, which is approximately ten times 
as large as for s-wave levels. These results are in accord 


_with the complex square-well model of Feshbach, 


Porter, and Weisskopf'’ who, for a nuclear well depth 
of 40 Mev, predict a maximum in the strength function 
for the p-wave levels in the region of A= 25 and a low 
value for s-wave levels. The sum rule of Lane, Thomas, 
and Wigner'® suggests that the sum of the reduced 
widths of a given group of resonances in an energy 
interval comparable with the spacings of giant reso- 
nances for a given / should not exceed h®/(uR*). For 
the p-wave levels in the present measurements, this 
sum is about 0.37 of the Wigner limit and indicates 
that this interval of energy is near the maximum for 
the strength function for /=1. The strength functions 
for the d- and /f-wave levels are much too high in 
comparison with the p-wave strength functions, This 
could in part be the result of having assigned too many 
levels to /=2 and 3. On the other hand, because of 
nuclear shell effects, it is conceivable that the expres- 
sions for the penetrability factors P, and P; are incorrect 
and could cause large errors in the reduced widths and 
hence in the strength functions. A third possibility is 
that the reduced width y? may depend on the value of 1. 


6. DISCUSSION 


The results show an unexpectedly large number of 
levels, many of which have relatively narrow widths. 
The observed range in widths was from 0.2 to 6 kev, 
compared. with a range’ from 1 to 7 kev for Al*, 
Because of the profusion of narrow widths, many of the 
levels were studied intensively in order to determine 
their J values. Most of the levels were also studied by 
self-detection, which aided materially in the analyses. 
In the region between 60 and 180 kev, many narrow 
levels were observed. These levels are too narrow to be 
resolved sufficiently by present techniques to determine 
their parameters accurately. However, one can deter- 
mine minimum values for J and hence maximum values 
of the widths. Undoubtedly the parameters of these 
levels will then produce some irregularities in the 
distribution of the angular momenta, level spacings, and 
neutron widths. The results of the most recent measure- 
ments, which are shown in the various figures, show 
the highest peak values obtained and the lowest 
minima between peaks. The neutron energy spreads 
used ranged between 300 and 400 ev according to the 
1¢.7 


rise-curve methoc but were generally about the 


smallest usable, namely, about 300 ev. At the higher 
17H. Feshbach, C. E 
“A.M. Lane, 

98, 693 (1955). 


Porter, and V. F. Weisskopf, Phys. Rev. 


R. G. Thomas, and E. P. Wigner, Phys. Rev. 





532 CARL 
energies the energy spread is expected to be larger; 
but no good estimate of the energy spread can be made 
because no really well isolated level of sufficiently 
narrow width has been found. However, peak No. 48 
Its width 
appears to be about 0.9 kev and, since it is apparently 
an s-wave level, the value of J cannot exceed 2. The 
degree to which it is resolved, then, indicates that the 
neutron energy spread around 250 kev is not more than 
500-600 ev. The degree to which the various levels of 
different widths are resolved appears to agree with 
measurements that have been made on other elements 
for which the level spacings are greater. 

The levels previously observed 200 kev 
were all found to be composed of two or more levels. 


in Fig. 16 does provide a rough estimate. 


ab ve 


This accounts largely for the difficulties encountered 
by Lane and Monahan” in attempting to analyze their 
data on the angular distribution measurements in this 
region. 

Values of the strength functions obtained for the s- 
and p-wave levels are comparable with those’ obtained 
for Al* and are in accord with the predictions of 
theory.” Very high values of the strength functions for 
d- and f-wave levels could be attributed to assigning 
too many levels to d- and f-wave interactions. However, 
only a relatively small number of levels were so assigned 
and undoubtedly a number of the levels in this energy 
interval are expected to belong to values of /=2 and 3. 
In this work and the work on aluminum, it appears that 
either the theoretical values for P; or y? for />1 are 

# R.O. Lane and J. I 
Report ANL-5554 
communication 


Monahan, Argonne National Laboratory 
1956 (unpublished), p. 22; and private 
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far too small. This produces unusually large reduced 
widths and henc 


Because of 


large strength functions 


the 
the 


given in Sec. 4A, 


taken to be 


the arguments 
potential scattering was given by 
expression 

p= >_1 (21+-1)4e% sind, 


~ 


this 
ection appears 


In view of the result the analyses, 
value of the potential 
to be about right. 
Initial 500 
kev, but because of the density of levels, it is planned 
to reinvestigate the region from 350 to 500 kev by 


xtend the 


measurements hi; bee ade up 


self-detection ar measurements up to 


surements will be made by 


higher energies. These mea 
neutrons emitted in the direction of the proton beam 
and will be given in a subsequent paper. It will include 
plots of the distributions of the angular momenta, level 


spacings, and neutron widths for all of the levels of 


Na”, 
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Differential Cross Sections for Neutron Resonance Scattering from Na”™t 


R. O. LANE AND 


Argonne National Laboratory, 


MONAHAN 
Lemont, Illinois 


(Received November 12, 1959) 


The differential scattering cross section for neutrons « 
of ~25 kev for neutron energies between 200 kev and 800 kev 


polynomial coefficients 


EASUREMENTS of differential scattering cross 

sections for neutrons on sodium from 50 kev to 
1400 kev (lab) have been reperted by Langsdorf, Lane, 
and Monahan! as part of a survey experiment. The 
resolution was approximately 60-80 kev so that most of 
the structure apparent in the total cross-section 
measurements of Stelson and Preston? was smoothed 
out. In order to obtain more detailed information on the 
differential scattering cross section in the vicinity of 
resonances, measurements similar to those of the survey 
experiment with improved 
Although an attempt®* was made by the authors to 
interpret the scattering near some of the resonances in 
terms of resonance parameters, the proximity of inter 
fering levels so complicated the angular distributions 
that no definitive results were obtained. However, the 


were made resolution 


experimental data are of current interest and are 
reported here. 

The differential scattering cross sections for Na™ 
were obtained at five angles by a method described 
previously.' A lithium target bombarded by protons 
from the Argonne 4-Mev 
served as the neutron source. The energy spread of the 
neutron beam was approximately 25 kev. The average 
total count observed at any one angle and energy was 
in the neighborhood of 2500 with a background of 
15-20%. Scattering samples consisted of metallic 
sodium cast in sections to form a slab 10 in. X20 in 
<4 in. thick. This sample was sealed in a vacuum-tight 
can whose walls were made of 0.005-in. steel. Approxi- 
mately half of the background mentioned above was 
due to the empty can, and the other half was due to 
scattering by the air column illuminated by the neutron 
beam 

The differential scattering cross section o,(yu) 
represented by a Legendre polynomial! expansion in 
the form 


electrostatic accelerator 


is 


> wiPi(p), w 


l=) 


dra, (us) /o, 


4 


+t Work performed under the auspices of the U. S. Atomik 
Energy Commissior 
1 A. Langsdorf, Jr 
107, 1077 (1957) 
2 P. H. Stelson and W. M. Preston, Phys. Rev. 88, 1354 (1952 
*R. O. Lane and J. E. Monahan, Argonne National Laboratory 
Report ANL-5554, August, 1956 (unpublished), p. 22 


*R. O. Lane and J. E. Monahan, Bull. Am. Phys. Soc. 1, 
1956 


R. O. Lane, and J. E. Monahan, Phys. Rev 
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ym sodium has been mez with an energy spread 


The data are pr n the form of Legendre 


where o, is the scattering cross section integrated over 
the angles of scatter, uw is the cosine of the scattering 
angle in the laboratory system, and P;(y) is the con- 
ventional Legendre polynomial! of degree / normalized 
such that 


1 
f dp Pi(u)P,, 


The values of o, and w;, obtained by fitting Eq. (1) to 
the measured values of o,{4), are shown as functions 
of incident neutron energy in Fig. 1. For the angles at 
which these measurements were made, namely, 24.0°, 
55.4°, 91.2°, 112.8°, and 143.7°, an evaluation of Eq. (1) 
will give the measured value of the cross section. 

The errors 


estimated 


251m/ (21+-1). 


associated with the values of o, are 
be less than 10°. The errors in the 
coefficients in the Le gendre expansion ine rease with l 
from approximately +0.05 for w, to +0.10 for ws. The 


present results for 0, and Wy, agree with the correspond- 


to 


ng results obtained in the earlier survey experiment! 
when corrections are made for the difference in energy 
spread used in the two experiments. Also the curve 
for a, in Fig. 1 is consistent with the total-cross-section 
data obtained by Stelson and Preston? when the latter 
are averaged over the energy spread of the present 
experiment. 

The small energy dependence of the detector sensi- 
this experiment. Also the 
corrected for the 
contribution from the second group of neutrons from 
the Li(p,n) source. The yie ld of this second group of 
neutrons ranges from zero when the energy of the main 
group is below 650 kev to less than 3% of the main 
group is 800 kev. The 
the uncertainties intro- 
duced by not explicitly correcting for these effects. 
Earlier of multiple scattering for the 
broad-resolution experiment! indicate that both w; and 
we Should be corrected upward by amounts ranging from 
0.02 at the lower energies to as much as 0.1 at the 
higher energies. Thus the 
in Fig. 1 probably are 


tivity was negligible in 


scattering cross section was not 


group when the energy of this 
errors quoted above include 


calculations 


values of w; and wz shown 
systematically too small by an 
of the order of the errors. The 
effect of multiple scattering is negligible for the re- 
maining expansion coefhicients 


amount estimated 


For the range of neutron energies of interest here, 
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the same efficiency. Thus the differential scattering 
cross section measured at any angle is simply the sum 
of the differential elastic ; inelastic cross sections 
evaluated at that ang! et us denote by W; and W/ 
the coefficients in expansions similar to Eq. (1) for the 
ratio of the differential 1 he total elastic scattering 
cross section [i.e., 44e,(u)/o, |, and for the ratio of the 


differential to the total inelastic-scattering cross section 


[i.e., 4a (u)/on ], respectively. The relation among 


these expansion coefficien 
W ( Co; - (2) 


Hausman et al.° have measured the inelastic s« attering 
cross section for Na” by comparing the yi ld at 90° 
of the 440-kev y rays from Na™(n,n’) with that of the 
478-kev y rays from B"(n,a)Li™. Their results are 
shown in Fig. 2. The maximum anisotropy in the y-ray 
yield at 44° and 88° from the Na™(n,n’) reaction was 
found®:* to be approximately 25%. Thus, for our 
purposes, we can interpret the results shown in Fig. 2 
as a measure of the quantity o,-/4. The threshold for 
inelastic scattering is in tl nity of 460 kev; but 
the ratio on/on is less than ip to approximately 
550 kev. In fact, over th nti ange of neutron 
energies for which t] easurements Were 2 carried out, 
this ratio is less thar we assume that the inelastic 
Hl 


or more explicitly that wi, tl 


scattering cross section | yt radically "lel. 
the 


differential 
elastic-scattering coefficients may ies evaluated approxi- 
mately by neglecting 1 term in o,/o, in “q. 2) for 
l>0. These experiment , Ol irse, yl 10 direct 
information concerning tl inelastic-scattering coefh- 
cients W ,’ 

Recently Hibdor has least I n tal cross 
section for the Na(,) reaction over the energy range 


we/STERAO 
oa ~ 
° ° 


oy 
rT 
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-_ 9 ie apteats section for neutrons on Na™ 
Fic. 1. Total scattering cross section o, and the coefficients a pode a Wiccan ok aed oi prs yw 
in the expansion Ex q. (1)] for the differential scattering cross Na” * 8’ Nam , ‘ : ‘ . . 
section for neutrons on Na®. The w; are in the laboratory system. 7 
The curves through points are drawn to indicate the trend of the ’N. Hausmar that Mooring, and Raboy, 
oe and are shown dashed in regions where only a very general pull. Am. Phys. S _§ 956 esent authors wish to 
behavior of the data can be inferred. express appreciation for t ise of the 1 of this reference prior 
to publication ] 
the only processes which can contribute to the scattering ere 7 = ; 
’ shy ; ' *C. T. Hibdon, Arg tional Laboratory Reports ANL- 
cross section are elastic and inelastic scattering. Since 5015, October, 1958 ny sh 17-20: ANL-5955. 
iblishe pp. 28-30; ANL-5978, April, 1959 
. ie : unpt op. 14-18: ANL-6038. August. 1959 (ur published R 
discriminate with respect to energy,’ all neutrons pp 3 ANL-6052, September, 1959 (unpublished), pp. 34-47: 
emerging from the scatterer are counted with practically preceding paper [Phys. Rev. 118, 514 


the neutron detectors used in this experiment do not 
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covered in these experiments with an energy spread of 
~0.5 kev to 1.0 kev. These measurements indicate the 
presence of some 127 resonances in the interval from 
~1 kev to 500 kev. This is more than ten times the 
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number which was observed previously. In view of 
these results, it is obvious that many interfering levels 


must be included in any meaningful fitting of the present 
data with resonance parameters. 
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Photoneutron Cross Sections of Li, N, and Af 


R. W. Fast, P. A. Frournoy, R. S. Ticxiz, anpj W. D. Wuirengap 
University of Virginia, Charlottesville, Virginia 
(Received November 13, 1959) 


Using a Halpern-type photoneutron detection system, the photoneutron yields from Li, N“, and A® have 
been measured as a function of the maximum bremsstrahlung energy from threshold to approximately 50 
Mev. The method of Penfold and Leiss was used to extract from the yield curves the total neutron cross 
section; or=o(y,n)+o(y,pn)+20(y,2n)+---. The results are compared with previous findings of other 
laboratories. No gross structure was detected in the lithium cross section in the giant resonance region. The 
data indicate that lithium has a high-energy tail on the cross section of considerable magnitude. 


INTRODUCTION 


HE preponderance of accumulated data on the 

systematics of (y,m) cross sections is, in general, 
confined to the giant resonance region. The principal 
tool for investigation of these cross sections has been 
the betatron, many of which are limited to a peak 
energy near 25 Mev. In many cases, existing cross 
sections in the giant resonance region for the partial 
reactions o(y,n), o(y,p), o(y,mp), etc.; fail to exhaust 
the dipole sum rule when compounded together to 
give the total absorption cross section. 

With this in mind, three elements have been selected 
for study in the energy region from threshold to 
approximately 50 Mev. Using a Halpern-type neutron 
detection system, excitation curves for the total 
photoneutron cross section have been obtained experi- 
mentally for Li, N", and A®. 

The giant resonance shape of the lithium photo- 
neutron cross section has recently been a subject of 
considerable disagreement. Several laboratories'? have 
reported the existence of gross structure in the reso- 
nance, while other laboratories’ have searched for 
structure, but have found none. For this reason, the 
giant resonance of lithium has been carefully examined 
in an effort to locate any gross structure which might 
exist. 

The two gases, N“ and A®, were examined particu- 
larly as to the width of their giant resonances; the 
previously reported width of N™ being anomalously 
small.* 

+ Supported by Air Force Office of Scientific Research. 
'T. A. Romanowski and V. H. Voelker, Phys. Rev 
886-890 (1959). 

*F. Heinrich and R. Rubin, Helv. Phys. Acta 28, 185-192 
OOTW. Rykba and L. Katz, Phys. Rev. 110, 1123-1126 (1958). 

*G. A. Ferguson, J. Halpern, R. Nathans, and P. Yergin, 
Phys. Rev. 95, 776-780 (1954). 
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EXPERIMENTAL PROCEDURE 

Bremsstrahlung from the University of Virginia 
electron synchrotron was used to disintegrate the 
target nuclei. The electron energy can be continuously 
varied from 6 to 70 Mev by changing the length of the 
radio-frequency envelope. After acceleration to the 
desired energy, the electrons are allowed to impinge on 
a 0.030-inch tungsten target mounted on the inner 
wall of the vacuum tube. 

The electron energy is monitored by integrating the 
magnetic flux passing through a turn around the 
magnet polepiece. The integrator circuit is similar to 
one used by the National Bureau of Standards Betatron 
Section and has proved extremely stable during two 
years of continuous operation. Energy calibration for 
the circuit was accomplished by observing the 
C"(y,n)C™ threshold at 18.7 Mev. The energy calibra- 
tion is good to about 1%. 

Figure 1 is a schematic diagram of the synchrotron 
area. The x-ray beam is collimated to a diameter of 
approximately one inch at the center of the neutron 
house by a half-inch aperture in the lead collimator 
located 80 cm from the x-ray target. A thick-walled 
parallel plate ionization chamber is used to monitor 
the photon flux. 

The photoneutrons are thermalized and detected by 
BF, counters in a geometry based on the setup described 
by Halpern.’ Nine BF, counters (N. Wood Counter 
Laboratory, 96% B™, 12-in. effective length, 1-in. 
diameter) are held in thin-walled aluminum tubes 
spaced symmetrically on a circle of 13.5-cm radius 
within a two foot paraffin cube. A Lucite tube with a 

4 in. inside diameter runs through the center of the 


5 J. Halpern, A. Mann, and R. Nathans, Rev. Sci. Instr. 23, 
678-680 (1952). 
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allowing the beam to through 
undisturbed. 


To lower 


matrix x-ray pass 


the counting efficiency for 


originating outside the sample position, extreme care 


neutrons 


was taken in shielding the counting matrix. The cube 
is covered with a 0.09-inch layer of cadmium sheet and 
a one-inch layer of paraffin impregnated with boron 
carbide pellets. An additional eight inches of paraffin 
is used on all sides except the one facing the beam 
where twelve inches of paraffin is used. To complete 
the shielding a 1 2X2 foot tank of boric acid solution 
is used on the side facing the accelerator. 

The nine counters are connected in parallel to a 
single cathode follower. The pulses are then fed into a 
nonoverload amplifier, discriminator, and gating cir- 
cuit, respectively. For this experiment, the gate was 
set to open 20 microseconds after the x-ray burst and 
to remain: open for seven hundred microseconds. In 
this way counts due to pileup of gamma-ray pulses are 
avoided. 

An absolute counting efficiency of 2.9% was obtained 
for the detector by counting neutrons from a 10 mC 
Ra-a-Be neutron source. The neutron flux from the 
Ra-Be source was calibrated by the National Bureau 
of Standards on July 30, 1959, and found to be 1.48 
X 10°+ 3% neutrons per second. 

The variation in efficiency with position along the 
Lucite tube is shown in Fig. 2. The variation of efficiency 
is believed to be independent of energy for neutron 
energies found in the giant resonance region.’ The 
efficiency for high-energy neutrons should decrease 
with energy. No correction was 
made for this change in efficiency and the results 
reported here accordingly indicate a lower limit to the 
true situation. 


increasing neutron 


The x-ray flux was monitored by integrating the 
current from a thick-walled duraluminum ionization 


chamber. The chamber was constructed from drawings 
supplied by the Betatron section of National Bureau 
of Standards. Leiss et al., have used 
trometer to chamber.* Their 


results have been used in the analysis reported here. 


a crystal spec- 
calibrate an ntica 


EXPERIMENTAL DATA AND ITS ANALYSIS 


In this laboratory, a modified Penfold-Leiss method 
is used to extract the re tion aS a 
from the measured yi Che 
matrix’ itself yields values for the cr 
exhibit considerable fluctt 
meaningful cross section, 
adding the individual 
the integrated cross section as a 
smooth curve 


function of 
Penfold-Leiss 


ss section which 


energy 


order to obtain a 
ind Leiss suggest® 
to obtain 
tion of energy. A 


CTOSS-Se€« vaiues 


is then constructed throug these points 
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PHOTONEUTRON CROSS 
and first differences taken to yield final cross-section 
values. To avoid this indirect method, the Penfold- 
Leiss B numbers were used by us to construct a Cook 
type matrix® which, when applied to the reduced yield 
points, gives values of the integrated reduced cross 
section. The reduced cross section is defined as: 


0(E)=n,f,(E)(o(E)/E}, 


where: m,=number of nuclei per cm? of sample, and 
f,(E)=photon transmission function for all materia) 
between synchrotron target and the sample. A curve 
is drawn by eye through these points, the slope of 
which is used to obtain the value of the cross section 
as a function of energy from the above equation. The 
cross-section values are added to compute a running 
integral of the cross section. 

In each of these experiments the total yield data 
were taken at the half-integer energies of maximum 
bremsstrahlung at one Mev intervals, no extrapolation 
being therefore necessary to use the matrix. Subtraction 
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Integrated reduced cross section for the reaction A®(y,2n) 
as a function of maximum bremsstrahlung 


of the normalized background from the normalized 
yield produced the reduced yield as a function of 
energy. Normalization was accomplished through the 
use of the monitor re sponse provided by the National 
Bureau of Standards for the ion chamber used. No 
method of smoothing was applied to the reduced yield 
points; the measured points themselves were fed into 
the matrix. The data were corrected for absorption in 
the donut walls and ionization chamber. 


ARGON 


Argon of natural isotopic abundance, 99.6% A®, was 
contained under a pressure of 1600 pounds per square 
inch in a stainless steel tube, 7 feet in length. The 
target cylinder was positioned in the neutron detector 
so that the synchrotron beam passed through the tube 
parallel to its long axis without striking the walls. The 
length of the target container allowed the end caps to 
protrude beyond the outside layers of paraffin so that 


*B. C. Cook, Phys. Rev. 106, 300-314 (1957). 


SECTIONS OF 





teaauaenaneeal aa} 


600 








SOSCEU U-Suuee Cewwuueuwee dallas 
20 40 
MEV 


Fic. 4. Cross section and integrated cross section for 
argon reaction as functions of energy. 


the neutrons produced as the beam passed through 
the end caps were not counted. 

The total neutron yield as a function of the maximum 
bremsstrahlung energy was obtained at 1-Mev inter- 
vals from threshold to approximately 50 Mev. The 
statistical errors on the total number of recorded 
counts were approximately 1% in the region of the 
giant resonance and 0.6% at the higher energies. The 
background runs made with the sample tube 
evacuated. Total yield to background ratio 
about 8:1. 

The integrated reduced cross section extracted from 
the yield data is shown in Fig. 3. Shown in Fig. 4 are 
the cross section and its running integral. The cross 
section has a maximum of 41 mb at 21 Mev and a full 
width at half maximum of 10 Mev. Statistical errors 
at the peak are roughly 22%, commensurate with 1% 


were 


was 


yield data. These values are in agreement with those 
reported previously by McPherson et al.," who ob- 
tained a value of 38 mb for the peak cross section 
occurring at 20 Mev. Halpern‘ has given a somewhat 
lower value, 31 mb at an energy of 21 Mev. 

At higher energies, the A® cross section exhibits a 
tail which is 6 mb at 40 Mev. However, with only 0.6% 
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5. Integrated reduced cross section for the reaction N"(y,2n) 
as a function of energy 


D. McPherson, I 


’ Pederson, and L. Katz, Can. J. Phys. 32, 
593-598 (1954) 
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Fic. 6. Cross section and integrated cross section for 
nitrogen reaction as functions of energy. 


yield data in this region, the tail is not statistically 
significant. ‘The magnitude of the tail could be reduced 
somewhat if accurate corrections could be made for 
the neutron multiplicity. 

The integrated cross section to 50 Mev is 0.598 
Mev-barn. Correcting for neutron multiplicity, Penfold 
and Garwin" obtain a value of 0.900 Mev-barn for the 
total integrated cross section, or=o(y,p)+o(y,np) 
+a(y,n)+o(y,2n), up to 40 Mev. 


NITROGEN 


Nitrogen gas under 2000 pounds per square inch 
pressure in a 1.25-inch diameter stainless steel tube 
was used as a target. The end caps were well outside 
the sensitive region of the house and the beam did not 
strike the walls of thé tube. Background runs were 
made with the sample tube evacuated. The total count 
to background ratio was approximately 3 to 1. 

The yield points were taken at one Mev intervals 
from 13.5 to 60.5 Mev. At least four independent runs 
were made at each energy. The statistical deviation in 
the yield points above 20 Mev is better than 3%. 
Below the resonance the much 
becoming 10% at 13.5 Mev. 


deviation is worse 


LITHIUM 








Fic. 7. Cross section and integrated cross section for 


lithium reaction as functions of energy. 


A. S. Penfold and E. L. Garwin, Phys. Rev. 114, 1139-1142 
(1959). 


TICKLE, 


AND WHITEHEAD 

The results for nitrogen are presented in Fig. 5. 
The curve represents the best fit “by eye” to the 
integrated reduced cross-section points which were 
determined by operating on the yield data with the 
Cook matrix. The histogram shown in Fig. 6 represents 
the first differences taken from the smooth curve. 

The cross section exhibits a peak value of 14.5 mb 
at 22.5 Mev with a width at half maximum of 3.8 Mev. 
An uncertainty of 30% must be allowed for individual 
cross-section points when the counting statistics are 
considered. The integrated cross section to 25 Mev is 
0.060 Mev-barn in excellent agreement with Halpern.‘ 
When the integrated cross section is extended to 50 
Mev, a value of 0.116 Mev-barn is obtained. 

The nitrogen cross section is interesting because of 
its narrow half-width, which is less than that obtained 
for some “magic number”’ nuclei 
the twelve Mev separation bet 
resonance energies. 


Also of interest is 


ween threshold and 
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Fic. 8. Integrated reduced « 


ross section 


for the reaction Li(y,z#). 


LITHIUM 


A cylindrical block of metallic lithium in a holder 
of 0.001-in. Mylar served as the sample. It has a mass 
of 72 grams, was 99.8% pure and of natural isotopic 
abundance, 92.6% Li’, 7.4% Li®. The total yield was 
secured from a bremsstrahlung energy of 11.5 Mev, 
four Mev above the (y,n” 
one Mev intervals. The yi 
10° counts were 
above 24.5 Mev. The deviation in the measured yields 


threshold. to 56.5 Mev, in 
ld points were run until 
recorded at bremsstrahlung energies 


due to counting statistics was 0.5% at bremsstrahlung 
energies above 20.5 Mev and 1.0% at the lower 
energies. Background was obtained using an empty 
Mylar holder identical to the one used to contain the 
lithium. Background yield was measured to a statistical 
deviation of 1.5% above 24.5 Mev and 3.0% below. 
The ratio of total yield to background was at least 
10:1 at all energies. 

The section and 
integrated cross section as functions of the maximum 
energy of bremsstrahlung are 


resulting photoneutron 


cToss 


presented in Fig. 7. The 


% R. Nathans and J. Halpern, Phys. Rev. 93, 437-442 (1954). 
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TABLE I. Summary of data. 





Experimenta! results 


fol EMeE 


SP «(Ee 


we 
f (EME 
~@ 
Mev 


0.116 
0.598 
0.093 


Element 


barns 


Nitrogen 
Argon 
Lithium 


0.060 
0.392 
0.039 


*H. E. Johns, R. J. Horsley, R. N. H. Haslam, and A. Quinton, Phys. Rev. 84, 856 (1951); and I. F. Wright, D. R. O. Morrison, J. M. Reid, and 


J. R. Atkinson, Proc. Phys. Soc. (London) A69, 77 (1956). 
» 1. P. lavor, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1420 (1958) 
¢R. von Rubin and M. Walter, Helv. Phys. Acta 27, 163 (1954) 


integrated reduced cross section from which they 
were derived is shown in Fig. 8. No attempt was made 
to resolve either the Li® or Li’ values from the measured 
curves. Statistical deviation on the two curves is 1.0% 
on points of the integral curve above 20 Mev and is 
25% at the maximum cross section on the histogram. 
The cross section has a maximum value of 3.2+0.8 
mb occurring at 19+4 Mev. The value of the cross 
section integrated from 11 to 56 Mev is 0.101+0.001 
Mev-barn. The cross section is marked by the high 
values which it exhibits at energies above the giant 
resonance. Neutron multiplicity due to (7,2) and 
(y,np) reactions, for which accurate corrections could 
not be made, constitute part of the observed tail. The 
marked departure in the shape of the lithium integrated 
reduced cross section from the nitrogen and argon 
curves suggests that the tail is more significant than 
the counting statistics indicate. A decrease in counting 
efficiency of the neutron house for high-energy neutrons 
would tend to make the tail more pronounced at high 
bremsstrahlung energies. The maximum cross section 


ranslation 


Sum rule limits 


x= () 
Mev 
0.203 
0.594 
0.103 


Total r=] 


barns 
0.365 


1.069 
0.185 


0.045* 
0.350" 
0.060" 


0.161 
0.948 
0.153 


Soviet Phys. JETP 34(7), 983 (1958) ] 


and the energy at which it occurs agree with the 
results of Rybka and Katz.’ Narrow, double resonances 
in the cross section as reported by Romanowski and 
Voelker! and by Heinrich and Rubin* are not seen, but 
the broad nature of the curve may suggest two widely 
separated, unresolved maxima. 

A summary of the values of the integrated cross 
section is presented in Table I, along with photoproton 
results of other laboratories. The sum of the photo- 
neutron and photoproton integrated cross sections 
may be compared with the dipole sum rule of Levinger" ; 
S o7r(E)\dE=0.06(NZ/A)(14+-0.8x) 
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isotopic spin impuritic from the Coulomb interaction 
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calculate the relevant Coulomb matrix 
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I. INTRODUCTION 


HE nonconservation of parity in 6 decay has made 
determination of the nuclear 
»J transitions. The for 
8 asymmetry from polarized nuclei and 


possible a direct 
Fermi matrix element in J 
mulas for the 
the B-y \{ irc ularly polarized) angular correlation con- 
tain interference terms between the Fermi and Gamow 
Teller amplitudes B-decay 
coupling constants taken from the study of 0°) — 0° 


| 


Using the values of the 


transitions' and the neutron decay experiments,’ it is 


ratio between the Fermi and 
The absolute 


the Fermi matrix element is derived by comparison 


possible to obtain the 
Gamow-Teller matrix elements value of 
with the experimental ft value. Such a determination 
has been performed for transitions between nuclei 
belonging to different isotopic spin multiplets. It has 
that a careful 
analysis of the experimental data should give some 
information about the effects in 8 decay. The 
theory of a vector interaction with a conserved current* 
leads to the following expressions for the Fermi matrix 
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DEVIATIONS FROM AT 0 
other cases no such an agreement is found. For Sc“ the 
experiment of Boehm and Wapstra® gives a rather 
large Fermi matrix element of about 310~*. Our 
theoretical estimate gives a value smaller than 10 
The situation seems to be reversed in Na™. Three of 
the four experiments’ performed on Na™ are con- 
sistent only with a very small Fermi matrix element 
(My<10-), while the theory predicts a number of the 
order of 10-*. We believe that it is still premature to 
conclude from this analysis that Coulomb effects alone 
cannot explain the deviations from the AT 
rule. It is possible that the discrepancy reflects simply 
the inadequacy of our nuclear model to describe the 
Coulomb effects. In any case new experiments are 
needed so that the general trend of the deviations may 
be compared with the theoretical predictions. 


0 selection 


Il. GENERAL THEORY 


We begin with some general considerations. Let us 
consider the 6) decay of a nucleus of spin J and 
isotopic spin T into a nucleus of same spin J but 
isotopic spin 7+1. Under the influence of a charge- 
dependent interaction the initial and final states |aTT; 
and |a’T+1T;) are perturbed :f 


1)= @at(aT) aTT; 
"T @at(a’T+1) a’T+ 17; t 
Ga’ T41(a’'T+1) a’'T+1T;+1) 
+a 7a1(a’T4+ 2) \a”T+ 2T;+ 1)+-:- 


The indices a, a’, a” 
numbers necessary to get a complete characterization 
of the states of isotopic spin 7, T7+1, 7+2, 
Neglecting the second order terms in a,7 the coniribu- 
tion of the isotopic spin impurities to the Fermi matrix 
element is given by 


My=<er(a'T+1)(a’T+1 T;+1| Tq |a’T+1T; 
=der(a’T+1)[(T+1—T;)(T+2+7;) }. 


The amplitude a.7r(a’T+1) is given in the first order 
perturbation theory by 


(a'T+1T; Hy, alT; 
6qr(a'T+1) = ——— 


E(a’'T+1)—E(aT) | 


In the above formula H, is the charge-dependent per- 
turbation, E(a’T+1), E(@7T) are the unperturbed 
energies. Let us first consider the energy denominator. 
In first approximation the difference between the un- 
perturbed energies which appears in the denominator 


* F. Boehm and A. H. Wapstra, Phys. Rev. 109, 456 (1958 

7H. Schopper, Phil. Mag. 2, 710 (1957); R. M. Steffen and P 
Alexander, Proceedings of the Rehovoth Conference on Nuclear 
Structure, edited by H. J. Lipkin (North Holland Publishing .‘om 
pany, Amsterdam, 1958), p. 419; F. Boehm and A. H. Wapstra, 
Phys. Rev. 109, 456 (1958); T. Mayer-Kuckuk and R. Nierhaus, 
Z. Physik 154, 383 (1959) 

t In the following formula it is assumed that 7; is positive and 
that the empiric rule 7 =| 7;| is valid for the initial state 
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of (3) is equal to the difference between the actual 
energies E(a’T+17;)—E(aTT;). The latter difference 
can be written as follows: 
E(a’'T+1T;) —E(aTT;) 
E(a'T+1T;)— E(e’T+1 T;+1) 

[ E(aTT;) E(a’T-+4 i T;+1) ]. (4) 


rhe first difference is just the energy separation inside 
the multiplet (a7+1). This quantity is given at least 
with a ten percent accuracy by the simple formula: 
E(a'T+1T;)— E(T+1T;4 1) 
(3e?/5R)(A—2T;—2)—(m,—m,)c*, (5) 
with R=1.3A4'X10~-" cm. The second difference is the 
energy available in the transition Eg+-m,c*, where Eg is 
the maximum kinetic energy of the positron which is in 
general known from experiment. 

We shall sketch the computation of the matrix ele- 
ment M=(a'T+1T7;|H,;\aTT;). This will be done in 
the framework of the j-j coupling shell model. We shall 
restrict ourselves to the charge dependent perturbation 
coming from the electrostatic interaction between the 
protons, so that H, is just: 


2 Be? 
H z=. h 1 T 


Z(Z—1). (6) 
5R 


By subtracting (3e?/R)Z(Z—1), we have practically 
removed from the Coulomb interaction its diagonal 
elements. Without this subtraction the perturbations 
series for a@,r(a’T +1) are not always convergent. The 
wave function of the nucleus will be written as the 
product of the wave function of the core and the wave 
function of the extra core nucleons. Unlike the case of 
the AT=0 transitions® the core impurities have practi- 
cally no influence on the Fermi matrix element. 

Following MacDonald’ we write the Coulomb per- 
turbation acting on the k& nucleons outside the core as 
a sum of two terms 


e=07+C™, 


In the first term V(r) is an effective potential which 
describes the nonexchange electrostatic interaction of 
one nucleon outside the closed shell with all the protons 
of the core. The second term C“* is the mutual electro- 


tatt 


static interaction of the extra-core nucleons. 


*'W. M. MacDonald, Phys. Rev. 101, 271 
*W. M. MacDonald, Phys. Rev. 110, 1420 
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(a) Effect of Electrostatic Interaction Between 
the Protons Outside the Core 


In our analysis of the experimental data we will have 
to deal with four-hole configurations. The prescription 
given by Visscher and Ferrell” is to use a four-particle 
wave function with the same value for T and 7; and 
to make in @“ the substitution: 

(1—t7;) (1—77;) — (147;;) (1+ 7,,). 


The angular momentum J and the isotopic spin are 
in general insufficient to give a complete characteriza- 


| 


M (iis 2II,T+HIT|S 
4 


e 
<5 75; 
CIT pi PsI.T 
The formula is valid only for even J and 
C(T,7 
C(T,7) 


4 (2j—3)/(2j4 for T=1 


1) }! 
[ for T=O0. 


(1/9/6)[(27+3)/(2j+1)}! 


(9) 


A method of computing the matrix element of a 
central two-body interaction between two particle 
states, is given in the book of Edmonds." The result is 
expressed in terms of the familiar Slater integral PF“. 
The Slater integral F®, which arises from the part of 
ri7' acting like a central potential, does not appear in 
the expansion of the matrix element M. This fact, 
already noted by MacDonald® will be discussed in 
detail in the next paragraph. 


(b) Effect of the Electrostatic Potential 
of the Core 


Let us proceed to the proof of the following rule: 
The electrostatic potential of the core cannot induce 
Fermi transitions with AT#0 as long as the extra core 
nucleons are all in the same orbit. This statement is 
rigorously true to the first order in the perturbation of 
Coulomb potential of the core and only approximately 
true to higher orders. 

Let us expand the & nucleons 
term of Slater determinants: 


wave functions in 


> 


yor 


(uioiT1* * *MeoeTe AT) 


K(1//R!) SS epPLV 111(1 


P 


soy peeere( (10) 


In this formula y,/’" is the wave function a nucleon 
in a state of orbital momentum, spin and isotopic spin 
specified by the numbers yor(o, r= +1); P stands for 
any permutation of the & particles and ep, is the signa- 

1” W. Visscher and R. Ferrell, Phys. Rev. 107, 781 

"A. Edmonds, Angular Momentum in Quantum 
(Princeton University Press, Princeton, 1957), p. 114 
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tion of a four-particle configuration. We have used the 


seniority number s which is defined as the number of 
particles left after all antisymmetric pairs with T=1 
and J=0 have been removed from the state. At least 
for short-range nuclear forces the seniority number is 
approximately a good quantum number. 

In our calculations we have chosen for the final and 
initial states those of lowest seniority number (s= 2). 
With this assumption 


cients 


ind using the recoupling coeffi- 


of four angular momenta (9; symbols), the 


following formula was obtained: 


‘5 IIIT) 


D)—- (J 07 07 
ture of P. Let us consider the 


operator VU defined by 


matrix element of the 


between the states | (ml)*aTT;) and | (nl)*a’T+-1T;) of 
the configuration (m/)*. Writing the two wave functions 
in the form (10), one sees immediately that U has the 


same matrix as the operator W“” defined by 


l= k 
> (nl| V(r) | ni nl Vir) nl ( rr), 
i 2 2 


Hence follows the first 

Let us look next into the 
kinds of terms have to be 
terms in dar(y7+1) da rai(yT+1) and the second 
order contribution to the amplitude a, r(a’T+1). How- 
ever, if the final and initial states T; 
maximum, the quadrat do vanish. The argu- 
ment goes as follows: 
T+1 that the electrost potential of the core can 
mix to the first order with | (nl)‘aTT; 
| (nl)*—'(n+-ql),) obtained 
the orbit (m/) into the 
always be written as ombinations of the 
obtained by a vector coupling of a state | (nl)*~'a”T’’T,”) 
belonging to the configuration (nl)*-! 
proton state in the orbit (n+l). If T; 
have 7”=T7,"=T+4. Similarly 
X(n+ql)T+1) m (nl)*a’T+1 T+1 
built from the states of t] nfiguration (nl)* 
an isotopic spin T”’=T+ ; ons 
terms Can appear 


i our rule 
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term 
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orbit 1). These states can 


1+ 
\ 7 , 


linear states 
with a single 
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Let us now consider th« ond order contribution to 
the amplitude a,7(a’T+1). The 


mediate states are the states | (nl 


mly possible inter- 
n+ 


a’'T+1 


gl)y) already 
introduced. The 
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is given by: 
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a,7 (a’'T +1) 

a," V(r) ] 

=> — ——___________., (11) 
ey [E(a’T + 1i)— E(aT) |LE*(y)—E(aT) } 


where 


@,*LV (r) ]=((nl)*a’T+1T;| 0! (nl)*"(n+-qly 


X((nl)*—"(n+-ql)y|V| (nl)*aTT;). (12) 


We want to prove that 5°, @,*=0 for each value of ¢. 
Physically this relation means that in the approximation 
where the spreading of the spectrum of the states 

(nl)*-'(n+-ql)y) is neglected compared to the energy 
separation between the shell (m/) and the shell (n+-g/) 
the second order contribution vanish. Writing again the 
states | (ml)*-'(m+-ql)y) as linear combinations of the 
states obtained by a vector coupling of the states 

(nl)*'a’T”’) with a one nucleon state of the shell 
(n+l) and introducing the fractional parentage coeffi- 
cients of the states | (ml)*Ta) and | (nl)*a’'T+-1) in the 
latter states, we get for the sum )-, @,*¢ the following 
expression 


Dy @,*=[(nl| V(r) | n+ql) 
Xk(4—4T+4T7;+4|TT;) 
X (§-—474+-47;4+-4| T4+1T; +1) 
Xda ((nl)ta’T +1 (nl) 'a"T +4 ; nl) 


X (nl; T+4ha" (nl)*'[(nl)*aT). (13) 


On this expression one sees clearly that it is sufficient 
to prove that >°,, @,*=0. 

Using a ciosure relation one can rewrite the latter 
sum in the following way: 


LDvq @y*=((nl)*a'T+1T;| (V)?| (nl)*aTT;). 


We remark that (UV)? has the same matrix elements 
between two states belonging to the configuration (n/)' 
as the operator W defined by the following equation: 


tmk 1— 75; 2 
nl) > ( — ‘) 
i—1 2 


: di (1— Tp; (1- Tr, 
+2(n+-ql| V(r) | nl)? >> —— (14 


<7 4 


W=(n+ql| V7(r 


It is easy to write W™ as a polynomial of second 
degree in T;: 


W =(n+-ql| V2(r) | nl)(4k—T;) 
+2((n+ql| V(r) | nl))? 


k(k—2) k—-1 
x|— =-——1+4T'| (15) 
8 2 


From the above equation it follows immediately that: 


Ler @,*=0. 


ISOTOPIC 
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It is possible to prove that a,r(a’T+1) vanishes 
when the effect of the residual interaction is neglected 
in the intermediate states without any explicit cal- 
culation. 


Let us rewrite a,7r‘(a’T+-1) in the following way: 
1 
E(aT)— E(a’T+1) 


Gal 


U | (nl), (16) 


{nner} 


E(aT)—H 


where H is the charge-independent Hamiltonian. (Since 
the state |(nl)‘aT) is not a possible intermediate 
state no special care is needed for the operator 
1/LE(aT)—H ).) We consider next the operator P which 
describes the permutation of all the nucleons variables 
nluor and decompose it in the following way 


P= PyP aw; 


where P,, acts on the variables wo and P,., on the 
variables nir only. We recall that the wave function 
(nl)*aT) belongs to the irreducible representation 
D‘/2*-™(P) of the symmetric group with regard to 
the operator P, which interchanges the isotopic spin 
coordinates.'? Now we remark that since the & nucleons 
are in the same orbit P,; acts like the unit operator. 
Therefore the state | (nl)*a7’) belongs to the irreducible 
representation D‘**-7 associated with D‘/?-” with 
regard to the operator P,,.'* Similarly | (nl)*a’T+1T;) 
belongs to the representation D‘*/?-?- of the operators 
P,,. If we neglect in H the residual interaction, the 
operator U{1/LE(aT)—H |} does not act on the 
variable wo. (We forget about the spin-orbit potential 
since this proof can be easily adapted to the case of j-7 
coupling.) Consequently a,r(a7+1) which is the 
scalar product of two wave functions belonging to 
inequivalent representations of the group of operators 
P.«, do vanish. The extension of the proof to any order 
is straightforward. 

In practice the energy levels of the intermediate 
states are spread out. Let us define yo, y1, «++, Yp 80 
that E%(yo)<E*%(y:)---<E*%(y7,). Using the relation 
>, @,*=0, we rewrite 4,7‘ (a’T +1) in the following 
way: 

1 


a.r (a'T +1) =- —¥ @y 


—— s*, (17) 
E(a’T+1)—E(aT) 7 

with 

E*(y,)— E*(ye) 


d,t=— ——. 
E4(y.)— E(aT) 


(18) 


From this formula it appears that a,r and more 
precisely its sign is very sensitive to the ordering of 
the spectrum. It is possible to get an idea of the order 


!2E. P. Wigner, Group Theory (Academic Press, Inc., New 
York, 1959), p. 258. 
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Taste I. Lists of the quantities entering in the evaluation of amplitude of the state 7=2 mixed with the 


a’=J; 7/2 5/2 3/2 
A(J3) —v2/3 11v2/80 9v2/280 

3)— E(7/2) Mev 0 0.24 0.98 
E(7/2))/2tw 0 0.01 0.042 


of magnitude of a.r(a/T+1) in the framework of We have taken the excitation energy 2h/w equal to 


i 


the j-j coupling model if one makes the following — the separation between the states (m+-1/j) and (mlj) in 


a 


assumptions : the harmonic oscillator well, w having the value ob- 


tained by Talmi and Thieberger™ from their analysis 


(a) The residual interaction of the (n+-1/7) protons . 
)) | of the binding energy of light nuclei. We have used 


with (lj) nucleons is weak compared with the inter- 
action of the (m/7) nucleons with each other. In that 
case the states | (n/j)*-'(n+qlj)y) are obtained by the 
vector coupling of any state | (nlj)*~‘'a’’T”) of the con- 


harmonic oscillator wave functions corresponding to the 
same w to calculate the matrix element (m+ 1/1! V(r)! nl). 
(We have approximated the effective Coulomb poten- 


ep tial of the core by the potential of a uniform spherical 
figuration (nl7)*~' with a single nucleon state of the sub- : , I al 


we sae charge distribution.) Using the numbers A; of Table 

shell (n+<qlj). (Actually only the states with T”’= 7+ 4 ws aha eee staph etn I 
La fing py esy. * __we get the following numerical value for a7 (T+1) 

do occur in the expression of a.r’(a’T+1).) The set 

of quantum numbers y Is now composed of the quantum wr’? (T+1 3x 10-4 

numbers a’’7”’ labelling the states of the configuration 


; : : This number corresponds to a I mi matri le > 
(nlj)* combined with the total angular momentum and . SERS MAITEE CoeeneRt 


A : : , equal to: 

the isotopic spin. The differences between the energies q 

E(y) will be equal to the differences between the My 

. . AA 7 

energies E(a 1 

configuration (nl7)‘ 
(b) The energy difference E'(yo)—E(a7T) can be 

replaced by the energy separation 2hw between the 


of the corresponding states of the This number is smaller than the experimental value by 


a factor 50. One must keep in mind that there is a 
large amount of arbitrariness ne of the hypotheses 


be = we have used to get this number. First the interaction 
shell (n+ 117) and (nl7) in a harmonic oscillator well. of the 2f 


(c) Only intermediate states obtained by promoting 
a proton from the shell (#/j) to the shell (m+ 117) have 
to be considered. 


2 proton with th fr is not completely 
negligible compared with tl ft 7g neutrons 
with each other. Secondly, although the harmonic 
oscillator well has been used successfully in the analysis 
Using the assumption (a), it is possible to derive the of low-energy states, it will give probably a poor de- 
following expression for @,*: scription of the excited states we are dealing with. 
However we hope that the number we have obtained 


+ gl| V(r) | nl))2A (a”” ? , 
@,*= ((n+ql| V(r) |nl))*A (a’), (20) has at least the correct order of magnitud: 


with 


t (cr) = k(T+4 Tr+43 $—3|TT; Ill. ANALYSIS OF THE EXPERIMENTAL DATA 


* (T+4 T;+4 4—4| T+1T)) (a) Manganese-52 


y if 


X ((nlj)*a’T +1} (nlj)* a"; nlj) Ambler and co-workers® have made an experimental 
X(nlj; a’ (nlj)*"{(nlj)*aT). determination of the ratio between the Fermi and 


' ' Gamow-Teller intensities in the positron decay of the 
As an example let us discuss the case of the (1ft/2)* wee cay Of the 


configuration with 7=1 J=2 which is assigned to the 
ground state of Sc“. The quantum number a” is the 
total angular momentum of the three 1/;,. neutrons. ‘ge : , 
In Table I we listed the different values of A (a’’=J;3) vamee of ¢ v/Ca taken ems =e Dae dec 7 
and the corresponding energy differences E(Jsf./2") ment? and the experimental /f/ value, we have derived 
— E(jfr2*) calculated by Lawson and Uretsky"™ from 
the experimental energy spectrum of the (1/7/2)? cdn- M y**=0.0065-+0.015 
figuration. In the third row of the same table we give 
a set of values for the number A; obtained by the 
following formula: 


(J=6 T=1) state of the manganese-52 to the 
(J=6 T=2) state of chromium-52, by combining 
the results of three independent experiments. Using the 


an experimental value for Fermi matrix element 


rhe ground state of Mn* is very likely to belong to the 
configuration (f;;2)~*. We have computed the Fermi 


“T. Talmi and R verge *hys. Rev. 103, 718 (1956) 
1) 18 The re is another xp nent rn 52 Loe} Phvs Rev. 
= 109, 1018 (1958 is result l ntr icuion with the more 


precise experiments of Ambler et ; e finds a ratio My 
while Ambler e¢ ai. r « 
ys. Rev. 106, 1369 (1956 of the ratio My/M 


VWer<0 


a liatior 





DEVIATIONS FROM AT O 
matrix element M y* induced by the electrostatic inter- 
action of the extra core protons using the methods 
described in part II. 


1 
My=— 


- VILE(2)— E(1)] 


20 12 10’ 
x( FO 4—FoO4—__ rw), (22 
63 77 3X11 13? 


Using the formula (5) we have found E(2)— (1) 

6.5 Mev. The Slater integrals have been calculated 
using harmonic oscillator wave functions. We have 
expressed the results in terms of the parameter e*(v/x)! 
introduced by Talmi; taking the value of e*(v/r)' 
from the work of Talmi and Thieberger™ on nuclear 
binding energies we have obtained a number very close 
to the experimental value 


M,*=0.010. 


(b) Scandium-44 


Boehm and Wapstra® have measured the 6-y circular 
polarization correlation in the 8 transition of the 
ground state T=1J=2™ of Sc“ to the /=2 T=2 
excited state of Ca**. We have deduced from the result 
of their experiment the following value for 


M y= 0.035+0.019. 


If we assume a (1/7/2)* configuration for the ground 
state of Sc** the only possible Coulomb effects are 
those coming from the electrostatic potential of the 
core. From the considerations of part I] a very small 
Fermi matrix element is expected: My~6X10~'. Al- 
though our calculation is somewhat questionable we 
believe that there is a serious discrepancy. A possible 
way to reduce the discrepancy is to assume that there 
is a large admixture of (1f7/2)*(2ps/2) but unlike the 
case of nuclear moments, the effect will be propor- 
tional to the square of the coefficient of the admixed 
states. If we assume that the configuration is entirely 
(1f7/2)*(2ps/2), one can show easily that the maximum 
M »™* of the Fermi matrix element induced by Coulomb 
effect is given by: 


v3 


 ((2p| V(r) |2p)—(f| V(r) |1f)). (23 


Using again harmonic oscillator wave functions, we 
have found Mp™*~0.017. One should remark that 
there is no Coulomb matrix element between the 7=2 
states of the configuration (1f7/2)*(2p3)2) and the T=1 
states obtained by coupling a one particle state 2p). 
with a T=} state of the (1f7;2)* configuration 
these energetically favored states will be present with 
large amplitudes the actual value of My is expected to 
be far from its maximum value. 


since 


ISOTOPIC 


SPIN SELECTION RULE 545 


Taste II. Comparison of the experimental values of the 
anisotropy coefficient A with the theoretical predictions in the 
decay of Na™ 


A 


0.07 +0.04 
0.05+0.04 
0.12+0.03 
—0.07 +0.05 


Boehm and Wapstra 

Stefien and Alexander 

Mayer Kuckuk and Nierhaus 
Schopper 


0.08 
0.23 
—0.07 


Pure Gamow-Teller 
Theoretical My/Mar>0 
Theoretical Me/Mar<G 


(c) Sodium-24 


Several groups’ have investigated the §-y circular 
polarization in the 8B decay of the T=1J=4 
state of Na™ to the T=0 J=4 state of Mg™. In 
Table II we have listed the different experimental 
values of the anisotropy coefficient A which is given in 
the allowed approximation by 


where 


“I Mer 


The Coulomb interaction 
protons introduces a T 


between the extra core 
1 impurity in the T=0 state 
of Mg**. Assuming a (1d5,2)~* configuration, and using 
the methods of part II we have found the following 
expression for the Fermi matrix element induced by 
Coulomb effect : 


2 | 12 1 
My ( FC +R), (25) 
3 E(1)— E(0) \35 9 


Again evaluating the Slater integrals with harmonic 
oscillator wave functions, we have obtained the follow- 
ing number My=0.013. Three of the experiments 
quoted seem to indicate a very small Fermi matrix 
element. If we calculate A using our theoretical value 
of My, the experimental Mor and the sign of Me/Mer 
suggested by a j-j coupling calculation, we found a 
value of A which is in contradiction with the four 
experiments quoted. With the opposite choice for the 
sign of the new value of A agrees with the experiment 
of Schopper but remains in contradiction with the 
three others which are consistent only with a Fermi 
matrix element smaller than 10~*. 


CONCLUSION 


The preceding analysis leads us to the following 
observations: Coulombs effects, calculated with the 
nuclear wave functions given by the j-j coupling shell 
model, are unable to explain the experimental deviations 
from the AT=0 selection rule in the 8 decay of Na™ 
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and Sc“ while a reasonable agreement is obtained for 
Mn". Two interpretations are possible :f 


(a) The j-j shell model fails to describe correctly the 
Coulomb effects in Na*‘ and Sc**. 

(b) Exchange mesonic effects do induce Fermi transi- 
tions with AT= +1 

New experiments are necessary to decide between 
these two alternatives. An interesting case will be the 
decay of the T=} J = }* state of O” to the T=} J=}* 


state of F since in that case a more reliable calculation 
of the Coulomb matrix element is perhaps possible. 


It will be also instructive to compare the general trend 
of the deviations with the rule derived in part IT stating 
that the electrostatic potential of the core cannot 
induce Fermi transitions with AJ = +1 as long as the 
extra-core nucleons are in the same orbits. 
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APPENDIX 


We shall compare the results of two calculations of 


the Coulomb matrix element between a T=} J=}3 

t There is perhaps a third interpretation. It is to consider other 
charge dependent pertubation: for instance the effect of the mass 
splitting between the neutral and charge pions induces a difference 
between the neutron-neutron and proton-proud interaction which 
may lead to appreciable effects 


BOUCHIAT 

state and T=% J=% state, both belonging to the con 
figuration (p)°*. 7 
j-j, the second on the L-S model 
model we have to deal with 
of the Pi shell. No qui 
are needed. We have found 
element : 


Pis=(( pry *J 


will be based on the 
In the 


three hol 


he first of these 
j-j coupling 

configurations 
other than J,T 
Coulomb matrix 


intum number 


for the 


= (4/15)/5)F. 


In L-S coupling we shali label the two states with the 
usual quantum numbers LST and partition [A] 
which describe the symmetry properties of the wave 
function. We shall compute the matrix element between 
two states characterized by S=7T=4, [\]=[41] and 
S=4, T=}, [\]=[32]. We have used the fractional 
parentage coefficients calculated by Elliott, Hope, and 
Jahn.” We get the following result: 

Pris =(( 41 , z 


‘ Tr 1 T [32 }*4P) 
(27) 


The two numbers p;; and ps are surprisingly close to 
each other (;;/prs~™0.9). This result may be con- 
sidered as an indication that the Coulomb matrix 
elements do not depend critically on the coupling 
scheme. 


16 J. P. Elliot, J. Hope, and hn, Phil. Trans. Roy 
(London) A246, 241 (1953 
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An activity of 4.8-msec half-life which is assigned to Pb™** has been observed in the electron capture 
decay of 14.5-day Bi®. This isomeric level decays with the emission of 987.8, 703.3, and 284.4-kev gamma 
rays with relative transition intensities of 100, 10, and 10. No other gamma rays of energy greater than 
10 kev were observed in the decay of this isomer. The 284.4- and 703.3-kev gamma rays are in coincidence 
but neither is in coincidence with the 987.8-kev transition. This evidence suggests that the 987.8-kev level 
de-excites directly to the ground state by the emission of a 284.4, 703.3 kev cascade with a 987.8-kev cross- 
over. There is some evidence (not conclusive) that the 987.8-kev level itself may not be isomeric but that it 
may be fed entirely by a highly converted low-energy transition (<100 kev) from an isomeric level. 


I. INTRODUCTION 

WO extensive investigations have been previously 

made of the decay of Bi®.'* No gamma rays 
were observed to be in coincidence with the 987.8-kev 
gamma ray in either of these investigations. For this 
reason and also because of its intensity, the 987.8-kev 
gamma ray was assumed to be a ground-state transition, 
predominantly fed directly by electron capture. How- 
ever, M4 isomeric transitions have been observed in 
in Pb’, Pb™, Pb®', Pb®, and Pb”’? An analysis of the 
systematics of these transitions leads to the prediction 
that an M4 transition with an energy of 980+40 kev 
and a 1.5+0.5 sec half-life should exist in Pb™.* Two 
experiments which attempted to detect an isomer of 
this half-life and energy gave negative results.? An 
analysis of these experiments revealed that if the half- 
life of the suspected isomer were shorter than the pre- 
dicted value by a factor of about ten or more, then a 
negative result would be expected. In order to eliminate 
this possibility, it was decided at this laboratory to 
look for coincidences between the electron-capture x- 
rays and the 987.8-kev gamma ray. When no coinci- 
dences were observed between the Pb K x rays and the 
987.8-kev gamma rays (resolving time 7~5X10~ sec), 
this suggested the possibility that the 987.8-kev gamma 
ray was isomeric with a half-life much shorter than had 
been predicted. 


Il. EXPERIMENTAL PROCEDURE 
Source Preparation 


The source of Bi® was produced by bombarding 
radiogenic lead’ (approximately 85% Pb®*) with 20.8- 


+ This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Present address 
Pocatello, Idaho 

1M. Schmorak et al., Nuclear Phys. 2, 193 (1956/57) 

2A. R. Fritsch, University of California Radiation Laboratory 
Report UCRL-3452 (unpublished) and J. Inorg. and Nuclear 
Chem. 6, 165 (1958) 

*D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs 
Modern Phys. 30, 585 (1958). 

*R. Stockendal et al., Arkiv Fysik 11, 165 (1956) 

'K. T. Bainbridge, Experimental Nuclear Physics, edited by E. 
Segré (John Wiley & Sons, Inc., New York, 1953), Vol. 1, pp. 637, 
638. 


Physics Department, Idaho State College, 


Mev protons in the Oak Ridge cyclotron. The sample 
thicknesses were 0.010 in. and 0.011 in., respectively, in 
two different irradiations. The cyclotron energy and 
sample thicknesses were chosen to maximize the produc- 
tion of Bi®* relative to Bi” and Bi™.* This type of 
bombardment yielded samples in which the ratio of the 
8-year Bi®’ to 14.5-day Bi™ activity was <0.2% ap- 
proximately four to six weeks after the bombardment. 
At this time the activity due to 6-day Bi™ was negligible. 


Experiments which Demonstrate that the 
987.8-kev Gamma Ray is Delayed 


Several experiments were performed which demon- 
strated that the 987.8-kev gamma ray is isomeric. The 
first of these was a series of gamma-gamma and x ray- 
gamma coincidence studies. ‘These data were taken with 
a standard “fast-slow” coincidence circuit with the 
“fast” portion having a resolving time cf 5X10~ sec. 
The slow part of the circuit utilized a single-channel 
pulse-height analyzer operated in conjunction with a 
20-channel pulse-height analyzer. The window of the 
single-channel pulse-height selector was set on a section 
of the Bi®® gamma-ray spectrum and the data in coin- 
cidence with events in this window were recorded on the 
20-channel pulse-height analyzer. The detectors used 
for this work were two 3-in. diameterX3-in. thick 
NalI(T\) scintillation crystals. The detectors were oper- 
ated at an angle of 180° with the front faces 6 cm apart 
and the source located at the midpoint. A “graded” 
backscattering shield was used to minimize scattered 
radiation from one detector to the other. 

Figure 1 shows a plot of the singles spectrum of Bi® 
taken on a 3-in. diameter 3-in. thick Nal crystal. The 
“peak” at 1 Mev is known to contain at least those 
gamma rays whose intensities are indicated by vertical 
bars. The bars for the 1002.7, 1014.1, and 1073.3-kev 
gamma rays' represent upper intensity limits. These 
data are summarized in Table I. The relative gamma- 
ray intensities are obtained by a knowledge of the K 

* The sample thicknesses and irradiation energies were suggested 


by J. L. Need of the cyclotron staff at the Oak Ridge National 
Laboratory. 
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Fic. 1. Bi® gamma-ray singles spectrum. The vertical bars 
represent the relative intensity of the gamma rays in the 1-Mev 
region of the spectrum. The bars for the 1002.7, 1014.1, and 
1073.3-kev gamma rays represent upper intensity limits. Energy 
scale 2 kev~1 pulse-height unit. 


and the relative electron in- 
tensities':? and by consecutive unfoldings of high-energy 
gamma rays from the gamma-rays singles spectrum 
which was done at this laboratory. The results of these 
are compared by normalizing the values obtained for the 
987.8-kev gamma ray. An average of the gamma-ray 
intensities obtained from these methods was used in 
Fig. 1. It is obvious, therefore, that a single-channel 
window set in the 1-Mev region will accept contributions 


conversion coefficients 


from several of the gamma rays whose photopeaks are 


rasie I. Relative gamma-ray intensities 


From analysis 
of author’s 
Inferred from Swedish gamma-ray 
electron intensities* spectrum 


ax Be  /P 


0.0064 
0.0054 5100 
> 0.002 < 800 
> 0.002 < < 800 
0.013 2550 

500 


E, (kev) 


910.7 
987.8 
1002.7 
1014.1 
1043.6 
1073.3 


960 


* See reference | 


Private communication from R. Stockendal via G. Andersson 
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in this energy region as well as from the Compton dis- 
tributions of gamma rays having higher energies. There- 
fore, in order to determine which gamma rays, if any, are 
in coincidence with the 987.8-kev gamma ray it is 
necessary to take several coincidence spectra. These 
must include spectra where the 
channel analyzer is sitting on the maximum of the 
photopeak of the 987.8-kev gamma ray as well as several 
spectra taken on either side of this peak. Coincidence 
spectra were obtained 
window whose lower edge was set at 840, 850, 870, 895, 
910, 940, 960, 980, 1000, 1020, and 1040 kev. The results 


of these measurements indicated that 


window of the single- 


writ } 


1 20-kev wide single-channel 


if any gamma ray 
having an energy greater than 50 kev were in coinci- 
dence with the 987.8-kev gamma ray, then its intensity 
must be less than 10% of the intensity of the 987.8-kev 
gamma ray. Other coincidence runs in which the loca- 
tion of the window of th gle-channel pulse-height 
analyzer was moved over the portions of the spectrum 
both above and below the 1-Mev region indicated that 
the 987.8-kev gamma ray is not in 


Sin 


coincidence with 
any of these portions of the spectrum. 

Since the 987.8-kev gamma ray is not in coincidence 
with any of the major gamma rays it must either be 
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isomeric; be fed by a low-energy, highly converted 
isomeric gamma ray; or be fed directly by electron 
capture. Figure 2 shows the spectrum of those gamma 
rays which are in coincidence with the Pb K x rays 
(open circles) together with a singles spectrum for com- 
parison. The result of subtracting the contribution of 
the 987.8-kev gamma ray, as determined by an analysis 
of the gamma-ray singles spectrum, is shown as the 
solid curve which passes through the data points. This 
solid curve has been normalized in intensity only. It 
may be concluded that the discrepancy between the 
singles curve and the spectrum of gamma rays in coin- 
cidence with the Pb K x rays is accounted for by the 
fact that the 987.8-kev gamma ray is not in coincidence 
with the Pb K x rays. 

From this it follows that if one were to measure the 
gamma-ray spectrum of all events mot in coincidence 
with the Pb K x rays, the 987.8-kev gamma ray should 
be enhanced. A block diagram of the experimental 
arrangement used to perform this measurement is shown 
in Fig. 3. A source of Bi®® was placed in the center of a 
} in. thick by 1}-in. diameter split NaI crystal. This 
small crystal is preferentially sensitive to low-energy 
photons, with an effic iency of > 9% for the detection 
of the Pb K x rays. This detector was operated in an 
anticoincidence arrangement with the 3-in.x3-in. Nal 
crystal. Due to the anticoincidence circuit, each time 
an x ray was detected by the small crystal, the multi- 
channel pulse-height analyzer was made insensitive, 
thus recording only those events not in coincidence with 
the x rays. Because of limits imposed by the electronics, 
the Pb Land M x rays would not trigger the anti- 
coincidence gate. For this value of Z, approximately 
15% of the electron capture events should proceed by 
L, orbital capture. Although Z; capture is the predomi- 
nant mode of capture beyond the K shell, other modes, 
i.e., Ln, Lin, M, N 


This, together with the fact that the split crystal is not 


-, may add an additional 5%.* 
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Fic. 3. Block diagram of the electronics used in 
the anticoincidence experiment 
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Fic. 4. Result of the anticoincidence experiment. Energy 
scale 2 kev™1 pulse-height unit 


100°% efficient for the Pb K x rays, would indicate that 
the intensity of events in coincidence with the K x rays 
would be reduced to roughly 30% of their original in- 
tensity in such an experiment. This estimate is in good 
agreement with the experimental result. Figure 4 shows 
the spectrum obtained with and without the anticoin- 
cidence requirement. Note that the intensity of the 
987.8-kev gamma ray is not diminished, the decrease in 
intensity of the 1-Mev peak being due to the elimination 
of the 1.043-Mev gamma ray. 

Additional confirmation was provided by measure- 
ments in a well-type “summation” detector. If the 
987.8-kev gamma ray were not in coincidence with any 
other gamma rays arising from the decay of Bi™ or 
with the electron capture K x rays, then a source placed 
in a well crystal should show a prominent peak at 
987.8 kev. The prompt gamma rays present in the spec- 
trum will have added to their energy at least the energy 
of the electron capture x rays plus the energy of any 
coincident gamma rays which interact with the detector. 
The result of such a measurement is displayed in Fig. 5, 
which shows the spectrum for a source outside a 3-in. 
X3-in. well crystal and inside the well crystal, both with 
and without an absorber to stop the K x rays. It is clear 
from these results that the 987.8-kev gamma ray is not 
in coincidence with either the A x rays or any other 
major gamma rays since this peak does not shift ap- 
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Fic. 5. Spectra obtained with the source inside and outside a 
3-in. thick X3-in. diam well crystal. Energy scale 2 kev™1 pulse- 
height unit 


preciably in energy as do the other major gamma rays 
which are fed strongly by electron capture. 


Ill. PROPERTIES OF THE ISOMER 
Half-Life 


The half-life associated with the decay of Pb*®®*™ was 
measured using delayed-coincidence techniques. The 
output pulses from a single-channel pulse-height analy- 
zer whose window was set on the Pb K x ray were used 
to mark ¢=0. The number of output pulses from a 
second single-channel analyzer whose window was cen- 
tered on the 987.8-kev gamma ray were then recorded 
as a function of time after the x-ray pulse, using a five- 
channel time discriminator.’ A typical half-life is shown 
in Fig. 6. This measurement gives a half-life of 5.642 
msec. The best value based on five measurements is 
4.8+1.5 msec. 

Preliminary measurements made at the University 
of Illinois,” using the technique developed there for 
measuring short-lived isomeric states(?" indicate that an 
activity with a half-life of several milliseconds is present 
when radiogenic lead is bombarded with gamma rays. 

*R. B. Duffield and S. H. Vegors, Jr., Phys. Rev. 112, 1958 
(1958). 


” P. Weston and P. Axel (private communication) 
1S. H. Vegors, Jr., and Peter Axel, Phys. Rev. 101, 1067 (1956). 
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The Pb” is formed by the reaction Pb™®*(y,n)Pb™™. 
A 0.9-Mev gamma ray which decays with a half-life of 
6.5+0.5 msec has also been observed when Tl is bom- 
barded with 20-Mev protons.” In the light of the present 
work it seems quite possible that the activity observed 
was due to Tl”®(p,n)Pb™*™ 


Delayed Gamma-Ray Spectrum 


A spectrum of the gamma rays which de-excite the 
isomeric level was recorded. In this measurement the 
source was inserted in a j-in. diameter, 1}-in. deep well 
in a 3-in. diameter X 3-in. thick Nal crystal. Only those 
events were recorded which occurred in a time interval 
between 100 usec and 2100 usec following an output 
pulse from a single-channel pulse-height analyzer whose 
window was set on the Pb K x ray. The x ray was used 
to mark the formation of the isomeric level, which then 
de-excited (in approximately 20% of the cases) during 
the time in which the equipment was sensitive. In order 
to reduce the effect of chance correl: 
necessary to use very weak sources. Strengths of ap- 
proximately 20 K x rays per second were found to be 
satisfactory. 

The result of this measurement is shown in Fig. 7. 
The 987.8-kev gamma ray is clearly enhanced. The re- 
sult of subtracting the background from this curve is 
shown in Fig. 8 as the circles. The statistical 
deviations are three solid curves 
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20. I. Leipunskii, V. V. Miller, A. M. Morozov, and P. A. 
Iampol'’skii, Doklad) Akad. Nauk S.S.S.R. 109, 935 (1956) 
[ translation: Soviet Phys. Doklady 1, 505 (1956)]. 
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marked 987.8, 703.3, and 284.4 indicate the expected 
relative intensities of the 987.8, 703.3, and 284.4-kev 
gamma rays if the decay of the 987.8-kev level in Pb” 
is not in coincidence with the electron capture events. 
In the calculation of these relative intensities, account 
was taken of the fact that the 284.4- and 703.3-kev 
gamma rays are in coincidence and hence “sum” to 
987.8 in a large fraction of the decays. The relative 
intensities of the 987.8- and 284.4-kev transitions were 
obtained from K-conversion electron intensities and 
values of ax'’ and from an analysis of the gamma-ray 
singles spectrum. The two techniques yielded values of 
0.11 and 0.09 for the ratio of the number of 284.4-kev 
trans?tions to 987.8-kev transitions. A value of 0.10 was 
used in the above caiculations. The values of ¢, the 
crystal efficiency for detecting the gamma rays, were 
obtained by doubling the efficiency of a 1} in. thick by 
3-in. diameter crystal with a source 0.001 cm above the 
face.* Thus the correction which is necessary for the 
well itself was neglected. It may be seen that the in- 
tensity sum of the 987.8, 703.3, and 284.4-kev gamma 
rays (dashed line) is in agreement with the experimental 
result to within the statistical uncertainty. The com- 
posite spectrum is normalized in intensity only to the 


observed intensity of the 987.8-kev gamma ray. It is 


clear that it is difficult from these data to say anything 
about the delayed-coincidence spectrum except that the 
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Fic. 7. Delayed coincidence spectrum of Pb™*. The open 
circles show the total number of counts/sec in a time interval! 
from 100 to 2100 ysec after each K x ray. Energy scale 2 kev~1 
pulse-height unit. 


4S. H. Vegors, Jr., L. L. Marsden, and R. L. Heath. Atomic 
Energy Commission Report IDO-16370, September, 1958 (un- 
published). 
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Fic. 8. The spectral shapes and computed intensities of the 
284.4, 703.3, and 987.8 kev gamma rays from the decay of the 
isomer are shown as solid lines. The sum of the intensities of these 
three gamma rays is shown as the dashed curve. Experimental 
data are indicated as open circles. Energy scale 2 kev~1 pulse 
height unit. 


987.8-kev gamma ray is present and is by far the 
dominant feature. 


Measurement of ax 


Although the values of ax for the 284.4, 703.3, and 
987.8-kev gamma rays have been previously measured,':’ 
it was felt that a check of these values should be made. 
This was accomplished by measuring the absolute in- 
tensity of the electrons and gamma rays, respectively, 
on a 1}-in. diameter X }-in. thick anthracene crystal and 
a 3-in. diameter X 3-in. thick NaI crystal. The method 
was checked by measuring the conversion coefficients 
for the 662-kev Cs¥’, 570-kev Bi®’, and 1064-kev Bi®”’ 
transitions. The results obtained for ar were: 0.104 
(Cs™", 662 kev),.0.03 (Bi®’, 570 kev), and 0.109 (Bi, 
1064 kev). Recent values from the literature are 0.111, 
0.024, and 0.12, respectively. Values for ay were then 
obtained for the 703.3- and 1766.6-kev transitions in 
Bi®. In these measurements, the small contribution 
from the conversion lines of the 745, 758.3, 761, 1777.4, 
and 1863.3 kev' transitions was neglected. The results 
were arp=0.015 (Bi™, 703.3 kev) and 0.0041 (Bi™, 
1766.6 kev) which imply ax =0.012 and 0.0035, respec- 
tively, when corrected by previously measured K/L 
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ratios.':’ These results are accurate to better than 20% 
and are in agreement with the Swedish’ results of 
ax=0.01 (Bi®, 703.3 kev) and 0.004 (Bi, 1766.6 kev). 

These values for ax are in agreement with the E2 
assignment for the 987.8- and 703.3-kev gamma rays 
as proposed in reference (1). This suggests the possi- 
bility that the 987.8-kev level may not be isomeric but 
may be fed bya low-energy gamma ray which originates 
from an isomeric level. 


Search for a Low-Energy Gamma Ray in 
Coincidence with 987.8-kev Transition 


A series of gamma-gamma coincidence runs was made 
to see if a low-energy gamma ray might be in coincidence 
with the 987.8-kev gamma ray. For this purpose, the 
single-channel pulse-height analyzer base line was set 
(with a 20-kev window) at 900, 920, 940, 960, 980, 1000, 
and 1020 kev. Spectra of the low-energy gamma rays in 
coincidence with those gamma rays falling in the window 
of the single-channe! pulse-height analyzer were recorded 
in a 20-channel pulse-height analyzer which covered the 
energy range from 10 to 100 kev. The results of these 
measurements indicated that no gamma ray (including 
the Pb K and L x rays) in this energy range, having an 
intensity as large as 20% of the intensity of the 987.8- 
kev gamma ray, was in coincidence with the 987.8-kev 
gamma ray. However, by comparing the relative in- 
tensity of the Pb Z x rays as a function of the energy 
setting of the base line of the single-channel pulse-height 
analyzer, it was noted that the intensity of the L x ray 
increased when the single-channel window was centered 
on the 987.8-kev gamma ray. The effect was not very 
pronounced. In order to study this further, the single 
channel was set on the Z x ray and spectra were taken 
of the gamma rays in coincidence with the L x ray. 
Bi® decays approximately 15% of the time by ZL cap- 
ture.* The ratio of 1 and K capture is approximately 
independent of the decay energy for energies somewhat 
in excess of the K binding energy, 88 kev. Therefore, if 
the 987.8-kev level is isomeric, one would expect that 
the 987.8-kev gamma ray would not be in coincidence 
with the Pb x ray, whereas all the other gamma rays in 
the decay of Bi®® would be present in nearly the same 
ratio of intensities as they have in a singles spectrum. 
However, it was found that the 987.8-kev gamma ray 
is not missing in the spectrum of gamma rays in coin- 
cidence with the Z x ray. On the other hand, its in- 
tensity relative to the other gamma rays is almost 
identical to that in a gamma ray singles spectrum. When 
a 90 mg/cm? Cu absorber was placed in front of the 
4-in. thick, 3-in. diameter Nal crystal, used to detect the 
L x rays, this coincidence rate decreased by a factor of 
10 or more. A singles spectrum taken of the 5 to 200-kev 
region showed that the 90-mg/cm* Cu absorber reduced 
the Pb L x-ray intensity by more than a factor of 10 
while the intensity of the Pb K x ray (72 kev) changed 


less than 5%. 
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The results of these measurements would suggest that 
the 987.8-kev level itself may not be 
this level may be fed from an is 
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IV. CONCLUSIONS 


The experimental results obtained at this laboratory 
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transition and is parall i 284.4, 703.3 kev cascade 
with the 284.4-kev transition on top. The fact that the 
987.8-kev gamma ray is delayed is supported by the 
work of references 10 and 
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the systematics.“ TI values of ax for 
the 284.4- and 987.8-kev transitions are 0.45 and 0.005, 
respec tive ly, and art iT rhe theoreti- 
284-ker 2, M3, or E1, £2, and 
E3 transitions are 0.41, 1.5, 5.2, or 0.29, 0.77, and 2.1," 
respectively. The theoretical values of ax for a 987-kev 
M2, M3, M4, or E2, £3, or E4 transition are, respec- 
tively 0.036, 0.069, 0.125, or 0.0055, 0.012, and 0.24. It 
a 284-kev £3 or M3 or a 987-kev E3 or 
M3 transition is not in agreement the experimental 
values of ax, whereas a 284-kev M1 and a 987-kev E2 
assignment are in 


cal values of ax for 
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“4M. Goldhaber ar nyar, Bela and Gamma-Ray 
Spectroscopy, edited by egbahr rth Holland Publishing 
Company, Amsterdan hz I 

16 A. # Suv and I M al i PI ysl Tec hr it al 
Institute Report, 1956 [ t ation: F rt 57 ICC K1, issued by 
Physics Department niversit :. 2 is, Urbana, Il 
(unpublished ) ] 
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between 16 kev and ~88 kev above this level. The ex- 
perimental evidence on this point is not conclusive. 
Because of the limitations in equipment it was not 
possible to look for coincidences between the Pb M x-ray 
and the 987.8-kev gamma ray. This experiment should 
be done before any final conclusions are made. 
Theoretical calculations by True,"* using 3 singlet- 
even forces plus weak coupling, indicate that a 13/2* 
level would be expected at approximately 1050 kev. 
These calculations also predict a 7/2 level at 930 kev 
and a 9/2- level at 940 kev. These are interpreted by 
True as the 987.8-kev and the 1002.7- or 1014.2-kev 
levels, respectively, in Pb™*. If the 9/2~- level were 
interpreted as the 987.8-kev level and the 7/2~ level 
were interpreted as either the 1002.7- or 1014.2-kev level 
then it would be possible for the 13/2* level at approxi- 
mately 1050 kev to feed the 9/2- level at 987.8 kev. If 
this were the case, the 1050-kev leve! would decay by 
an M2 transition. For an M2 transition of 60 kev, the 
expected half-life is 220 msec." Although this is not in 
good agreement with the measured value of the 4.8 


‘6 W. W. True (private communication ) 
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msec the disagreement is not so severe as to eliminate 
this possibility. Because of experimental limitations this 
low-energy gamma ray was not seen. A search for it 
should be made using more sensitive techniques. 
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Note added in proof.—Electron conversion lines in the decay of 
Bi®*® corresponding to a transition energy of approximately 26 kev 
have been observed by D. E. Alburger (private communication) 
R. Stockendal (private communication) has also observed electron 
conversion lines corresponding to a transition energy of 26.2 kev 
Electron-gamma coincidence measurements by Alburger have 
confirmed that this transition is in coincidence with a strong 
gamma ray of 1 Mev (presumably the 987.8-kev gamma ray) 
This evidence, together with that presented in this paper, has led 
to the conclusion that the 987.8-kev level is not isomeric but 
rather is fed entirely by the 26.2-kev transition. This implies that 
the isomeric level is at 987.84-26.2 = 1014.0 kev 
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Interaction of K* Mesons with Protons* 
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The total K*—p cross section was measured at the three A*-meson energies 175425, 225425, and 
275425 Mev, and the differential scattering cross section was measured at 225 Mev. The K*~—p nuclear 
force was shown to be repulsive, from the observed constructive interference with Coulomb scattering. The 
differential cross section was otherwise isotropic and could arise from either pure S-wave or pure P-wave 


scattering 


Subtracted dispersion relations were applied to these data and the rest of the available K -proton scattering 
data. The statistical errors in the data were found to be too large to determine the K-hyperon relative parity 
On the assumption that the KA and Af relative parities are the same, then for scalar coupling, g*/4* would 
be less than 0.6; for pseudoscalar coupling, it would be less than 10 


I. INTRODUCTION 


NFORMATION on the scattering of K+ mesons on 
protons is of the greatest importance, in that it may 
allow us to determine the nature of the K-meson-nucleon 
forces. Data at low energies have come mostly from the 
rare scattering of K* mesons on hydrogen nuclei in 
emulsion. A compilation of the world total of 75 events 
was reported at the 1958 High-Energy Physics Confer- 
ence at CERN.' The angular distributions in the thre« 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t Present address 
New York. 

'M. F. Kaplon, 1958 Annual International Conference on High 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientitx 
Information Service, Geneva, 1958) 


Brookhaven National Laboratory, Upton 


energy intervals 20 to 100 Mev, 100 to 200 Mev, and 
200 to 300 Mev, considering the large uncertainties, 
were not inconsistent with isotropy. 

From a more recent compilation of data,’ total cross 
sections have been obtained as shown in Table I. 


Taste I. Results from experiments with nuclear emulsions 


Energy 
(Mev) 


20-100 
100-200 
200-300 


Total K* — p cross sections 
(mb) 
13.5428 


14.242.6 
18.043.5 


?D. H. Stork and D 
private communication ) 
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Fic. 1. Beam arrangement. K* mesons were produced in a 
tantalum target and, after the elimination of proton contamination 
by means of a beryllium absorber, were focused on Counter D 


The purpose of this experiment was to measure the 
total K+-meson-proton cross section at the higher 
energies—namely, 175+ 25, 225+ 25, and 275+ 25 Mev 
as well as to determine the differential scattering cross 
section with small statistical errors at 225 Mev. If the 
rise in total cross section should be due to a rising P- 
wave contribution, an asymmetry in the differential 
scattering cross section should be detected. 


Il. K*-MESON SELECTION 
A. The K*-Meson Beam 


The scattering-detection system required that the K* 
beam should be (a) of angular divergence less than + 2° 
at the entrance to the liquid hydrogen target, (b) 
focused in an area of 1.25-in. diameter, (c) of energy 
spread no greater than +25 Mev, (d) of an intensity 
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greater than 25 A* mesons per bevatron pulse. These 
requirements were met for beam energies of 175+ 25, 
225425, and 275425 Mev, the 
illustrated in Fig. 1. 

The K*+ mesons were produced in a tantalum target 
located in a bevatron straight section, and entered the 
first of two 4-in.-aperture double-lens strong-focusing 
bending magnets. The first magnet momentum-ana- 
lyzed the incoming particles, and focused the particles 
with the desired momentum at the lead slit. The 
beryllium was necessary to reduce the proton contami- 
nation. The second magnet refocused the selected par- 
ticles at the D-scintillation counter 


with arrangement 


B. K*-Meson Identification 


The portion of the beam that passes through the lead 
slit consists of K* and x* mesons and protons, but the 
particles focused at Counter D consist mainly of K+ and 
a+ mesons. The proton contamination at this point is 
negligible. The K*+ mesons are distinguished from the r* 
mesons by time of flight over the 8 feet 
Counters 1 and D. 

To attain a high time resolution for the identification 
system, the K* 


between 


mesons were identified by requiring a 
D and 
velocity-threshold Cerenkov 


coincidence of scintillation counters 1, 2, 3, 


anticoincidence with w,4, a 
counter which was used to identify x*. The x* con 
tamination in the identified K+ beam was measured to 
be less than 0.7%. A block diagram of the circuitry is 


shown in Fig. 2 
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Fic. 2. Block diagram of A*-meson identification circuiting. Coincidences and anticoincidences were taken | 
and wa, and scaled. The S; scaler then indicated the number of K* mesons that entered the target 
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ters 1, 2, 3, D, 
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of K* mesons that passed through the target; the S scaler indicated the number of A* mesons that disappeared from the beam between 
= 


Counters D and R. This S anticoincidence-circuit pulse triggered an oscilloscope, upon which were 


lisplayed the ring-counter pulses 





INTERACTION OF K* 
The R counter of Fig. 1 was used for range-energy 
measurements. By inserting copper between Counters 
and R, we could determine the range distribution in 
copper, and thus the energy distribution of the K* 
mesons. Suitable corrections for K* 
counters D and R were applied. 


decavs between 


Ill. SCATTERING-DETECTION SYSTEM 


Figure 3 shows the scattering angles of the K* meson 
and the proton in the laboratory system as a function of 
the angle in the center-of-mass of the A* meson, for 
elastic K*— p scattering. The kinematics are insensitive 
to incident A* energies in the range 175-275 Mev. It is 
seen that one and only one of the two particles enters a 
forward cone of half-angle 50° (lab). Thus, to determine 
the angular distribution of the scattered K*+ mesons, it 
was sufficient to determine the angle of the forward 
scattered particle and then to identify the particle as 


Gun (cm) teeg) 


Fic. 3. The laboratory system scattering angle of protons and 
A* mesons, as a function of the center-of-mass system scattering 
angle of the K* meson, for a A* —p elastic scattering event 


being either a A* meson or a proton. The inelastic 
AK*+—p scattering giving rise to r-meson production is 
assumed to be small.’ 

After the energy of the A* beam was determined with 
the arrangement illustrated in Fig. 1, the R counter was 
removed and the arrangement illustrated in Fig. 4 was 
placed behind the D counter. The 7 counter of Fig. 4 
replaced the R counter of Fig. 1 in the circuitry of Fig. 2. 

The liquid hydrogen was contained in a thin-walled 
Mylar vessel 6 in. in length and 3 in. in diameter. A 
double bank of ring counters was used to determine the 
angle of the scattered particles. Each ring counter 
overlapped the adjacent one, to improve the angular 
definition. To define the scattering angle, it was neces- 
sary for at least one counter from each bank to count. 
With this arrangement, the scattering angle could be 
defined to within +5° (lab). 

The ring counter pulses, together with the R pulse 

* E. Helmy, J. H. Mulvey, D. J. Prowse, and D. H. Stork, Phys 
Rev. 112, 1793 (1958) 
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lic. 4. Arrangement of liquid hydrogen target and scattering 
detection scintillation counters. The line of flight of the scattered 
particle is determined by the double bank of ring counters, and the 
particle is identified by its range in copper 
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from counter R of Fig. 4, the C pulse from the water 
Cerenkov counter of Fig. 4, the 7 pulse from the trigger 
counter of Fig. 4, and a timing pulse were displayed on 
an oscilloscope with the aid of the circuitry of Figs. 3 
and 5, and the traces were photographed. 

The water Cerenkov counter shown in Fig. 4 was used 
to identify the decay products originating from the 
large number of K* decays in the region behind the 
defining counter. Approximately 98% of the decay 
products originating from the six different K*-meson 
decay modes had velocities great enough to excite the 


Cerenkov counter. For the most part, the C pulse from 
the water Cerenkov counter was used to blank the 
oscilloscope. The oscilloscope was allowed to record 
events in which the C pulse appeared only for that part 
of the experiment in which the ring counters were 


_ calibrated on the decay products. 


The copper absorber and range counter, located be- 
hind the water Cerenkov counter in Fig. 4 were used to 
identify the scattered particle. The copper was just 
thick enough to stop the protons for all lab angles be- 
tween 12° and 50°, while the K* mesons passed through 
the copper and registered in the range counter. 


IV. THE TOTAL K*-p CROSS SECTION 


The total K*—p cross sections at the three energies 
of 175+ 25, 2254-25, and 275425 Mev were obtained 
from the S- and S.-scaler readings. The S; readings gave 
the number of A* mesons passing through the defining 
counter, whereas the 5 reading gave the number of K* 
mesons that passed through the defining counter but did 
not reach the T counter. The 8 and S; readings were 
accumulated for “target full” and “target empty,” for 
each of the three energies. Table II lists these numbers 
as well as the ratios of 8/S:, which are the fractions of 
K* mesons removed from the K* beam. 

From the target-empty data in Table II, one sees that 
the background from decays, scattering in the walls of 
the target, and scattering in the defining counter is ap- 
proximately 10 to 15 times as large as the effect under 
investigation. The total cross section was obtained from 
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Fic. 5. Block diagram of scattering-detection circuitry 


the difference of the two relatively large quantities 
S/S: f and S/Ss\e by means of Eq. (1), which takes 
into account as well as possible the difference in decay 
rates for ‘target full” and “target empty” conditions. 
The background from wall scattering, etc. was small in 
comparison with the decay background, and was pre- 
sumed to be the same for both “target full’ and “‘target 
empty” conditions. In addition, the ‘ target empty”’ 
condition actually included scatterings from the hydro- 
gen gas still in the “empty” target. The gas density at 
that temperature is approximately 2% of the liquid 
density. 

Assuming all decays and scattering events to take 
place on the beam axis, and neglecting multiple scatters, 


we have 
a 4 | 
exp{ — (x) +Ap(2) Idx}, (2) 
P| d : : 


where .V (x,) is the number of A+ mesons in the beam at 
point x,; V(x») is the number of A* mesons in the beam 
at point xo; A,(a target nuclei den- 


Via, 


V(x) 


n(x)o(x): n(xj= 


rasie Il. Summary of scaler readings 


Energy (Mev 


Scaler 175425 225425 


68 195 
415 582 
68 063 
442 917 
0.1641 
0.1537 


105 646 
742 672 
44 944 
338 033 
0.1423 
0.1330 


S| / (target ful! 
ssi 
S\e (target empty 
Ss e 

(s Se) j 

Sc 

(S/Sa)\e 


In the multichannel coincidence circuit, the 
counter pulses are put into coincidence with an S;-coincidence-circuit pulse and ther 





scattering-detection scintillation 


lisplaved on an oscillos« ope 


sity, and a(x) is the cross section for scattering: into 
angles great enough to miss the 7 counter; A p(x) is the 
reciprocal decay length for decays in which the charged 
decay product misses the 7 counter; x, is taken at the 
T counter, so that V(a S.—S, where S» and S are 
scaler readings. x» is taken immediately before the D 
counter, so that V(4 § 


The integrals 
f [A, t tAp(x 7. 


were performed for target empty’ 
S8/S-scaler data were substituted into the left side of 
Eq. (1), and then Eq (1) was solved for the A*— p cross 
section for scattering into angles >12°. The results of 
the calculations are Table Ill. The experi- 
mental error in the A*-meson half life led to a calculated 
error of <1% in the and 
neglected 


target full’ and 


given In 


total cross section, 


was 


Vv. THE K*-p DIFFERENTIAL CROSS SECTION 
A. Calculation of the Differential Cross Section 


For the total cross-section determination, it was a 
good approximation to consider all events to occur on 
the target axis, for the derivation of Eq. (1). The added 
complexity of the geometry due introduction of 
the ring counters into the system, coupled with the 
desire to get a fairly accurate measure of the differential 
cross section, necessitated taking into account the off- 


to the 


axis events 


To this purpose, let: #=the position vector of an 
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arbitrary point within the target, dr=a volume element 
of target, @= the scattering angle of a scattering event, 
P s(0,7)d6dr=the probability that a scattering event 
occurs in the volume element dr at 7 and scatters into 
the angular interval dé at 0, P.(0,7)=the probability 
that the ring counter combination c¢ will receive a 
scattered particle, computed on the information that the 
particle scattered in the volume element dr at 7 into the 
angular interval dé at 6, e=thé counting efficiency of 
counter combination c (assumed to be a constant), 
S.=the experimental number of events detected by 
counter combination c as ascertained from the film data. 
Then S./S2\¢an is the fraction of the incident K* 
mesons that scattered into counter combination c. We 
may then write 


- 


§ S» tui. S» 


empty 


62 
-f | f ersionreo.dr |e, 
6; R 


where 6;, 6, are the limiting angles at which counter 
combination c can detect a scattering event that ox 
curred within the region R, and R is the region of the 
target accessible to the incident K*-meson beam. Of 
course the integration indicated in Eq. (2) would be 
impossible to carry out directly. However, some simpli- 
fication is possible. We may approximate ?’s(6,7) by 

P s(0,7)=nda/d | ;, (3) 
where n=number of target protons per unit volume 
(assumed to be constant) and do/d6| ; is the differential 
scattering cross section in the laboratory system. The 
effect of the decrease in K+ flux through the target, 
which renders Eq. (3) only an approximation, is treated 
as a correction to be applied later. We then have, from 


Eq. (2), 
pty oe 
nelda /d@ of ff Ponaras 
LY R 


62 
neda/d@ of P/(6)d8, 


S./Ss\ wu—8./S2). 


W here 
Led 


da dé L/= fe d6 LP A0,%)drdé 
“6; } ts 
+ f Ponaray, (5a 
v/a) R 


rape III. Corrected total K*— > cross sections from scaler data 


Energy 


Total K*— pp cross section 
(Mev) 


(mb) 


16.341.7 
15.2+1.3 
16.341.7 


175425 
225425 
275425 
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Fic. 6. The K*—> differential scattering cross section at 225 
+25 Mev, in units of the square of the center-of-mass system de 
Broglie wavelength of the A* meson. The curves labeled 4°, 5;~, 
and 6,* are least-square fits for, respectively, S;-state scattering 
with repulsive nuclear potential, ?,-state scattering with repulsive 
nuclear potential, and Py-state scattering with attractive nuclear 
potential 


and 


{ 5b } 


P60 =f Ponar 
h 


The integration indicated in Eq. (5b) was carried out 
by means of the Monte Carlo method, using an IBM 701 
computer, and the P.’(@) were thus obtained. For each 
6 (in 1-deg intervals) 1000 scattering events were 
simulated by the computer at random positions inside 
the hydrogen target and at random azimuthal angles. 
The efficiency factor ¢ for each counter combination was 
determined by comparing the observed counts from K- 
meson decays with theoretical values. The counts from 
decays were obtained by turning off the Cerenkov 
blanking pulse to the oscilloscope. The theoretical values 
were calculated on the basis of isotropic decay in the 
center-of-mass system for each decay mode. 

From the definition of P,’(@) [ Eq. (5b) ] and from the 
definition of the angles 6, and @, [Eq. (2) ], it follows 
that P.’(@)=0 for 6<6, and for 626,. Thus 6, and 6, 
could be determined by graphing P,’ (6). It was found, 
for each counter combination considered, that P,'(@) 
was fairly symmetric about (6,+6,)/2. Thus, since 
da/d6\; is independent of * and is assumed to be a 
slowly varying function of 6, we have from Eq. (5a), 


(de d6 i sda d6 L(O;+62) 2, (6) 
where the right side of this last expression is to be 
interpreted as do/d@, considered as a function of 6, and 
evaluated at (@,+6,)/2. 

More than 100 counter combinations were used to 


obtain the differential cross section. To improve the 
statistics and make the approximation of Eq. (6) more 
accurate, counter combinations were grouped together 
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so that their combined counts indicated scatters into 


+ 10° about 6(c.m 


B. Corrections 


Correction factors were applied, taking into account : 
(a) decays of the scattered mesons, (b) scattered K+ 
mesons that interact in the Cu absorber, and (c) de- 
crease in K flux along the axis of the target. These cor- 
rections were a function of angle, and amounted to 
about 10%. The corrected results of the calculations 
based on Eqs. (4) and (6) and the transformation to 
center-of-mass coordinates are given in Fig. 6, where 
da/dQ= (29 sin8)~'da/d6\ . m.. 

From the phase-shift analysis described in the next 
section, using the S; K*+—p scattering-state phase shift 
obtained from the data of Fig. 6, the total Kt—p 
15.3, in 
good agreement with the value 15.2+1.3 mb obtained 
from the scaler data 


scattering cross section was calculated as o7 


exp[ 
$ sin*(@/2 


da 
dQ 


where: A is the de Broglie wavelength of the K* meson 


in the center-of-mass system, 
a= per h?(1—,*)}. 


a, ¢, # are the reduced mass of the A*-meson proton 
system, the A*-meson charge, and Planck’s constant, 
respec tively ; B is the veloc ity of the A* meson relative 


to the proton; 


1+ la 
(sind é 
1a 


+? sind,e**) 


’ 


R 2i(sinds¢ sind,e 


Some simplification is possible. For a A*-meson 
energy Mev, a=0.014. Thus, a can be neg- 


lected in Q without contributing more than 3% un- 


of 225 
certainty in the scattering amplitude. The expression 
exp| —ia In sin*(@/2)] can be set equal to unity for 
6> 20°, for a In sin*(@/2)<0.02 

The combination of the differential cross sections for 
scattering without and with spin flip, in units of 4’, is 


dQ 
— + sindge bo4 (sind,e"*'+ 2 sind3e 3) uy 
(1—y*)}, (9 


(1 N)do (yu 


+ | sind;e"**—sind,e™! 

where u=cosé. 
A good fit of (1 dQ | to the experimentally 
determined differential cross sections corresponds to a 


A | do(p 


ta In sin?(6/2 
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VI. PHASE-SHIFT ANALYSIS 


angular distribution of the scattering ol K 


[he 


mesons from protons has been analyzed in terms of an 


expansion in partial waves. We assumed that since 
A=0.6XK 10-" compound K* 


states responsible for the scattering were $4, pj, py. From 


nucleon 


cm, tne meson 


the assumption of charge independence for the nuclear 
interaction between the K meson and nucleon, it follows 
the K* 


T =i isotopic spin State Che number of phase shifts 


mesons are scattered from protons in a pure 


necessary to describe the differential cross section was 
thus reduced to three, nan , 69, and 6,, and 4; for 
scattering in the s;, p;, and py, states, respectively. It is 
ime ntally the absolute signs 
nuclear 


possible to determine exp 


of the phase shifts from the interference of the 


scattering with the Coulomb scat 
The 


system for scattering wi 


differential cross sect center-of-mass 
h spin flip and 


including the Coulomb ef 
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IBM 650 
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computer was programmed t 
and (10 
shifts, do, b1, 43 
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()ne 


ilues of the three phase 
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phase 


I the p snilts 
recalculated 


tne 


creased by 0.01 radian, 
new x* 
shift was changed agai: 


was smaller than tl revious one, 
e same direction. If x? was 
larger, the phase snuit Vv then decreased. The process 
was repeated until x a minimum, and then 
another phase shift was vari When 
made smaller by changing any of the tl hase shifts, 


various 


could not be 


the coputerm gave the resuit 


sets of initial phase shifts utions were found 


that gave a x” small enough to be considered significant 
e IV. The x? for each solution, as 
fit with d9>0 

in 1%. The 


interactions in 


These are given in Tal 
well as the confidence 
and 6,=4; 
bo° and 6, solution 
virtually pure s; and p, st 
shifts of approximately 
with the forward peaking 
a repulsive nuclear potent 


0 gave 


tively, with phase 

1 solutions also agree 
ction, indicating 
solution, the 


rise in the determined m« ction at 25° and 


‘L. Van Hove, Phys. Rev 
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35° does not agree with the predicted drop. The 
ambiguity between 5 ~ and 6,~ is considered in greater 
detail in the following section. 


VII. DISCUSSION 
A. Total Cross Section 


Knowledge of the K*-meson-proton interaction has 
been extended to intermediate kinetic energies. Our 
results in Table III confirm the increase in A*-meson- 
proton cross section as a function of energy found from 
the scattering of K* mesons on free protons in nuclear 
emulsion.' Our averaged cross section over the energy 
interval from 200 to 300 Mev is 15.6+1.0 mb, which 
agrees within the statistical errors with 18.04-3.5 mb 
obtained from emulsion events (for comparison, the 
cross section below 100 Mev is 13.5+2.5 mb).? The 
threshold for #-meson production by K*+ mesons on 
protons is 225 Mev. Our total cross sections include the 
contribution from #-meson production, but no estimate 
of the magnitude could be made. 

Recent data from 600 Mev to 2 Bev indicate that the 
total cross section rises to 19.6+1.2 mb at 700 Mev and 
then gradually drops to 13.0+1.0 mb at 2 Bev.® The 
over-all behavior of the K*+-meson proton cross section 
as a function of energy is not understood at present. 


B. The Nature of the K*+-Meson Force 


Of the three phase-shift combinations that were found 
to fit the angular distribution of the scattered K* 
mesons, only two (namely, 5g and 6;-) gave good 
agreement with the small-angle scattering. If we con 
sider only the data less than 40 deg where there is a 
significant difference between the calculated 
curves, we find a significance level of ~ 20% for 6, and 


three 


for 59°, while it is less than 1% for 6,+. Although both 
solutions are about equally probable, it is important to 
note that both correspond to a repulsive A*-meson 
proton force. This evidence in favor of the repulsive 
nuclear force is indeed the most direct and conclusive 
yet obtained. Supporting evidence has come in the past 
from the optical-model analyses of inelastic scattering of 
K* mesons from emulsion nuclei.' 


Taste IV. Phase-shift combinations that give good agreement 


with experimental data 


Con 
fidence 

level 

- , oF 
bo (deg 7 -g ) 0) 


— 33.442. 
—0.6+3 
4.342 


*H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill,.D 
M. Ritson, and R. A. Schluter, Phys. Rev. Letters 2, 117 (1959 
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C. The Differential Scattering Cross Section 


The 5o~, 6;> ambiguity in the phase shifts to the ex- 
perimental data cannot be easily resolved. For the 6,~ so- 
lution, one would expect the recoil proton to be polarized. 
However, since the polarization arises from the inter- 
ference with the Coulomb scattering, the predicted 
value has a maximum of P(@)=0.07 for d= 70° (lab). It 
may be easier to resolve the ambiguity by measuring the 
differential cross section of K*+ mesons scattering from 
protons at lower energies. If the differential cross section 
is isotropic for all energies, and if one assumes that K* 
mesons scatter in the S wave at very low energies, then 
the 49~-phase-shift combination must be the true solu- 
tion. This follows from the fact that to change from pure 
S-wave scattering to pure ?j-wave scattering, the cross 
section must be anisotropic in the energy interval in 
which both S and P waves contribute to the scattering 
cross section 


D. Use of K*-p Dispersion Relations 


The form of the K — p dispersion relations is* 


1 * k’'a.(w’ | * k'a_(w’) 
f dis’ 4+ f dus’ 
4? 1 7 ‘Fw tr? 1 w’+w 


, 


D4(w) 


PrX(A) prX(z 
t + 


+f, (11) 


Watw wrtw 

where D, is the real part of the A*-proton forward- 
scattering amplitude, in units of K-meson Compton 
wavelength (4,); &’ is the laboratory-system momen- 
tum, in units of mc; w’ and w are laboratory-system 
energies of the K meson, in units of myc*; o,(w’) and 
o_(w’) are the K*—p and K~—p total cross sections, 
respectively, in units of K-meson Compton wavelength, 
squared ; A_ is the imaginary part of the K~— p forward- 
scattering amplitude, in units of K-meson Compton 
wavelength; C is a constant. 

The purpose of this section is to investigate the possi- 
bility of determining pa(pz) and X(A)[X(2)], which 
are the sign and magnitude of the residues at #= ma(mz), 
respectively, where 


ga, rf (ms, zrtm,) Fm 
Naz , for Pa z=+1. (12 


4m ms 2 


_ The quantities pa and py are either +1 or —1, 


* There is much literature on the subject, but a few pertinent 
references are: D. Amati and B. Vitale, Nuovo cimento 7, 190 
1958); K. Igi, Progr. Theoret. Phys. (Kyoto) 3, 238 (1958); C 
Goebel, Phys. Rev. 110, 572 (1958); P. T. Matthews and A 
Salam, Phys. Rev. 110, 565, 569 (1958) 
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depending upon the parity of the A-hyperon nucleon 
system. We have 


w)D ‘wy 
wotw)k'a, (w’) »—w)k'a, | 


2(w’+-wo) 


, 


l gi lw ) 
tr’ » 
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where mz, is the rest energy of the a system (ws =0.129m;,, 
we 0.313, and wa, =0.498m, 

Of the various subtracted dispersion relations pro- 
posed, none is adequate at present for the experimental 
data now available. The following form, however, has 
several decisive advantages 


dus’ 


(wot+w)k’a_(w’) 


1 2(w’+wo) 


br? f 


j prX (A) 


Ar 


If wo is set equal to m, in (14), Igi’s form is obtained.’ 
The above form, however, has the advantages of Igi’s in 
that the cross-section integrals converge rapidly and 
depend more on the A*— p cross sections than on those 
of K~—p. These cross-section integrals converge, even 
if the cross sections go to a constant as w goes to infinity 
An additional advantage of form (14) is that the real 
parts of the forward-scattering amplitudes are used at 
energies for which they are known from experiment, 
rather than at the rest energy. Furthermore, the contri 
bution from the unphysical region is decreased by dis- 
placing a singularity from its position at mx to wo. 

The latest experimental K—p total cross sections 
® A smooth curve was fitted to 


were used for ko, 
the experimental points, and an extrapolation of 494 

made the unphysical region. More precise 
estimates on the extrapolation into the unphysical re 

gion have been carried out by Dalitz and Tuan." Their 
values do not materially affect the conclusions from the 
Since the dispersion relation in 


was into 


dispersion relations.” 
Eq. (14) does not weight the high-energy region, it was 
+4. The statistical errors 
were estimated to be 10°, for the integral under the 
and 15% for ke 


integrand for the integral of 


possible to make cutoffs at w 


ko. (w), (w) 


Figure 7 shows a typical 


smooth curve fitted to 


Kyoto) 4, 403 (1958 
Piccioni, and W 


K. Igi, Progr. Theoret. Phys 
*B. Cork, G. R. Lambertson, O 
Phys. Rev. 106, 167 (1957 

*L. W. Alvarez, P. Eberhard, M. I 
Ticho, and S. G. Wojcicki, Lawrence 
(private communication 

” P. Nordin, A. H. Rosenfeld, F. T. Solmitz, R. D. Tripp, and 
M. B. Watson, Bull. Am. Phys. Soc. 4, 288 (1959); P. Eberhard, 
\. H. Rosenfeld, F. T. Solmitz, R. D. Tripp, and M. B. Watson, 
Phys. Rev. Letters 2, 312 (1959); A. H. Rosenfeld, Bull. Am 
Phys. Soc. 3, 363 (1958) 
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Eq. (14). The experimental points are shown, to indicate 
the effect of the experimental uncertainties 
The quantity D,(w) 


total energy and 


was obtained fron 


dD, a 


m 19) 167 


where w and &, are, respectively, th 
K-meson momentum in the center-of-mass frame. The 
sign of D,(w) is plus or minus, depending upon whether 
the K*-proton force is attractive or repulsive, re- 
spectively. From the experiment being described, it has 
been seen that the K*+—p interaction is repulsive, thus 
making D,(w) negative. The nature of the K~— p force 
is still unknown, and this causes D to be uncertain 
in sign 


) 


¢€ 


flw)(units X. 


Fie. 7 The w= 1.46 
wo= 1.17, and a smooth extrapolati 
region. The singularities of the integrand are indicated by 
lines 


combined integra 14) for 
1 of nto the unphysica 
vertica! 
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From the 4o~-phase-shift combination, do,(1.46)/ 
dQ| ¢~o is 1.214+0.16 mb/sr. If one assumes, as has been 
done here, that for lower K*+-meson energies do,*!(w)/dQ 
is isotropic, then de,(w)/dQ|\e.0 simply becomes 
o,*'(w)/4r. Furthermore, 04% (w)=o04(w) for w<1.46 
Thus, sufficient information is available for the determi 
nation of D,(w) for w= 1.0, 1.17, 1.285, and 1.46. 

The value of D_(w) is obtained from Eq. (15) in a 
similar way, but for w= 1.17 and w= 1.285. From bubble- 
chamber data, we have do_*'(1.17)/dQ) ¢.o=5.2+41 
mb/sr.,'* while do_* (1.285) /dQ| ¢~0 is still not available. 
The total K~— p cross sections for the two energies are 
o_(1.17)=91+9 mb and o_(1.285)=86+7 mb. The 
value obtained for D_(1.17) is of the order of 0.5 K- 
meson Compton wavelength. For the higher energy, 
D_(1.285) is on the order of zero if do_*'(1.285)/dQ) po 
is assumed to be not much larger than 8.2 mb/sr. This 
is not an unreasonable assumption, since o_*' (1.285) 
=44+8 mb. Thus D_ is small enough so that only a 
truly surprising change in the experimental data could 
change D_ enough to alter its effect in Eq. (14). The 
results of the calculations of D, (w) are listed in Table V. 


TABLE V. D,(w) (the real part of the forward-scattering 
amplitude) for different w’s. 





1.00 1.17 1.285 1.46 


—1.24+0.14 
+0.5 


—0.125 40.14 —1.20 +0.08 


—1.2340.14 
0 


The calculations have also been carried out” using the 
results of Dalitz" for D_ with no essential difference in 
the results. 

Since it is clearly not possible to solve for paga’/4x 
and pzg:*/4x separately, we have assumed pa= pzr=p 
and gs*=gs’=g’. By substituting the above experi- 
mental data into Eqs. (12) and (14), we can solve for 
pg’/ 4m for four different sets of values of w and wo. The 
results are listed in Table VI. We see that for an at- 
tractive K~—p potential D_ is positive and a pseudo- 
scalar coupling is favored ; for a repulsive K~— p poten- 

*R. D. Tripp, Lawrence Radiation Laboratory (private com 
munication ). 


MESONS WITH 


PROTONS 561 


Taste VI. Calculated values for the coupling constant for 
different combinations of w and wo, for the possibility of either a 
scalar or pseudoscalar coupling. The term containing D_ has been 
included. 


p=-1 


wo p=+1 
1.285 0.20 +0.68) 

7 0.09 +038) 
1.285 (40.00 40.38) 
1.17 (+0.25 +0.58) 


0.20D 5 +14) —4.2D_(1,285) 
0.19D 7) +8) —4.0D (1.17) 
OA7TD_A2 ( +7) —3.2D (1.285) 
-0.16D 7 £12) —34D_ (1.17) 


tial, D_ is negative and a scalar coupling is favored. If 
D_ is assumed to be negligible, the results from the first 
two rows favor a pseudoscalar coupling ; those from the 
second two rows, a scalar coupling. The value of g*/4r 
varies about zero, but the variation is well within the 
statistical error. It is thus impossible to determine 
whether the coupling is scalar or pseudoscalar, but if it 
were scalar, g*/4r would be less than about 0.6; if 
pseudoscalar, less than about 10. These results indicate 
that even with the most recently available data it is 
difficult, from subtracted dispersion relations, to arrive 
at unambiguous conclusions as to the nature of the 
K-meson hyperon coupling. 
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Test experiments on the “bead-cone” method used for the measurement of 


} 


fission fragments from the 450-Mev proton fission of bismuth have beer 
make doubtful the conclusions of the previous measurement. 


I. INTRODUCTION 


OLKE and Gutmann! measured the angular dis- 
tributions of Ga™-7, Sr”, and Cd"!*""7 frag- 
ments in the laboratory system from the 450-Mev 
proton fission of bismuth by the “bead-cone” method. 
On the assumption that the angular distribution in the 
system of the moving fissioning nucleus is of the form 
a+b cos*#’, where @ is the polar angle relative to the 
proton beam direction in the moving system, 6/a was 
determined to be ~0.1 in all three cases. This value of 
b/a for Sr“ agreed within experimental error with 
b/a values determined for Sr and Sr” from bismuth by 
Porile and Sugarman’ by the “stacked-foil” method. 
The method of Wolke and Gutmann was applied to 
the measurement of the angular distributions of Sr.” 
and Pd’ in the laboratory system from the 450-Mev 
proton fission of uranium. The angular distributions 
were found to be almost identical with the three cases 
measured by Wolke and Gutmann.' Also, the 6/a 
values were again determined to be ~0.1, this time in 
contradiction with “stacked-foil” results from uranium 
targets.? These results cast doubt on the methed and 
led us to the investigation of possible systematic errors 
in the method not revealed in previous test experiments. 
Experiments designed to test the method were per- 
formed with uranium and bismuth targets using the 
450-Mev proton beam of the University of Chicago 
synchrocyclotron. These experiments were similar, in 
principie, to an earlier test experiment of Wolke‘ with 
a bismuth target. Since a section of the cone is cut 
away (Fig. 1), the angular distribution in @, polar angle 
in the laboratory relative to the proton beam, should 
be independent of ¢, the azimuthal angle around the 
cone axis, for the method to be successful. The test, 
then, involved the measurement of the angular dis- 
tribution in @ as a function of @. The results were shown 
to depend upon @¢ to an extent much larger than 
tolerable. 


* This work was supported in part by the U. S. Atomic Energy 
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t Present address: Radiochemistry Laboratory, Atomic Energy 
Establishment, Trombay, Bombay, India. 

+R. L. Wolke and J. R. Gutmann, Phys. Rev. 107, 850 (1957). 

*N. T. Porile and N. Sugarman, Phys. Rev. 107, 1410 (1957). 

*'N. Sugarman and coworkers (unpublished) 

*R. L. Wolke (unpublished 


Il. EXPERIMENTAL PROCEDURE AND RESULTS 


The aluminum catcher cone (Fig. 1) used in these 
experiments has a “cut-away” section to allow the 
proton beam to strike the bead target, bismuth-coated 
brass or uranium, without excessive scattering. The 
catcher cone, when unrolled, is a semicircle. The sec- 
tions analyzed for the angular distribution about the 
angle @ are circular sections as seen in Fig. 2, (a) or 
(b). The values of 6), 42, and 6; are 30°, 60°, and 90°, 
respectively, for forward recoil experiments, and 150°, 
120°, and 90°, respectively, for backward recoil experi- 
ments. The ¢’ angle® used in the Wolke experiment‘ 
was 60° [ Fig. 2(a) |, so that for each @ section there 
were two pieces, one twice the area of the other. In the 
present experiment, cuts made at ¢’ values of 
45° and 135° [Fig. 2(b)] and the ¢’ sections from 0° 
to 45° and 135° to 180°, which are symmetric about the 
“cut-away” section, for a given @ value were combined 
(“end” section) and the activity compared with the 
section at the same @ value for ¢’ between 45° and 135° 
(“middle” section). Any dependence of the measured 
6-angular distribution on the angle ¢’ is thus accentu- 


were 


ated in the present experiment. 


In the experiment of Wolke‘ the Sr” activity from 
3 


a bismuth bead target ;*; in. in diameter, was isolated 


radiochemically from the recoil catcher. The_ratio of 


activity for a given @ section from the two @’ sections 
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ANGULAR DISTRIBUTION 
changed by only 4% from the 0°-30°@ section to the 
60°-90° section. Because of the low total activity pro- 
duced with a bismuth target, it was felt that this varia- 
tion was not outside of the expected experimental error 
for an angular distribution independent of ¢’. 

The results of the present test experiments are given 
in Table I. The entries are the fractional activities of 
Sr" from either a uranium or bismuth bead target 
of about 3%,-in. diameter for a given 6-¢’ section relative 
to the total activity for a given ¢’ section (“end” or 
“middle”’) from either a “forward” or “backward” re- 
coil experiment. Thus, the fractional activities of Sr” 
for the “end,” or “middle,” section for the @ sections 
0°-30°, 30°-60°, 60°-90° add up to unity. 

In a given experiment, the total activity in the 
“middle” @’ section for all @ sections is about 35% less 
than that in the “end” @’ section because the recoils 
caught in the “middle” section are generated in the 
side of the target bead further away from the center 
of the cyclotron than the recoils caught in the “end” 
sections. The proton intensity at the target decreases 
with distance from the center of the synchrocyclotron 
because of scattering in the target. 

ye s “Middle” 


‘ 


R 





Fic. 2. Sections of aluminum cone recoil catcher used for meas 
urement of dependence of angular distribution of fission fiag- 
ments on the angle ¢’; (a) Wolke experiment (reference 4); 
(b) Present experiment. 


An examination of the data of Table I for bismuth 
and uranium shows that the fractional activity of Sr" 
in a given @ section is not the same for the two ¢’ 
sections, with an extreme variation in the ratio of 
“middle” to “end” of about 25%. Furthermore, the 
same effect is evident for both the uranium and bismuth 
targets. The results of these experiments are consistent 
with those of Wolke‘ when analyzed in accordance with 
his experimental arrangement. 


Ill. CONCLUSION 


Wolke and Gutmann! analyzed the activity data of 
the 0°-30°, 30°-60°, 60°-90° @ sections of the “‘bead- 


OF 
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Tasze I. Results of Sr** angular distribution measurements. 








Fractional activity 
Bismuth 
“End” “Middle” 


0.132 
0.369 
0.498 
0.532 
0.339 
0.129 


6 section, 
degrees 


0-30 
3-00 
60-90 
90-120 

120-150 


Uranium 
“End” “Middle” 


0.141 0.157 
0.355 0.373 
0.504 0.469 
0.531 0.477 
0.342 0.365 
0.127 0.158 


0.158 
0.389 
0.453 
0.465 
0.375 
0.160 





” 
cone 


geometry with a bismuth target by dividing the 
fractional activity in each @ section by the fractional 
solid angle. The numbers so obtained*® showed a varia- 
tion of about 20% from the 0°-30° section to the 60°- 
90° section. A similar analysis of the @ sections of the 
“end” and “middle” ¢’ sections of Table I gives quite 
different results for the two different ¢’ sections. It is 
obvious, then, that the ¢’ (or ¢) dependence of the 
angular distribution is too large to be ignored. The 
irregular behavior of the laboratory angular distribu- 
tions noted by Wolke and Gutmann’ may also be 
attributed to the failure of the method. 

The variation in radial intensity of the proton beam 
at the target is responsible for the @ dependence of the 
angular distribution. The magnitude of the @ depend- 
ence noted in Table I is consistent with a change in 
proton intensity of about a factor of two from the 
“hot” to “cold” side of the bead. Although, as stated 
by Wolke and Gutmann, “No perturbation of the angu- 
lar distributions [in 6], . . . is introduced by a radi- 
ally varying beam intensity,” the @ dependence does 
lead to a “perturbation” when a @ section of the cone 
is missing and the proton intensity variation is not 
negligible, as in this case. The perturbation introduced 
by the radially dependent proton intensity is about the 
same for uranium and bismuth (brass) targets. The 
“apparent” anisotropy in @ resulting from this source 
is much larger than that from the angular distribution 
of fragments emitted in the fission of uranium and 
bismuth. 
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The interactions of 20 to 300 Mev K~ mesons on free protons and on emulsion nuclei | 
and their decays analyzed. The K~-meson mean lifetime is found to be (1.38+0.24)K10™ 
of the decay modes K,2, Ky2, Kya, 7, and 7’ are identified. The branching ratios are found to be iz 
with those for K* mesons. The (K~p, K~p) elastic scattering cross section is found t 
the (K~p, 2*x*) cross section 27+13 mb in the energy region of 150 to 300 Mev. The 
K~-meson captures and inelastic scatters on emulsion nuclei, except hydrogen, can b 
A(cm) = (17.2+3.4)+ (0.081+0.027)7 x, where Tx is the laboratory K~-meson kinetic energy 
energies from 20 to 300 Mev. This increase in the mean free path with A~-meson energy 
terms of the decreasing nucleon cross section. The fraction of the interactions of K~ mesons or 
are inelastic scatters increases from 2% at low K~-meson energies to about 15° at 150 Mev 
in inelastic scattering with energy is additional evidence that the nucleus is becoming partia 
to K~ mesons at about 150 Mev. Data are presented for the fraction of events with 
> hyperons, and x meson-y hyperon pairs. The data are <liscussed in terms of the model wl 
presented to explain K~ meson captures at rest on nucleons bound in nuclei 


I. INTRODUCTION Hydrogen bubble chamber data have been obtained up 


| Rr eemphaart a large amount of information has ‘ 140 Mev. Most of the emulsion data are below 90 
been published concerning K~-meson decays and Mev. The Berne group*® ; has extended the K ~energy 
interactions. Most of this has come from experiments data from emulsions to 150 Me _ additional i 
which were performed with emulsion stacks’ or for the Kp total cross section has been measured with 


. 17 intillation detectors at 530 Mev.'® Data at 760 Mev" 
with bubble chambers'*-"’ at the Berkeley bevatron. ““" alg ee ur-ghange Ae 
5 and at 960 and 1230 Mev"® have recently been published 
* Work was performed under the auspices of the U.S. Atomic [pn the present experiment, data for K~-meson interac- 
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F. H. Webb, E. L. Dloff, F. H. Featherston, W. W. Chupp, given in Sec. 4 and the model previously presented to 
G. Goldhaber, and S. Goldhaber, Nuovo cimento 8, 899 (1958). j . ' oe 
* J. Hornbostal and G. T. Zorn, Phys. Rev. 109, 165 (1958) explain K captures at re yy nuclei ? is extended to 
*Y. Eisenberg, W. Koch, E. Lohrmann, M. Nikoli¢é, M explain these data 
Schneeberger, and H. Winzeler, Nuovo cimento 9, 745 (1958) a - , if . Load 
”Y. Eisenberg, W. Koch, M. Nikoli¢é, M. Schneeberger, and The K mesons were obtained from focused anc 
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813 (1958 been previously described Phe 300-Mev K~ mesons 


energy are given in Sec. 3. The data for K~-meson 
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HIGH-ENERGY K 
presented a specific problem as their ionization, relative 
to plateau, was only 1.3 at pickup, a position about 
1 cm in from the edge of the stack. A prospective K 

meson was picked from the background of 300 minimum 
tracks per K~ by inspection and a count of 200 blobs 
was made. If the blob density was appropriate to a K 

meson an additional 800 blobs were counted before 
accepting the track. All the data for the interactions 
and decays in flight were obtained from “along the 
track scanning” with the exception of five decays 
in flight which were found by area scanning (see Sec. 
2). The usual methods of ionization” versus range, 
change in ionization versus change in range, ionization 
versus multiple scattering, and prong endings were 
used for identification of the particles emitted from 
the K~ interactions and decays. 


2. DECAYS IN FLIGHT 


Thirty-five decays in flight were found by “along the 
track” scanning. An additional five were found by 
area scanning and are included in the analysis of the 
decay modes but not in the lifetime calculation. Any 
possible decay which had a blob, slow electron, or 
recoil was rejected. Interactions in flight were eliminated 
statistically by estimating the number that look like 
decays. The ratio of pseudo decay-like events, each of 
which consists of a light meson plus blob, electron, or 
recoil, to decay-like events among K~-meson captures at 
rest is about 3 to 1. Four pseudo decay-like events were 
observed among the possible decays in flight. We 
therefore estimate that one decay-like interaction has 
been erroneously included among the decays in flight. 

The properties of the forty decays in flight are listed 
in Table I. The first column gives the event number. 
The second column gives the observed decay product 
as determined by its characteristic interaction or decay. 
A light track which did not come to rest in the emulsion 
is labelled “I.t.”. The secondaries from events 645, 
2216, and 2197 are identified as * mesons from their 
interactions in flight. The third column lists the most 
probable decay mode. The fourth column lists the 
energy of the K~ meson at the decay point as determined 
by the better of two methods: (1) ionization or (2) 
known energy at entrance into the stack minus energy 
loss to the point of decay. The last column gives the 
center-of-mass angle of the light particle which was 
obtained from the laboratory angle, the K~-meson 
energy and, where appropriate, an ionization measure- 
ment of the velocity of the secondary. The center-of- 
mass angle determined in this fashion is independent 
of the decay mode. The experimental center-of-mass 
angular distribution of the negatively charged second- 
aries is consistent with isotropy. 


A. Decay Modes 


Because of the high energies of the secondary 
particles from the K~ decays in flight, few of them 


=P. H. Fowler and D. H. Perkins, Phil. Mag. 46, 587 (1955 


MESON INTERACTIONS AND DECAYS 


List of K 


Tase | meson decay events. 


K Center-of-mass 
energy angle between 
at decay K~ meson and 

point its light decay 
(Mev) particle (deg) 


Most 
probable 
aecay 
mode 


Decay 
product 


Event 
number 


14 Ky 16 53 
31 Kes 70 102 
37 , Kye 37 62 
90 unidentified 107 147 
135 Kea 79 113 
359 Kus 24 31 
404 " Kye 61 91 
570 Ky 83 139 
585 ‘ unidentified 48 67 
612 4 K 8&6 118 
641 ‘ 3» 82 
645 x (Lt. interacts : w 09 
in flight) 

Lt. Kya 50 

Lt. Kes 109 

L.t unidentified 111 

lt Kus 37 

tet+e Ka(r’) 102 

Kus (possible 133 

K-IIF) 
unidentified 35 


Kus 205 


262 
112 
44 
a? 66 
a? 245 
<2 
<2 
229 
: 79 
unidentified <20 
interacts v2 122 
in flight 
t unidentified 170 
Bp * 
Lt unidentified 
l.t Kes 
(inelastic Kes 
scatter 
in flight) 
Lt unidentified 
Lt Kya 


Lt unidentified 


. 
p3 
“ 


a(r) 165 


K 
K 
Ky 
K 
K 
K 
K 


unidentified 


Ky 
Ky: 


* Found by area scanning 


stopped in the stacks. For those two-particle decays 
where the charged secondary stops the identification of 
the decay mode is well established from the kinematics. 
In some cases where the secondaries did not stop the 
conditions were sufficiently favorable for ionization or 
multiple scattering measurements to permit identifica- 
tion of the decay modes. Since all the well identified 
decays are compatible with the known decay modes 
of K* mesons, the events are categorized according to 
these modes. 

(a) Kyx—there were two decays which unambig- 
uously fell into this category. In event 2006 a light 
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Birge, D. H 
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Perkins, } s kK Peterson, D. H. Stork, 
Nuovo cimento 4, 834 (1956). 





566 FREDEN, 
meson came to rest in the emulsion and decayed 
into an electron. In event 2038 a light meson came to 
rest in a zero-pronged star. The kinematics of both 
events fit the K,»-decay mode only. 

(b) K.x—one event, 612, cl urly fits the K,.-decay 
mode. The light meson ended in a two-pronged star. 
In addition, events 645, 2216, and 2197 are identified as 
K 2 decays because the light mesons interacted in flight 
and the kinematics are compatible with the K,2-decay 
mode. 

(c) Kys—two examples of this decay mode were seen. 
In event 2053 three light mesons were identified, the 
first ended in a wtyte* decay, the second in a zero- 
pronged star, and the third in a one-pronged star, 
The kinematics fit a K,;. An example of a r’ decay, 
event 1320, was also observed. One light meson which 
ended in a three-pronged star and two electrons were 
observed from the K--decay point. This event has 
been described in detail elsewhere.” 

(d) K,s—three events clearly fall into this category. 
The light particles from events 2109, 5072, and 7687 
ended, respectively, in a one-pronged star, an electron 
decay and a zero-pronged star. The kinematics of all 
three events are compatible only with the K,3 mode of 
decay. 

(e) K.x—no clearly identifiable decays via this mode 
were seen. Event 1339 has been placed in this category 
as it will fit no other decay mode. It may instead be a 
K~ interaction in flight. 

The remaining 28 events each have only 1 charged 
prong which rules out r decays. The momentum-versus- 
decay angle for these events also rules out r’ decays. 
The electron secondaries has been 
eliminated for most of these events by the change in 
scattering versus change in range. K,3 decays cannot be 
ruled out for many of these events; however, since the 
uw meson from the K,; usually has a low momentum 
these events are not likely to be confused with the 
K,2 and K,». decay modes. Therefore, an attempt was 
made to separate the remaining 28 events into these 
latter multiple scattering and 
ionization measurements. 13 were found to be compat- 
ible with the K,2 decay mode, 5 with the K,2, and 10 
were compatible with both. 

If the remaining 10 unidentified events are divided 
among the K,» and Ky: decay modes in the observed 
ratio of 13 to 5, one arrives at the frequencies listed in 
Table IT. Also listed are the relative frequencies for the 
K+ mesons.™ From the table it can be seen that the 
probabilities of occurrence of the various decay modes 
of the K~ meson are the same, within experimental 
uncertainties, as those of the K+ meson. 


possibility of 


two categories by 
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B. K--Meson Lifetime 
The K 


dividing the tot 


-meson mean lifetime was obtained by 


al observed K~--meson proper time by 
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the number of decays. Thirty-five decay-like events 
were found by along-the-track scanning. One false 
decay expected from a K~-meson interaction in flight 
and one event below the 2-mm residual range cutoff 
imposed to eliminate interactions at rest were sub- 
tracted to give 33 K~-meson decays. Each K--meson 
stop-in-flight event was carefully examined for light 
prongs by three different observers at different times. 
In order to estimate the fraction of light tracks missed, 
each of the three observers looked at 65 yu* endings 
from w*u*t decays at rest. No electrons were missed. 
The scanning efficiency for decay prongs thus ap- 
proaches 100%. The resulting K~-meson mean lifetime 
is (1.38+0.24)K10-* sec. This is in agreement 
with the lifetimes of (0.95 o ost®**),2* (1.60+0.3),® 
(1.254+0.11)?? and (1.17+0.12)'*x« 10~* sec which have 
been previously reported. It is also statistically the 
same as the K+-meson lifetime of (1.24+0.02)«10-* 


sec.?8 
3. FREE PROTON INTERACTIONS 


The following reactions of K~ mesons on free protons 
are permitted by conservation of baryons, charge, 
and strangeness. 


K-+p— 


(6) 


In nuclear emulsions, reactions (1 


(2), and (5) are 
} 


easily separated from interactions on nuclei because the 
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mode 
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* The secondary stopped or teracted in the emulsion for each of these 
events. 
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following conditions must be satisfied for each event: 
(1) coplanarity, (2) conservation of energy, (3) conser- 
vation of longitudinal momentum, and (4) conservation 
of transverse momentum. For K~p scattering, the 
energies and angles of both the scattered K~ meson and 
the proton can usually be measured very accurately. 
From the position in the stack and g* measurements on 
the incoming K~-meson track a good estimate of the 
incident K--meson energy can be obtained. The 
problem is overdetermined and several checks are 
available. Furthermore, below 150-Mev inelastic scat- 
tering accounts for only about 2% of the events and 
consequently there is no background to simulate free 


Taste III. X~-meson free proton scattering events 





Incident K~ 
Event energy 
No. (Mev) 


K~ scattering angle, 
6, in c.m, 
(deg) 

1239 153 
325 &8 
113* q 133 
403 k 131 

6A* . 112 


350 94 
624 
M44 
740 


65* 


2040 
2189 
655 
1227 
663 139 


2074 257 
2220 286 
2287 264 
2282 162 
2265 292 





* These three events were previously reported in reference 1. 
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proton scattering. Although inelastic scattering occurs 
in 20% of the events at energies above 150 Mev none 
were observed that come close to satisfying the condi- 
tions for a free proton scatter. For the production 
reactions (K~p, 2x) the situation is almost as clearcut. 
The above mentioned conditions apply. The 2-hyperon 
and x-meson angles relative to the K~ meson, and the 
>-hyperon energy usually be measured very 
accurately. If the + meson comes to rest in the stack, 
its energy can be precisely measured. If it escapes from 
the stack or interacts in flight, a g* measurement near 
where it escapes or interacts can be used to obtain its 
energy. Again the kinematics are overdetermined so 
that checks can be made. The background of 2 pairs 
from bound protons is low because, contrary to what is 
observed from K~ captures at rest, most Zw events from 
K~ captures in flight on nuclei have one or more 
additional prongs. Again there is essentially no back- 
ground to simulate free proton events. 

The K--meson free proton scattering events are 
listed in Table ITI and the K~-meson free proton capture 
events are listed in Table IV. The K~-meson scattering 
angle, 6, in the center-of-mass system and the incident 
K~-meson kinetic energy are also given in Table III. 
The x-meson production angle in the center-of-mass 
system, the incident K~-meson kinetic energy and the 
identification of the 2 hyperon are also given in Table 
IV. 

The data of the Gottingen,? Naval Research Labora- 
tory,? Bern,‘ Urbana," and K-stack collaboration” 
emulsion groups and of the Berkeley hydrogen bubble 
chamber group"* for scattering and captures of K~ 
mesons on free protons have been collected, summarized 
and combined with the data of this paper. About § of 
the emulsion data below 90 Mev came from reference 2, 
and about } of the emulsion data from 90-140 Mev 
came from reference 4. This paper contributes about 


can 
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4 of the emulsion data from 90-140 Mev and all the 
data from 140-300 Mev. The total elastic scattering 
function of the K energy 
Che total cross section for capture to 
give appears in Fig. 2. The curve for 
aX? is plotted in Fig. 1 and that for wA*/2 in Fig. 2. 
AX is the K--meson wavelength in the center-of-mass 
system divided by 27. The main features of the (K~9, 
K~p) data are the possible peak or leveling in the cross 


cross section as a -meson 


appears in Fig. 1. 


Ltx- plus 2-9" 


TaBLe IV. K 


meson free proton capture events. 


Incident 
AK meson 
energy 
Mev) 


7-meson 
emission angle 
in c.m 
(deg) 


Hyperon” 
identity 


Event 


No. 


133° 
662 
124 
632 
2270 
2302 
2018 
2037 


p) 


h 


wh to hy 
4mMMUMMMM 
= 5b = 
; =< 
4 3 


* This event was previously reported in reference 21. 

> The symbol following the 2 describes the « 
prongs and @: signifies 3 prongs. Sub “F"’ or “R" indicates a decay in flight 
or at rest, respective : identifies tl »bserved prong as a 
meson or a proton 
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4. K--MESON INTERACTIONS ON 
BOUND NUCLEONS 


The study of K--meson interactions in flight on 
nucleons bound in nuclei is of considerable interest 
because the interactions with neutrons can be studied. 
In order to understand the K~ interactions with bound 
nucleons and to determine the energy dependence of the 
capture and scattering processes it is necessary to 
have a knowledge of many different properties of the 
nucleus. The nuclear and Coulomb potentials, the 
interactions of the reaction products, the internal 
momentum of the capturing nucleon, and the position 
of the capture in the nucleus all influence the observable 
data. Conversely, if the fundamental capture and 
scattering processes were well known the K~ interactions 
on nuclei could be used to study the properties of 
nuclei. An attempt will be made to emphasize the 
features that are most important in the scattering and 
capture processes. The model”-” previously used to 
explain the captures of K~ mesons at rest will be 
extended to the interactions in flight. 

The interaction mean free path in emulsion for K 
mesons is given as a function of energy in Fig. 4. All 
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Fic. 3. Plot of the published emulsion data for the number of 
K~-meson free proton scattering events versus the cosine of the 
scattered K~-meson angle, vem, in the center-of-mass system 
The top graph includes data for 7g >100 Mev, the middle for 
50<Tx<100 Mev, and the bottom for 7x<50 Mev. Tx is the 
K~--meson kinetic energy in the laboratory system. 


by B. Ferretti (CERN Scientific Information Service, Geneva, 
1958), p. 188; R. D. Hill, Technical Report No. 7, Office of 
Naval Research, March, 1959 (unpublished); J. C. Jackson and 
H. W. Wyld, Jr., Phys. Rev. Letters 2, 355 (1959). 

*P. T. Matthews and A. Salam, Phys. Rev. Letters 2, 226 
(1959). 


ENERGY K--MESON INTERACTIONS AND DECAYS 


60 





50 


40) 


30 


K” MESON MEAN FREE PATHicm) 








120 60 200 240 260 
K~ MESON LAB ENERGY (Mev) 





Fic. 4. Plot of the A~-meson mean free path versus the K~- 
meson laboratory energy. All interactions with emulsion nuclei, 
except hydrogen, are included in which there was an observable 
energy loss. The dashed curve is a plot of Eq. (7). The solid line 
is a fit of Eq. (8) to the data 


captures are included which give charged particles, 
recoils, or blobs. In addition, elastic scatters from light 
nuclei in which there is an observable recoil are included 
as well as inelastic scatters where the K~ meson escapes 
from the nucleus with observable prongs, 
recoils, or blobs. Captures and scatters on free protons 
and scatters on nuclei which show no observable energy 
loss are not included. The observed K~-meson track 
length is shown as a function of the K~-meson energy 
in Fig. 5. 56.6 meters of track below 150 Mev and 
45.7 meters above 150 Mev were followed. 

The dotted curve in Fig. 4 is a plot of the mean free 
path as calculated from 


capture 


1 
A(T x) . (7) 
vr pte nj (Tx) +r} 

where Tx is the laboratory K~-meson kinetic energy, 
n, is the number of nuclei/cm® of a particular element 
of the emulsion, and rf; is calculated from r>=14A¢ 
x 10-" cm. A, is the atomic number of the ith element. 
Emulsion hydrogen nuclei are not included in this 
calculation. This curve does not fit the data. Good 
agreement is obtained from the least-squares fit of 
the data to the line ; 


A(cm) = (17.243.4)+ (0.08140.027)Tx, (8) 


which is plotted as a solid line in Fig. 4. The mean free 
path more than doubles in going from an extrapolated 
17.24+3.4 cm at 0 Mev to 41.5+4.4 cm at 300 Mev. 
At the highest energy the mean free path is 50% longer 
than the 28 cm which corresponds to nuclear area in 
emulsion. - 
Since the nucleus is apparently becoming transparent 
to K~ mesons at high energies, we have applied the 
“optical model” of Fernbach, Serber, and Taylor.” 
The absorption cross section for high-energy neutrons 


"S. Fernbach, R 


1352 (1949). 


Serber, and T 


B. Taylor, Phys. Rev. 75, 
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K~--meson path followed in 
this experiment versus the 
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is given by 


wRA{(1—(14+-2KR)e***V/2K°R2}, (9) 


where R;=r,+A is the effective nuclear radius of the 
interaction. K is the absorption coefficient for neutrons 
in nuclear matter. The value of the mean free path in 
emulsion can be expressed as 


vi 


A.=1/>°; ni, 


(10) 


where o, is the absorption cross section of the ith 
element in nuclear emulsion. Equations (9) and (10) 
are solved simultaneously for K=1/Ay in terms of the 
measured A, (Fig. 4). These experimental values of 
Aw are shown in Fig. 6. 

The capture cross section per nucleon has been 
estimated as a function of energy from the (K~p, +x") 
cross section (Fig. 2). The scattering cross section has 
been taken as } of the (K~p, K~p) cross section (Fig. 
1)." These crude estimates assume that the neutron 
cross sections are equal to the proton cross sections 
and they neglect the Kp reactions which lead to 
neutral secondaries. The mean free path for K~ mesons 
in the nucleus, which is calculated from these cross 
sections, is plotted as the solid curve in Fig. 6. The 
agreement is reasonable and indicates that the increase 
with energy of the K~-meson mean free path in nuclear 
emulsion can be quantitatively explained in terms of 
the decreasing nucleon cross section. 


A. K--Meson Inelastic Scattering 


Below 100 Mev only about 2% of the K~ mesons 
undergo inelastic scattering. One of the interesting 
results of this experiment is the increase in inelastic 
scattering that appears‘at higher energies. The ratio of 
the number of inelastic’scattering events to the number 
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300 320 MO 


of interactions on emulsion nuclei is plotted against 
the K--meson kinetic energy in Fig. 7. In order for a 
K-~ interaction to fall into this category, an energy loss 
of more than 10 Mev must be observed at the interaction 
point. The rise of the fraction of inelastic events to 
about 15% at 150 Mev is quite marked. In fact, several 
tracks were observed where the K~ meson inelastically 
scattered twice before coming to rest. 

The decrease in the interaction cross section with 
increase in K~-meson energy which was demonstrated 
in Fig. 4 is related to the increase in the fraction of 
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Fic. 6. Plot of the K~-meson mean free path in nuclear matter 
versus the K~-meson kinetic energy. The plotted points were 
obtained from Eqs. (9) and (10). The curve was obtained by 
applying the “optical model” of Fernbach, Serber, and Taylor, 
reference 31. See text 
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inelastic K~-meson scattering above 100 Mev. Here, 
the nucleus starts to become partially transparent to 
the K~ mesons. Some scatter from nucleons inside the 
nucleus and then escape. Above 80 Mev, the combined 
bubble chamber and emulsion data for K~ meson: 
scatters and captures on free protons (see Fig. 1) 
indicate that the scattering cross section of about 40 mb 
is twice the capture cross section (20 mb) to give charged 
hyperons. The higher scattering-to-capture ratio leads 
to the observed increase in the inelastic scattering 
from nuclei. 

An event in which a short recoil prong was observed 
at the scattering point and in which the K~ meson lost 
little or no energy was interpreted as a K~-meson 
elastic scattering from a light nucleus of carbon, 
nitrogen, or oxygen. These events occur in about 2% 
of the interactions. In order to obtain the corrected 
number of K~ meson captures the inelastic and light 
nuclei scattering events were subtracted from the total! 
number of K~ interactions. The fraction of events in 
each of the categories, 2 hyperon, # meson, =-x pairs, 
hyperfragments, stable prongs only, and no observable 
prongs is obtained by dividing the number of events in 
each category by the corrected total. 


B. X°x", A°n’, and K’n Reactions 


The fraction of K~(p) events remains approximately 
constant (10% of the total) from 20 to 300 Mev. In 
these events the K~ mesons stop in flight with the 
emission of no charged prongs. These may be examples 
of K~ meson captures on free protons via the reactions 
Dr, A°w®, and Kn, or they may be examples of the 
same reactions which take place on bound protons in 
nuclei in which no charged prongs are emitted. It is 
also possible that such events result from the interac- 
tions inside the nucleus of the charged prongs from"the 
primary reactions 2+x~, Z-wt, Z-#®, Te, and A°r 
in such a manner that no charged prongs are emitted. 

The observed Kyn cross-section peaks at about 15 
mb at 30 Mev®™ and drops to 5 mb at 90 Mev. At 80 
and 140 Mev the sum of the 2°r* and A°r” cross sections 
is 15 mb.'* If all the K~(p) events below 150 Mev were 
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Fic. 8. Plot of the fraction of events with observed charged 
7 mesons versus the A~-meson laboratory kinetic energy. The 
solid curve is a plot of Eq. (9). 


free proton captures or charge exchanges the cross 
section would be 110 mb which is much too high; 
therefore, most of the low-energy K~(p) events must 
be attributed to captures on bound nucleons in nuclei. 
As the K~-meson kinetic energy is raised, an increasing 
amount of energy is given to the capturing nucleus 
which increases the probability for charged particle 
emission. At K-~-meson energies above 150 Mev a 
larger fraction of the K~(p) events may be captures on 
free protons. If all K~(p) events between 150 and 300 Mev 
are classified as free proton events an upper limit to 
the sum of the X~-meson free proton cross section for 
the reactions D°r’, A°x”, and K% in this energy region 
is found to be 45+ 16 mb. 


C. = Mesons 


Although a careful examination was made of the 
charged particles from each K~-meson interaction, no 
example was seen of an inelastic scatter with the 
production of a meson. This is not surprising in view 
of the fact that the K~ meson has a large cross section 
for the competing 2 capture reactions. These =m 
capture reactions are forbidden to the K* meson by 
conservation of strangeness. Three examples of 
production have been seen from K* inelastic interac- 
tions in 331 m of track in the energy region of 200-400 
Mev.” x production from K~-meson inelastic scattering 
has also been seen at,760 Mev.“,The number of K~- 
meson captures which give x mesons, divided by the 
total number of events in which the K~ meson is 
captured, is plotted versus the K~-meson kinetic 
energy in Fig. 8. The fraction of K~-meson captures in 
which # mesons are observed is 0.21+-0.03 at K~-meson 
energies of 20-150 Mev and is 0.334-0.06 for energies 
of 150-300 Mev. This increase can be explained in 
terms of the known interaction cross sections for x 
mesons in nuclear matter. 

The solid line that appears in Fig. 8 is a plot of the 


*E. Helmy, J. H. Mulvey, D. J. Prowse, and D. H. Stork, 
Phys. Rev. 112, 1793 (1958). 1958 Annual International Conference 
on High-Energy Physics at CERN (CERN Scientific Information 
Service, Geneva, 1958), p. 174. 
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calculated fraction of events, f.., which give charged x 


mesons that escape from the nucleus. It is obtained 


from the expression 
foo=4l fit ( ie |. (11) 


f, is the fraction of « mesons that do not interact in 
leaving the nucleus and is obtained from the #-meson 
escape formula which is applicable for the case in 
which the # mesons are produced uniformly throughout 
the nucleus.* The total mean free path in nuclear 
matter was calculated from a phase-shift analysis of 
m-meson scattering data.* f;, is the fraction of inelasti- 
cally scattered mesons. It is obtained from experi- 
data for 
emulsion. A summary of the inelastic scattering data by 
Blau and Caulton*® gives values for fj, of 0.03+0.02, 
at 40 Mev, 0.10-+0.03 at 70 Mev, 0.19+0.04 at 105 
Mev, 0.22+0.03 at 135 Mev, 0.38+-0.08 at 210 Mev, 
and 0.38 +0.06 at 500 Mev. The fraction, 7, in the 
formula comes from the applic ation of « harge independ- 


mental w-meson interactions in nuclear 


ence to a nucleus with equal numbers of protons and 
neutrons. The total 
produced is equal to twice the number of ° mesons. 
The w-meson energies are calculated from the A 
free nucleon capture (2,7) If the angular 
distribution of the produced m mesons is uniform in the 


number of charged + mesons 


meson 
reactions. 


center-of-mass system, the number of # mesons per 
unit -meson laboratory kinetic energy is approximately 
constant between the minimum and maximum allowed 
energies. The fractions, f; and f\., were averaged over 
was 


The 


the allowed w-meson energy regions and Eq. (11 


evaluated as a function of the K~-meson energy. 
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Fic. 9. Plot of events in which +* mesons are 
emitted versus the x-meson laboratory kinetic energy. In (a), 
Tx>150 Mev in (b), T7x<150 Mev. In (a) there are 7 
events with 7, >120 Mev which are plotted as 1 event for each of 


In (b 


of the number 
| 
and 


7 consecutive energy intervals the same is done for 5 events 


*K. A. Brueckner, R. Ser 
$4, 258 (1951). 

8} R. M. Frank, J. | 
101, 891 (1956). 

%*M. Blau and M 


ind K. M. Watson, Phys. Rev. 


ber, 


Gammel, and K. M. Watson, Phys. Rev. 


Caulton, Phys 1954 


Rev. 96, 150 


GILBERT, 


AND WHITE 








| PPR 


-L00 -O8 . 4 2 


NUMBER OF EVENTS/O,! Cos INTERVAL 











—4 
8 iO 


which w* me 


6 


Fic. 10. Plot of the 
emitted versus the ysine angle of emissior 
6,1. In (a), Tx >150 Me 150 Mev. The 
lines show the distributions ¢« t if tl meson 
isotropically in the center-of-mass system of the nucleon and the 
K~ meson and if the x me cape e nucleus with their 
angles unchanged 


dasnec 


8 are produc ed 


curve in Fig. 8 shows ; 
K~-meson 
data. 

The calculation also gi sult that 50 


energy in 
“7, ot the 
observed w mesons from K~-meson interactions between 
the energies of 20 and 150 Mev of the observed 
150 and 300 Mev 
were inelastically scattered before leaving the 
Contrary to what is observed 


there is little correl: 


and 60% 


esons between 


mg mesons from A~ n 
nucleus. 


captures at rest 


ition between the energies of the 


w mesons at production 
observed 
emphasized by the Berne group? for 
mesons with energies from 20 to 150 Mev 


eus and their 
outside I ut us. Chis 
interactions of K 
Che 
true for mesons from interactions of K~ mesons with 
energies from 150 to 300 Mev. This is bi 
near the 180 Mev (3,3 
with nuclear matter. 


energies was 


same is 


cause # mesons 
resonance 


Phe 


for the energies of the observed + mesons demonstrates 


interact very strongly 


expt rimentai re sult of I ig. gy 


that most of the observe d x mes i it low energies 
and 


before leaving the nucleus. Only 


therefore have undergor inelastic scattering 
7% and 32+ 10% 
energy K~-meson 
ibove 100 Mev 


These experin ental values, weve! i till substan 


of the x mesons for the 
intervals, respectively, 


1 


tially larger than 1 I xperimental fraction, 
7+ 2%, for x mesons fr 
The fact that 
from K- 


tional prongs, contrary 


ires at resi 
most of hyperon events 
panied by addi- 


captures in flig 


mesons at rest are captured 
inelastic collision ° 


The 


respect 


lewpoint 
angular 

to the directior f tl incident A 
in Figs. 10 


mesons 
mesons ar¢ 
shown shown on 


curves 





HIGH-ENERGY K-~-MESON 


the graph give the angular distributions expected for 
K~-nucleon collisions if the production is isotropic in 
the center-of-mass system. In the laboratory sysiem 
there should be a definite forward-backward asymmetry 
of a factor of about 2 due to the center-of-mass trans- 
formation. Since the x mesons, even for the K~-meson 
energy interval of 150-300 Mev, show no such forward- 
backward asymmetry, and since the effect should be 
statistically observable, we again conclude that most 
of the e mesons that get out of the nucleus have been 
scattered and consequently have not preserved their 
original directions. 

The x~/x* ratio in the K~-meson energy interval of 
20-150 Mev is 18/3 and in the interval of 150-300 Mev 
is 8/3. The ratio over the whole energy interval is 
4.3_,,**". This value is in good agreement with the 
ratios, 3.5+0.6, of the Berne group,’ 3.9+0.7 of the 
K-stack collaboration,” and 3.3+0.9 that were obtained 
by the authors from A~-meson interactions at rest on 
nuclei.” It is lower than the value 45/4=11_,*™ that 
was obtained by the Berne group’ for K~ energies of 
20-150 Mev. Because of the agreement with the ratio 
for K~ captures at rest there is no evidence, here, that 
the production ratios for captures on nuclei at K~-meson 
energies from 20-300 Mev are different than for K 
mesons at rest. It is kept in mind that the captures 
“at rest” on nuclei should be similar to low-energy 
captures “in flight” on free nucleons because of the 
nucleon momentum distribution in the nucleus. 


D. = Hyperons 
a. & Hyperon Energy Distribuiions 


It is of interest to determine whether the K~ mesons 
are captured at the energies they strike the nuclei or 
whether they are greatly reduced in energy by scattering 
before being captured. Because the x mesons, them- 
selves, interact so vigorously before leaving nuclei 
their observed energies are not very sensitive to the 
K--meson energies at capture. The = hyperons, since 
they are 8 times as heavy as the w mesons, are more 
likely to retain their original directions in nuclear 
matter. In escaping from the nucleus many hyperons 
that are not trapped will also retain their initial energies 
modified by the nuclear and Coulomb potentials. 

The expected =-hyperon kinetic energies in Mev are 
calculated from 

Tz-=Tz-r—45, 


T:*= Tzx+p— 25. 


(12) 
(13) 


Tsp is the =-hyperon energy calculated from the fre« 
proton kinematics for a given K~-meson energy and 
x-hyperon angle. For energies above 50 Mev the 
K--meson nucleon relative momentum is determined 
primarily by the K--meson energy. Although the 
nucleon momentum distribution will broaden the 
y-hyperon energy distribution, it is neglected here. 
The sum of the binding and excitation energies, 
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Fic. 11. Plot of the number of =* hyperons versus the cosine of 
the Z-hyperon laboratory angle, @y,. In (a), Tx >150 Mev and 
in (b), 7x<150 Mev. A “x” designates an event in which there 
was a charged x meson associated with the 2 hyperon. A “Z~2~” 
designates an event in which both a 2~ hyperon and a #~ meson 
were emitted. The dashed curves are the distributions expected 
for isotropic emission of the 2 hyperons in the center-of-mass 
system of the K~ meson and the nucleon if the 2-hyperon angle 
is unchanged in escaping from the nucleus. 


about 20 Mev, is furnished primarily at the expense of 
the #-meson energy and is also neglected. The Z-hyperon 
potentials, however, are included because a nuclear 
potential of 35 Mev and a Coulomb potential of 10 
Mev are comparable to the Z-hyperon energies, 
particularly at low K~-meson incident energies. 

The observed energies of the 2 hyperons which were 
accompanied by x mesons are in good agreement with 
the above calculation. Six of the hyperons had energies 
above and seven below the energies calculated. On the 
other hand, among the = hyperons which were not 
associated with # mesons, there were 3 above and 
19 below the calculated energies. Many of the hyperons 
in this latter group, therefore, apparently suffered 
appreciable energy loss before escaping from the 
nucleus. The 2 hyperons associated with # mesons 
probably originated from captures near the edge of the 
nucleus while those without # mesons were probably 
produced farther in. In the latter case the # mesons 
were captured and most of the 2 hyperons were scat- 
tered inelastically. It should be pointed out that these 
~ hyperons did not originate by captures on 2 nucleons, 
each of which gives a hyperon and a nucleon, The 
hyperon kinetic energies here would have been even 
higher than for the single nucleon captures, in greater 
disagreement with the data. 

Additional evidence for the Z-hyperon K-~-meson 
correlation is found in the Z-hyperon laboratory 
angular distribution. If the production is isotropic in 
the center-of-mass system, the distribution in the 
laboratory system is proportional to d(cos@zc)/ 


d(cos6z,), where 6zc and 6z, are the Z-hyperon angles 
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F 1G. 12. Plot of the number of 2* hyperons versus the Z-hyperon 
laboratory kinetic energy. In (a), 7x >150 Mev and in (b), 
Tx<150 Mev. A “x” represents an event in which an observed 

= hyperon. A “Ze” represents an 


® meson accompanies the 2 
event in which both a =~ hyperon and a #~ meson were emitted. 


relative to the incident K~ meson in the center-of-mass 
and laboratory systems, respectively. In order to 
predict the angular distribution it is necessary to fold 
in the probability for producing and observing 2 
hyperons at the observed energies. The predicted curves 
and the experimental data are shown in Figs. 11 (a) 
and (b). The curves for 7x <150 Mev and >150 Mev 
are normalized to the number of events with coséz,>0.0 
and >0.40, respectively. The 2 hyperons with angles 
outside these regions were probably scattered before 
escaping from the nucleus. The fits of the predicted 
curves to the data, for 2 hyperons accompanied by 
mesons, show that the 2-hyperon angles of emission 
are indeed correlated the incident K--meson 
energies. A fair fit is also obtained for those 2 hyperons 
not accompanied by x mesons for T7x>150 Mev but 
for T7x<150 Mev the fit is poor. 

A “x symbol in a box of Figs. 11 (a) and (b) 
designates a = hyperon that is accompanied by a 
meson. The 2 events with “2~x~” are cases where both 
a =~ hyperon and a #~ meson came out of the same 
capture event. This type of event is extremely rare in 
K~ captures at rest." These two events are interpreted 
as cases where either a 2° hyperon or a x° meson 
underwent charge exchange. Because of the low 2 
meson kinetic energy in both cases, they are thought 
to be examples of x° charge exchange according to the 
reaction 


with 


rin—x+p. (14) 


The Z-hyperon energy distributions for 77> 150 
Mev and <150 Mev are given in Figs. 12 (a) and (b). 
The “x” and “~~” have the same significance as in 
Figs. 11 (a) and (b). Again there is no evidence that 
> hyperons not accompanied by x mesons have higher 
energies than those which are accompanied by 
mesons. Consequently, there is no evidence for a 
significant contribution from 2-nucleon capture of a 
K~ meson to give a fast hyperon and a fast nucleon. 
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This conclusion was previously obtained by the Berne 
group.’ It can be seen from Fig. 12 however, that the 
2-hvperon energies do extend to higher values for the 
K~-meson captures in flight than for K~-meson captures 


10,1221 ,2: 


at rest. ‘ This is further evidence that the incident 


K~ meson and the 2-hyperon energies are correlated. 


b. Observed Number of & Hyperons 

Along with the increase in the K 
probability at high K 
also expected an increase in t 


-meson escape 
meson kinetic energies there is 
he =-hyperon escape 
probability on the basis of the proposed model. The 
greater energy available in the A~-nucleon system for 
higher energy K~ mesons will result in higher energy 
> hyperons. Because of the decrease in the amount of 
trapping in the nuclear potential with an increase in 
the Z-hyperon energies, the number of = hyperons 
which escape the nucleus should increase as the K-- 
meson kinetic energy is increased. This is true if the 
production and interaction cross sections do not change 
appreciably. It is estimated that the fraction of trapped 
=+ hyperons decreases from 50% at a K--meson 
energy of 50 Mev to 10% at 300 Mev and the fraction 
of trapped =~ hyperons decreases from 70% to 15% 
in the same energy interval 

The position of the capture point in the nucleus is 
also important in determining the fraction of } hyperons 

4A that 

nucleus starts to become transparent to K 
about 150 Mev. Below this energy the K~ mesons are 
front side of the nucleus. 


that escape. It was pointed out in Sec. the 


mesons at 


stopped primarily on the 
Since the = hyperons are usually emitted at small 
forward lab angles, they then have to penetrate the 
rest of the nucleus before escaping. If the interaction 
cross section for  hyperons were not energy dependent, 

mesons than 
mesons would 


more of those produced by low-energy K 
produced from uniformly captured K 
interact in flight. 

For K~ captures at energies below 150 Mey, it is 
estimated that 60% of all 2 hyperons are trapped and 
an additional 20% are captured in flight. If the K- 
mesons are captured on the front surface of the nucleus 
and if the = hyperons go forward through the nucleus, 
these numbers imply a capture mean free path of 
10_;*+*10-" cm and a cross section of 744 mb per 
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Fic. 13. Plot of the fraction of events with observed 2 hyperons 
versus the K~-meson laboratory kinetic energy. The curve is the 
calculated fraction (see text for explanation 
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Particles that 
escape 
from nucleus 


Fraction of events 
20< Tx >150 Mev 


0.11+0.03 
0.21+0.03 
0.030-+-0.009 
0.042 4-0.017 


(1) =* hyperon 
(2) x* meson 
1.32 (1) X (2) 


(3) S*x" 








* See reference 12. 
» See reference 9. 


nucleon in the nucleus. For K~-meson captures at 
energies from 150 to 300 Mev, it is estimated that 15% 
of all 2 hyperons are trapped and an additional 45% 
are captured in flight. Using the facts that the K- 
mesons in this energy range are probably captured 
uniformly throughout the nucleus and that the = 
hyperons then go forward, a capture mean free path of 
(4+2)X10-" cm and a cross section of 16+6 mb per 
nucleon in the nucleus are obtained. Because a =~ 
hyperon can be captured only by a proton and a =* 
hyperon can be captured only by a neutron the above 
listed Z-hyperon nucleon cross sections may be under- 
estimated by a factor of as much as two for the case 
where the direct capture cross sections are much greater 
than the scattering cross sections. Since these cross 
sections do not differ appreciably from the previously 
obtained value of 11_,¢*’ mb per nucleon for = hyperons 
from K~ captures at rest,” this latter value, independent 
of Z-hyperon energy, will be used for subsequent 
calculations. 

With reasonable production ratios*"**" for D-#*: 
Stax: D9: De: Dw: of 1:1:1:0.4:0.4 (the fraction 
of A°, reactions in the primary capture process is 
considered small) the fraction of events in which the 
~* hyperons escape, f./nefns, is calculated and plotted 
along with the experimental data in Fig. 13. /, is the 
fraction of primary events in which charged 2 hyperons 
are produced, fa» is the fraction of = hyperons not 
trapped, and f,, is the fraction of = hyperons that are 
not captured in flight. The data show the predicted 
increase with K~-meson energy. 
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Frc. 14. Plot of the fraction of events with an observed 2*s* 


pair versus the K~-meson laboratory kinetic energy. 


7M. F. Kaplon, 1958 Annual International Conference on 
High-Energy Physics at CERN (CERN Scientific Information 
Service, Geneva, 1958), p. 176. 


Taste V. Fraction of events in which 2* hyperons, ** mesons, and D*** 


150< 7x >300 Mev 


0.21+0.05 
0.334-0.06 
0.091 +0.026 
0.094+0.034 
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nucleus. 


pairs escape from the 





K -stack 
collaboration* 
Tx=0 Mev 


Berne” 
20< Tx >150 Mev 


6.08+0.02 
0.22+0.03 
0.024 +-0.007 
0.020 +-0.008 





0.184.0.02 
0.31+40.02 
0.074-+0.009 








C. =-/z* Ratio 


The experimental 2~/Z* hyperon ratios for K~ 
captures from 20-150 Mev and 150-300 Mev are 
18+0.8 and 0.9+0.4, respectively, in satisfactory 
agreement with the production ratios given above. The 
measured ratio from emulsion and bubble chamber 
data for K~ captures on free protons starts at 2 for 
captures at rest, is uncertain from 0 to 20 Mev, and 
then approaches 1 at higher energies. K~ captures at 
rest on bound nucleons primarily occur in the transition 
region where the production ratios are uncertain. At 
K~-meson energies above 20 Mev the 2~/Z* hyperon 
ratio for bound nucleons should approach the value for 
the free nucleon captures as fewer 2 hyperons are 
trapped by the nuclear and Coulomb potentials. 
Additional data are needed to study the variation in 
the 2-/Z* hyperon ratios with K~-meson energy. 

Because of the larger individual escape probabilities 
of the z mesons and the 2 hyperons at K~ meson 
energies greater than 150 Mev, the fraction of cases in 
which a © hyperon-r meson pair escapes from the 
nucleus is also increased. A plot of the fraction of 
events with *x* pairs as a function of the K~-meson 
energy is shown in Fig. 14. The fraction of 22” pairs 
appears to increase with K~-meson energy. A summary 
of the experimental fractions of events that yield 2* 
hyperons, ** mesons, and D*#* pairs is given in 
Table V. The data of the Berne group® for K~-meson 
energies of 20-150 Mev and of the K-stack col- 
laboration” for captures at rest have also been in- 
cluded for comparison. From the production ratios 
assumed in paragraph 6 above, the fraction of events 
with 2*x* pairs that escape is given by 1.32 times the 
product of the fraction of events with Z* that escape 
times the fraction of events with #* that escape. From 
Table V it may be seen that this product is in agreement 
with the fractions of =*x* pairs observed at various 
energies. 


d. Hyperfragments 


Hyperfragments were observed in 3.541.3 and 
6.342.5% of the events in the A--meson energy 
regions of 20-150 and 150-300 Mev, respectively. The 
value for the lower energy region is in good agreement 
with the value of 4.0+1.0% obtained by the Berne’ 
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group. Values of 3.4+0.3" and 4.2+0.9" have been 
obtained for K~-meson captures at rest. 


5. CONCLUSIONS 


Data are presented for K~-meson interactions and 
decays at energies of 20 to 300 Mev. The following 
results have been obtained: 


(1) From 33 K~-meson decays the lifetime was 
found to be (1.38+0.24)10~-* sec in agreement with 
K*+-meson lifetime of (1.24+0.02)10~-* sec. 
Examples of each of the decay modes K,2, Ky, Kes, 
r, and r’ were identified. The branching ratios are in 
agreement with those for K* mesons. This is the result 
expected if the K~ meson is the antiparticle of the Kt 
meson. 

(2) The (K~p,K~p) elastic scattering cross section 
was found to be 35416 mb and the (K~p, =*x*) cross 
section 27+13 mb in the energy region of 150 to 300 
Mev. The published data on these two cross sections for 
energies of 5 to 300 Mev are summarized. The (K~9, 
D+n") cross section is close to wA?/2 from 5 to 100 Mev. 

(3) The mean free path for K~-meson captures, 
inelastic and scatters on emulsion 
nuclei, except hydrogen, in which there was an observ- 
able recoil can be represented by 


the 


scatters, elastic 


A(cm) = (17.243.4)+ (0.081+0.027)T x, 


for energies of 20 to 300 Mev. This increase in the 
mean free path with K~-meson energy is explained in 
terms of the decreasing nucleon cross section. 

(4) The fraction of inelastic scatters increases from 
about 2% at low K~-meson energies to about 15% at 
150 Mev. This effect is additional evidence that the 
nucleus is becoming transparent to K~ mesons at about 
- 150 Mev. 

(5) The increase in the number of 2 hyperons that 
escape from the nucleus at higher K~-meson energies 
is partially due to the decrease in the number of = 
hyperons that are trapped. This effect is consistent 
with the =-hyperon nuclear potential of 35410 Mev 
and the Coulomb potential of 10+3 Mev that were 
previously proposed for explaining K~-meson captures 
at rest on bound nucleons." In addition, low-energy 
K~- mesons are captured near the front of the nucleus 
such that the = hyperons traverse most of the nucleus 
and a large fraction are captured. At higher energies 
the K~ mesons interact more uniformly throughout the 
nucleus and a larger fraction of the = hyperons escape. 

(6) The observed number, energies, and angles of 
the # mesons are greatly influenced by their mean free 
paths for capture and scattering in the nucleus in which 
they are produced. At x-meson energies near the (3,3) 
resonance the very strong interaction cross sections 
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overshadow all other effects and little information is 
gained from the x-meson energies about the K~-meson 
capture mechanism. The x~/x* ratio is 4.3_,,7+*+ for 
K~ captures from 20-300 Mev. It is in good agreement 
with the corresponding ratios for K~ captures by free 
protons in bubble chambers and emulsions stacks?!**7 
at low energies, and for K~ captures at rest in emul- 
sion.” Therefore, there is no evidence, here, that the 
K~-meson production ratios are different for energies of 
20-300 Mev than for K rest on nuclei. 
(7) It is difficult to s« parate the >-hyperon interac- 


ri apture Sat 


tions with nucleons in the nucleus from the other large 
effects. One can fit the data of this experiment for 
Tx<150 Mev with a =-hyperon mean free path in 
nuclear matter of (10 x 10 cm and a 
section of (744) mb per nucleon. For T7x>150 Mev 
the mean free path is (4+2)10 
section is (16-+6) mb per nucleon. This is in agreement 
with the value of (11.,*7) mb per nucleon obtained 
previously for  hyperons from K 
nuclei.” 

(8) The captures take place predominantly on single nu- 
cleons at approximately the energies that the K 
enter the nuclei. For the =*x* events the correlation of 
the Z-hyperon angle and energy with the energy of the 
incoming K~ meson is good when a one-nucleon capture 
process is assumed. For those events where a = hyperon 
and no x meson is observed the correlation is not as 
good and the energies ar 


cross 


‘> cm and the cross 
captures at rest on 


mesons 


lower than for the >+x* 


cases. Therefore, these 2 hyperons probably scattered 
escaping from the 
hyperons from the 2-nucleon capture processes, which 


give a = hyperon and a nucleon, will 


inelastically before nucleus. = 


have « onsiderably 


higher energies on the average than those from one- 


nucleon captures. No example was seen of a K~ capture 


with the emission of a  hyperon and a nucleon whose 
energies were consistent wit! 
There is no evidence from this experiment that the 
primary A° hyperon production is different from K-- 
meson captures at rest where the production is low. 


a capture by two nucleons. 
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Seven cases of production of E*-K* 


by 1.0-Bev x*-p interactions have been identified in the Yale propane 


bubble chamber. In six of these cases, the =* direction was forward in the center-of-momentum system. The 


cross section derived from these is 0.08 mb. The decay of the 2* 


proton decay modes. 


XTENSIVE observations! have been made of 

associated production by negative pions of ap- 
proximately 1-Bev energy colliding with protons. The 
corresponding production by positive pions in the same 
energy region is less well known and is of considerable 
interest for the study of the charge dependence of the 
associated production mechanism. In the case of positive 
pions, only the single process r*++p-*=*+A?* can 
occur at 1 Bev of energy. Following is an account of 
events observed in the Yale 33-cm propane bubble 
chamber, interpreted as r++ p — 2*++ Kt‘, at an energy 
of 1 Bev. 


I. APPARATUS AND BEAM ARRANGEMENTS 


The Yale propane chamber is 134 in. X6} in. x4} in., 
operated in a magnetic field of about 8000 gauss. It is 
similar in construction and based upon the design of the 
chamber described by Oswald, Fowler, and Powell.’ 
An unusual feature of the Yale chamber is that its 
temperature is controlled by hot oil circulating rapidly 
through a jacket adjacent to the chamber walls. This 
arrangement provided a short term temperature sta- 
bility of the order of 0.01°C, and the temperature 
could be controlled within 0.1°C over an extended 
period. The chamber was mounted in a horizontal 
magnetic field between two pole pieces of the electro- 
magnet. The beam, which was parallel to the 33-cm 
length of the chamber, entered the chamber through a 
1 in.X3 in. window containing 4 g/cm? of stainless steel. 

The Yale chamber was one of four bubble chambers 
operated simultaneously in pion beams from the same 
target at the Cosmotron. A diagram of the arrangement 
and details of the beam layout are given by Erwin and 
Kopp.’ The design of the beam was similar to that of 
previous high-energy #* beams*® at the Cosmotron. 


* Supported by the U. S. Atomic Energy Commission 

t A doctoral dissertation based on the work reported here has 
been submitted in partial fulfillment of the requirements for the 
Ph.D. degree at Yale University by one of us (WHH). 

t Now at Westinghouse Atomic Power Laboratory, Pittsburgh, 
Pennsylvania. 

! Report of the 1/958 Annual International Conference on High 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958), p. 148. This paper supplants 
preliminary results reported there by the Yale Group. 

? L. O. Oswald, Rev. Sci. Instr. 28, 80 (1957). 

+ A. Erwin and J. Kopp, Phys. Rev. 115, 669 (1959). 

*R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082 
(1956). 


‘carrying wire, indicated 


is equally divided between the pion and 


The external 3.0-Bev proton beam*from the Cosmotron 
was made to strike a polyethylene target 1 in. thick, 
8 in. high, and 18 in. in the beam direction. The pions 
were selected at 7° to the target, and the pion beam 
was momentum-analyzed twice, once before and once 
after the primary Cosmotron shielding. In another 
concrete shield near the chamber, the beam was 
collimated to } in.X3 in. by a brass collimator 36 in. 
long. A strong-focusing quadrupole magnet pair with 
12-inch aperture was used just after the target to focus 
the pions at the chamber. Measurement of particle 
trajectories, by observing the deflection of a current- 
a momentum resolution of 


t 2%. 
ANALYSIS AND CONCLUSIONS 


The total track length of pion tracks which passed 
through the thin window in this experiment was 
measured to be 1.1 10* g/cm? of propane. This figure 
was obtained by counting the number of beam tracks 
in a uniformly distributed sample of pictures. This 
beam is a mixture of pion and proton tracks, with a 
smal! percentage of muons and electrons. To ascertain 
the cross section for production of 2*+-K* by pions, 
it is necessary to determine the fraction of beam which 
consists of pions. There is considerable uncertainty in 
this fraction, and it is difficult to determine from the 
pictures. The pion fraction in the Yale chamber has 
been measured by three different methods, each applied 
to a sample taken at a different part of the series of 
pictures. 

One method used is based upon the higher bubble 
density of proton tracks compared to meson tracks at 
the beam momentum of 1.15 Bev/c. Instead of counting 
individual bubbles, gaps between bubbles which were 
greater than a certain arbitrarily selected minimum 
length were counted.® At the same time, the amount 
by which each counted gap length exceeded the mini- 
mum gap length was measured, these amounts were 
totalled, and divided into the number of counted gaps. 
The result equals the average number of bubbles per 


‘J. L. Brown, D. A. Glaser, D. I. Meyer, M. L. Perl, and J. 
Van der Velde, Phys. Rev. 107, 906 (1957) 

* W. J. Willis, E. C. Fowler, and D. C. Rahm, Phys. Rev. 108, 
1046 (1957). Blinov, Krestnikov, and Lomanov, J. Exptl. Theoret. 
Phys. U.S.S.R. 31, 762 (1956) (translation: Soviet Phys.-JETP 
4, 661 (1957) ]. 
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TABLE I. Kinematics of observed +*-p interactions 
producing 2*-K*. 





Lab 
angle 


of Kt 





Lab 
Event angle 
No. of 2* 


Lab r 
momentum 
(Mev/c) 


Angle 
of Zz ’ 


(cm.) 


=*-decay 
mode 


92319 5° 26° 
92629* ’ 44 
00335* 38 
01396» ; 32 
22623 5.! 35 
33349 ; 46 
34844 31 


1130 105° 
1180 20 
1120 36 
1100 
1160 
1220 
1090 


* In these cases, the K decayed also, stopping in the chamber. 
+ The pion which produced this event did not pass through the thin 
window of the chamber 


unit track length assuming that bubbles are randomly 
distributed along the track. The arbitrarily selected 
minimum gap length must be chosen to be larger than 
the minimum resolvable distance between bubbles. This 
method avoids errors due to clogging of bubbles. The 
procedure was applied to a sample of 66 beam tracks 
taken from adjacent pictures with uniform temperature 
conditions in the chamber. The resulting histogram of 
gap densities was interpreted to be caused by two groups 
of different bubble density. The meson fraction ob- 
tained in this manner was 0.40+-0.07. The ratio of the 
mean proton bubble density to the mean meson bubble 
density was 1.5. 

A second method of measuring the meson fraction 
used the fact that protons of this momentum cannot 
produce a 6 ray of range greater than 2 cm, whereas a 
meson traversing the chamber has a readily calculable 
chance, (about 20%) of doing so. A count of 6 rays for 
a sample of 428 tracks yielded a meson fraction of 
0.60+-0.07. 

A third method, based upon the number of identified 
p-p elastic events (16) in a sample of 2000 tracks, 
gives a meson fraction of 0.50+0.08. 

Averaging these results gives a meson fraction of 
0.50. Although the muon contamination was not meas- 
ured, observations‘ of similar beams have found it to 
be about 8%. The pion fraction in this beam is therefore 
considered to be 0.46. 

The possible events of the type #++p— =++Kt 
were first selected by the requirement that they ke 
coplanar within 4° and that the production angles of 
the =*+ and K* be not clearly inconsistent with the 
reaction, assuming the pion momentum to be between 
1.05 and 1.25 Bev/c. Forty-one possible events were 
selected in this manner. 

These events were checked in detail for validity on 
the basis of their production angles. Since the pro- 
duction of 2+ and K* is a two-body process, all other 
kinematical quantities are determined by these two 
parameters. The track densities and curvatures of the 
secondary tracks, as well as the decay angle from the 
=*, were required to be consistent with the values 
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calculated from the production angles assuming the 
reaction x+-+ p — =++ Kt 

Of the events screened, seven satisfied all the above 
criteria for x++p— =*++Kt. In two of these, the K 
particle stops in the chamber and decays. These events 
are summarized in Table I. In six of the seven cases, 


the =* 


direction in the center-of-momentum system 
lies in the forward hemisphere. The average pion 
momentum is 1.15 Bev/c, in good agreement with the 
expected value. 

To determine the cross section for £*+-K* events, 
the efficiency of detection, as well as the number of 
spurious hydrogen-like events produced by interactions 
in carbon, must be evaluated. The chance of missing a 
=* decay because of too small a decay angle or too 
short primary track, is about 33%. Combining this 
chance with a measured scanning efficiency of 86%, 
yields an over-all detection efficiency of 58%. The 
estimated fraction of spurious events produced by 
carbon interactions is 11%. From these data, the 
calculated cross section, based upon the six events 
produced by pions through the thin window, is 0.08 
mb. In addition to statistical uncertainty in the cross 
section caused by the small number of observed events, 
there are estimated uncertainties of 15% in detection 
efficiency, 10% in flux, 15% in beam 
composition. 

This value for the cross section is lower than, but 
not inconsistent with the values found by others.*.® 


beam and 


APPENDIX 


The estimate of the number of spurious hydrogen- 
like 2-K production events due to carbon interactions 
was obtained by evaluating the following three inde- 
pendent factors. (1) Because of interactions as the pion 
beam passes through the carbon nucleus, the average 
pion flux seen by a proton within the nucleus is lower 
than that incident upon a proton outside the nucleus’ ; 
(2) There is a chance that either the K or the 2+ 
particle will interact within the carbon nucleus before 
it emerges; and (3) The Fermi momentum of a proton 
in carbon often produces a noncoplanar event or an 
apparent value for the incident pion momentum which 
is clearly untenable. 

The average pion flux inside the carbon nucleus was 
calculated to be 54% of the value incident upon the 
nucleus for a Gaussian distribution of nucleons and 
52% for a uniform distribution, assuming in each case 
an rms radius of 2.4 fermis. Since the actual nucleonic 
distribution seems to lie between these extremes,*® 53% 
appears to be an accurate value for this average flux. 

The average chance that both 2+ and K* particle 
emerge from the carbon nucleus without further inter- 


action was crudely estimated at 33%, assuming that 


7 The existence of this factor was pointed out to us by H. D 
Taft. As 
* J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 
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the >*-nucleon cross section is 45 mb and the K*- Multiplying these three attenuation factors by the 
nucleon cross section is 15 mb, and assuming each to ratio of carbon to hydrogen protons present in the 
travel one nuclear radius before emerging from the propane, one obtains the figure of 11% contamination 
carbon nucleus. by spurious events from the carbon. 
The effect of Fermi momentum of the carbon proton 

was evaluated by assuming that 80 Mev/c of transverse ACKNOWLEDGMENTS 

momentum would lead to a clearly noncoplanar inter- 
action, and that 100 Mev/c along the pion direction 
would lead to an apparent incident momentum that 
is clearly incorrect. Assuming the Gaussian distri- 
bution of proton momenta given by Cladis, Hess, and 
Moyer,’ one then finds that a carbon event has only a 


28 . chance of not being rejected because of its proton Mackey has assisted in analyzing the events. We are 
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Small-Angle Proton Scattering at 3 Bev* 
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The differential cross section for elastic scattering of 3-Bev protons has been measured with targets of 
hydrogen, carbon, copper, and lead over the angular range 0.5 to 4 degrees in the laboratory coordinate 
system. Within our limits of error, no evidence was found of Coulomb-nuclear interference with hydrogen, 
while with carbon there is indication of a rea] component of the nuclear scattering amplitude associated with 
a repulsive force. {t is inferred from the extrapolated nuclear scattering cross section at zero degrees that 
appreciable scattering results form spin dependent forces with hydrogen but not with carbon. A derived 
value of the rms radius for p-» scattering exceeds that found in electron-proton scattering by a factor v2. 


INTRODUCTION sections at various energies furnish the data from which 


HE purpose of this experiment was to measure the parameters of any assumed nuclear potential must 


directly the absolute values of some nuclear be calculated. 
differential elastic-scattering cross sections o,(@)' for In the Bev energy range, the Coulomb and nuclear 
protons of 3-Bev energy, particularly at small angles elastic scattering are of comparable magnitude at very 
where the Coulomb and nuclear elastic scattering are small angles ; these may be estimated crudely as follows. 
of comparable magnitude and the possibility exists of The point charge Coulomb scattering of protons at 
appreciable interference between the two. Since the small angles @ in the laboratory system is given approxi- 
Coulomb scattering amplitude is known, this gives mately by 
information about the real and imaginary components 
of the nuclear scattering. amplitude /,(@). At lower 
energies the effect is well known; for example, for 96- where Z is the nuclear charge, r,= 2.82 10~" cm, mc* 
Mev protons on C and Al there is considerable destruc- is the electron self-energy, and » and » are the mo- 
tive interference.? More generally, the differential cross ™entum and velocity of the incident proton in the 
oe laboratory system. The nuclear elastic scattering is 
* This research was supported by the Office of Naval Research mostly diffraction scattering resulting from absorption 
and by the U. S. Atomic Energy Commission. wrocesses, principally meson production. Hence the 
1 We use the following notation for various cross sections: i PS. By I . pan’ " my? et 
«,(@) for the nuclear elastic differential scattering, ¢c(@) for the forw ard scattering amplitude is approximately that due 
Coulomb point-charge differential as. o(@) for the total toa “black disk” of radius R cm: 
efiective elastic differential scattering, ¢, for the tota! nuclear 
elastic scattering, ¢, for the total nuclear absorption, and o,=¢, (Q) — B24 2/ 
+o, for the total nuclear cross section. o4(0) = th*R* cm?*/sr, (2) 


2G. Gerstein, J. Niederer, and K. Strauch, Phys. Rev. 108, : P ee 
427 (1957). where & is the propagation constant of the incident 


oc(0) =4Z"r,2(mc*/ pv)?/@ cm?*/sr, (1) 
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proton. At small angles the effect of a form factor will 
in any case be small. Equating o,(0¢) =¢,(0) and solvir 
for the angle 6¢ of equality, for protons of energy 3 Bev: 


6” =0.51Z'/A'tRo degrees, (3) 


et R= R.A! fermis, A being the atomic 
weight of the target nucleus. If we let Ro=1 for hydro- 
gen and 1.25 for heavier nuclei, 6¢=0.51, 0.44, 0.58, 
and 0.62 degree, respectively, for H, C, Cu, and Pb. 


uo 
1g 


where we have 


PREVIOUS WORK 


There have been relatively few measurements of o (6) 
for Bev protons, due partially to the experimental 
difficulties in working at the required small angles. 
Smith, McReynolds, and Snow® used an internal CH, 
target in the Brookhaven Cosmotron proton beam, at 
energies from 0.44 to 1.0 Bev. They detected protons 
by counters at the angle required for elastic p-p colli- 
sions and thus were able to measure o(@) for hydrogen 
Cork, Wenzel, and 
Causey‘ used a similar method at higher energies in the 
Berkeley Bevatron. By placing one of the counters 
inside the vacuum chamber, they were able to get to 


down to a minimum angle of 12°. 


smaller angles, but not down to the interference region. 
They measured o(@) at energies and minimum angles of 
2.24 Bev (5°), 4.40 Bev (3°), and 6.15 Bev (1.9°). 

Jatty and Goldsack® and Batty, Lock, and March® 
used a well collimated proton beam of 0.97-Bev energy 
from the Birmingham accelerator. The latter authors 
placed nuclear emulsions edgewise, one meter down- 
stream from a carbon target, and counted fast proton 
track density as a function of scattering angle. They 
were able to separate protons coming from the target 
from a larger background coming from the collimator 
by the track angles in the emulsions. They could not 
separate out high-energy inelastic protons, but these 
were expected to amount to only a few percent. They 
measured o(@) for carbon from 5° down to 14°, well into 
the Coulomb region, and fitted their results with an 
optical model calculation. The central potential term 
seemed to require a small negative real part. 


EXPERIMENTAL METHOD 
General 


At 3-Bev energy the scattering angles of interest have 
become so small that a narrow, well defined pencil beam 
of protons is required for adequate resolution. Inelasti- 
cally scattered protons (those which have created 
mesons) are also peaked rather strongly forward in the 
laboratory system and may have lost a relatively smail 


7L. W. Smith, A. W. McReynolds, 
1186 (1955) 

‘B. Cork, W 
859 (1957). 

'C. J. Batty and S. J 
A70, 165 (1957 

*C. J. Batty, W. O. Lock 
London) 73, 100 (1959 


and G. Snow, Phys. Rev. 97, 


\. Wenzel, and C. W. Causey, Jr., Phys. Rev. 107, 


Goldsack, Proc. Phys. So London 


Phys. Soc 


and P. V. March, Proc 
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desirable to have sufficient 


fraction of their energy 
eparate them from the elastic 
always a background of 


from defining apertures 


energy resolution to 
scattering. Finally, there 
high-energy particles 
and shields which must be eliminated 

Under these conditions, 


coming 


nuclear emulsions offer cer- 
tain advantages over counters as detectors in addition 
to economizing machine They were 
used in the present experiment in conjunction with an 
analyzing magnetic field. Figure 1(a) shows schemati- 
cally the principal features of the beam collimation and 
the target and magnet locations at the Brookhaven 
Cosmotron, which was the source of 3-Bev protons 
The so-called pencil beam issued from the vacuum 
chamber and passed through a ?-in. diameter hole in a 
1, 18 in. thick. The beam was 
horizontal 
24-in 
face was +2 in. from the beam axis; it threw a shadow 
such that protons from 
on the right side 


operat ing time. 


brass collimator block 
almost parallel in the 
diverging vertically. B was a 


plane and slightly 
steel block whose 


{ could not hit any shielding 
looking up stream) and be scattered 
plates at P. The beam next 
passed through the strong-focusing quadrupole pair SI 
and a bending magnet No. 1 which was used (at 


into the photographi 


very 
low field) to trim the beam position in the horizontal 
I 

plane. The hole in the main shield was enlarged on the 
right side so that the wall was shadowed by B. On the 
left was a 48-in. thick steel collimator block C with a 
}-in. lip 24 in. long. The target JT was 15 in. from C; 
94 in. beyond, the beam and scattered particles from 7 
No. 2 

the target region on an enlarged 
und poles 18 in. 


the beam passed parallel 


entered the vertical field of Magnet 

Figure 1(b) shows 
scale. Magnet No. 
X< 36 in. It was aligned so that 


2 had a 4in. gap 


to the 36-in. edge and 4 in. from it. A light-tight plate 


holder was built to fit in ar accurately reproducible 


Fic. 1. Experimental arrangement. (a) The pencil protor 
collimators, and analyzing magnet target region on an 
enlarged scale. A proton scatter t th rle 8 is bent by Magnet 
No. 2 so as to be incident on the plates at an angle g. Note: the 


beam, 


vertical scale Is er 
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position along the rear of the gap. It held 4 Ilford 2-in. 
<3-in. nuclear plates with 200-micron emulsions in- 
clined at exactly 5° to the horizontal (see Fig. 2). 
A proton scattered at an angle @, Fig. 1(b), is bent 
through an additional angle 8, inversely proportional 
to its momentum, by the magnetic field H of magnet 
No. 2. It strikes the inclined nuclear plates (in the 
median plane of the magnet) at an azimuth angle 
¢=6+8 relative to the beam and at a distance y from 
the beam axis. From the geometry, 


b= R(sing—sin@), 
y= a tan6+ R(cos#—cos¢), 


where a and 6 are, respectively, the distances from the 
target to the effective edge of the magnetic field, and 
from the field edge to the plates, measured along the 
beam axis. In scanning the plates, the impact angle ¢ 
and distance from the axis y are measured for each 
track; knowing a and 5 we can then compute the 
scattering angle @ and the radius of curvature R, and 
from R and the magnetic field H, the momentum /p of 
elementary particles of known mass, assumed to have 
come from the target. From the surface density of 
tracks and the inclination angle of the plate Ss we 
compute the scattered flux normal to the beam, as a 
function of @. 

The plate holder was adjusted laterally (parallel to 
the back face of the magnet) so that the deflected 
pencil beam just missed the edge cf the first of the 4 
inclined plates, which were accurately located by pins. 
The beam itself passed normally through a fifth plate, 
oriented vertically in the back of the holder to minimize 
scattering, so that a record was obtained of the exact 
average beam position during each run. 

The axis and cross section of the pencil beam were 
found by exposing x-ray films at various positions. The 
beam cross section at the down stream face of B, 
Fig. 1(a), was 2 in. high by ? in. wide. The SF magnet 


4 y 
/ /WMAGNET 








f 
PLATFORM 
Fic. 2. The plate holder (schematic) shown in position between 


the poles of the analyzing magnet. Not shown is the light-tight 
cover which fits over the plate holder. 
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Was adjusted to give tI 


1¢ best focus at the plate posi- 
tion P. Scattering along the path was very greatly 
.teduced by putting in two long, sausage-shaped poly- 
ethylene gas bags. One extended from the target up- 
stream about 35 feet and for reasons of safety was 


filled with helium; the block C was inside of this bag. 
The other, filled with hydrogen, extended from the 
target to the plate holder. Most of the beam at the 
plates fell within an ellipse with horizontal and vertical 
axes of 10 and 15 mm, respectively. 

Solid targets of carbon, copper, or lead were 1 in. 
wide and held in a frame which had been accurately 
located on the axis. The liquid hydrogen target was a 
thin copper box, 15§ in. in length along the beam and 
15 in. deep, insulated by Styrafoam, and having in all 
12 thin Mylar windows with a free aperture of 6 in. 
and a total thickness of 0.025 g/cm*. 


Beam Monitoring 


Our cross sections are based on the measurements at 
Brookhaven, with the same proton pencil beam, of the 
C!(p,pn)C" cross section by Cumming, Friedlander, 
and Swartz.’ Their method made use of a cylinder of 
scintillator plastic, an inch or more in diameter and 
one inch thick, exposed in the pencil beam at reduced 
intensity so that the absolute number of protons per 
pulse could be counted with a conventional scintillation 
teles« ope. The induced C"™ ac tivity was determined 
after the run in a low-level, high-efficiency counter de- 
veloped for the purpuse.’ Following calibration, the 
activation of similar plastic cylinders can be used as an 
absolute monitor at much higher intensities for which 
direct counting in the beam becomes impossible. 

In the present experiment, we employed a fast 
Cerenkov counter with an 8-inch aperture,’ located in 
the proton beam after it had passed through the 
analyzing magnet and subtending at the target a half- 
angle of about 1.4 degrees. In a separate five-minute 
cosmotron run, this was calibrated against a 3-in. 
diameter, one-inch thick cylinder of scintillator plastic 
placed in the beam in front of the Cerenkov counter 
and later counted for C"' activity.” The number of 
protons incident was thus determined to be 2.48X 10°, 
using a C'*(p,pn)C" cross section at 3.0 Bev of 29.2 mb, 
which includes an allowance for secondary particles 
produced in the thick plastic cylinder. The uncertainty 
in this cross section was estimated to be +5%.? 

During plate exposures, the output of an argon- 
filled ionization chamber was fed to an Esterline-Angus 
recorder'' and furnished a permanent record of pulse- 


7 J. B. Cumming, G. Friedlander, and C. E 
111, 1386 (1958) 

*j. B. Cumming and R. Hofiman, Brookhaven 
Laboratory Report BNL-3775 (unpublished 

* This counter was developed at Brookhaven by Dr. C. E. 
Swartz, who very kindly loaned it to us. 

We are indebted to Dr. Cumming for measuring this activity 

and for much helpful advice 

Dr. J. Kopp designed this monitor and operated it for us. 


Swartz, Phys. Rev. 
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Fic. 3. Histograms of the number of minimum ionizing tracks, in angular intervals Ag=5 minutes, vs ¢, the angle of 
incidence on the plate. Four examples are shown, for a liquid hydrogen target at different scattering angles #6. The background 
(empty liquid hydrogen container) is shown on the same scale. In the lower right is an energy scale for protons and # mesons, 
in degrees of » measured from the center of the elastically scattered peak. 


by-pulse variations in beam intensity as well as a check 
on the operation of the Cerenkov counter. 

Small corrections to the readings of the Cerenkov 
counter were required because of nuclear absorption 
and scattering in the targets; they totalled about 3% 
for the hydrogen and carbon targets and less than one 
percent for the others. Single and multiple Coulomb 
scattering corrections were negligible. 


Scanning 


The 2-in.X3-in., 200-micron Ilford G5 plates were 
processed at low temperature (4°C) in order to mini- 
mize distortions in the emulsion. They were examined 
with microscopes having precision stages designed for 
multiple Coulomb scattering measurements. The scan- 
ning was done in strips approximately parallel to the 
direction of incidence of elastically scattered protons 
defined by the angle ¢ of Fig. 1(b). Minimum ionizing 
tracks were located by scanning in depth and were 
traced back to their point of entry into the emulsion. 
If this point lay within the limits of the strip, the 
coordinates of 3 points at 500-micron intervals along 
the track were measured with a micrometer eyepiece. 
Relative values of the incidence angle ¢ for each track 
could thus be measured with an accuracy better than 
+0.1 degree; the uncertainty in the absolute values 


was somewhat larger due to errors in the positioning of 
the plates in the plate holder, beam alignment, etc. 
Tracks whose dip angle in the emulsion lay outside 
acceptable limits were rejected, although these were 
uncommon. 

Selected areas at intervals along the center line of 
the plates [in the direction y, Fig. 1(b) ] were scanned 
in order to measure the track density as a function of 
scattering angle 6. The area required to obtain 100 
tracks of elastically scattered protons never amounted 
to more than 10 mm’. 


EXPERIMENTAL RESULTS 


Three sets of exposures were made at the Brookhaven 
cosmotron. The first nature of a trial to 
determine exposures feasibility. The second re- 
sulted in satisfactory plates for C and Cu targets; the 
hydrogen exposures had a large unexplained background 
and our beam monitor failed to function. While waiting 
for another run, the C and Cu plates were scanned and 
values of relative differential cross sections obtained. 
A third run was almost completely successful, with 
targets of H, C, Cu, and Pb. The plates for C and Cu 
were scanned at 3 scattering 


was in the 


and 


angles and these absolute 
cross sections used to normalize the more extended 


results obtained previously. 
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Hydrogen 


The target contained 2.82 g/cm? of liquid hydrogen 
(density 0.071 g/cm"). Figure 3 shows histograms, at 
several values of the scattering angle 0, of the number 
of minimum ionizing tracks per 5 minute interval 
in ¢ vs ¢, the angle of incidence on the plate. The 
latter, from Eq. (1), is related to the momentum # of 
a charged particle by g=0@+A/p for smal! angles, 
where A is a constant. The relation between ¢ and the 
kinetic energy of protons and # mesons is shown by 
the scale at the lower right of Fig. 3. 

The peak corresponding to elastically scattered pro- 
tons is readily apparent. At small scattering angles, 
about half the tracks fall within an angular interval! 
A¢g=10 minutes, corresponding to AE=100 Mev for 
3-Bev protons. The greater width of the elastic peak at 
6=4.15° is due to the angle subtended off-axis by the 
40 cm length of the liquid hydrogen target. 

The background from the empty hydrogen target is 
also shown in Fig. 3. It amounts to a maximum of about 
15%, within the angular limits which comprise the 
elastic peak, at small scattering angles. It becomes 
almost negligible at larger angles. 

Tracks at angles greater than those within the 
elastic peak correspond to protons of energy less than 
3.0 Bev. The large peak in the histogram for 6=0.61°, 
centered at ¢= 8°40’, is of spurious origin."* For @>1°, 
most of these lower energy protons result from inelastic 
processes in hydrogen, as is shown by their absence in 
the background exposure. A] forward-directed proton 
which has produced one # meson has a maximum 
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Fic. 4. The differential cross section o,(@) for elastic proton- 
proton scattering at 3 Bev, from the present experiment. Solid 
and open points represent data from two independent runs. The 
solid curve is a plot of Eq. (6) with a forward scattering amplitude 
o,(0)=0.54 barn/sr and a Gaussian form factor with radial 
parameter. a=0.86 fermi. 


energy of about 2.85 Bev. In the histogram for @= 1.82° 
of Fig. 3, tracks having values of ¢ from 9°20’ to 11° 
correspond roughly to proton energies of 2.8 to 2.0 Bev. 
The separation of elastic and inelastic scatterings is 
thus nearly complete except at the largest scattering 
angles. 

The differential scattering cross sections o(6) for 
hydrogen computed from our data are listed in 
Table I(a) and plotted in Fig. 4. Results from two 
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Fic. 5. Differential cross sections 
for carbon. The circled points were 
absolute measurements, to which the 
remaining points were normalized. 
The smooth curve is drawn from 
Eq. (6) using ¢,=35.9 barns/sr and a 
Gaussian form factor with the param- 
eter a= 2.2 fermis. 
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It is due to 3.0-Bev protons from the fringes of the pencil beam which have passed through the 24-in. thick “lip” of the 
collimator [block C in Fig. 1(b)] and have thereby lost about 700-Mev energy. At angles @>1° these protons are effectively 


cut off by the remainder of the collimator. 
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Fic. 6. The differential cross section for copper. The circled 
points were absolute measurements to which the remaining points 
were normalized. The curve is drawn from Eq. (6) 
using o,(0)=335 barns/sr and a Bessel function form factor 


F =2J,(x)/x, with kR#, R=4.43 fermis 


smooth 


separate runs, Exposures No. 3 and No. 3A, are in good 
agreement. 


Carbon 


The target contained 4.70 g/cm? of carbon. The data 
I(b) and plotted in Fig. 5. The 
three points of Exposure No. 5 (open circles in Fig. 5) 


are given in Tabl 


are absolute cross sections based on the third run. The 
remaining points represent relative cross sections from 
the second run, normalized to a curve determined by 


the 3 absolute values.” 


Copper and Lead 


1.44 g/cm? 
and that of the lead 0.602 g/cm*. The cross sections 
lable I(c) and I(d) and plotted in Figs. 6 
and 7. As in the case of carbon, relative cross sections 
for copper obtained in an early run were normalized to 
3 angles obtained in the third 
the data for lead represent absolute 
The circled and uncircled points in 


The thickness of the copper target was 
PI 


are given in 


the absolute values at 
experiment. All 
measurements 


Fig. 7 represent data from two different 


No. 8 and No. a 


leat? 
latter 


exposures, 
respectively, the former 8.2 times as 
intense as the in order to get a higher track 


density at large scattering angles. The disagreement at 


the two angles measured on both exposures is unex- 


plained; it is probably due to systematic scanning 


error.'* 


’ The actual norma 
a method described | 
‘ This set of plates difficult to scan because of 

the relatively high backgrour In order to keep multipk 

tering the same in t f carbon and lead, the 


number of 
atoms of lead/cm? must about 0.7% of the number of carbon 
atoms 


ation was most accurately accomplished 
b th llowing section 
scat 
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DERIVATION OF PARAMETERS 


these data three 


forward nuclear 


We derive from 
consequence: the 


parameters of 
elastic scattering 
of the real part of 
root-mean-square 
method follows 


cross section, o,(0); the magnituds 


the scattering amplitude f,, and the 
radius of intera sethe.'® 
It is assumed that the same form factor F(k) describes 
the angular distribution of both nuclear and Coulomb 
scattering. Here &@ is the (invariant) 
transfer, & the propagation constant and @ the scattering 
angle, both in the laboratory system. If the experi- 
mental cross sections are divided by the proper F?(k8), 
they will describe the scattering from a point nucleus." 
Thus in the simplest case, wher 


tion, fm. The 


momentum 


there is no interference 


between nuclear and Coulomb scattering, we may write 
{) . 72 k@ (6) 


For values of the form factor which are not too small, 


} 


a Gaussian approximation will be 
sufficiently accurate, 


convenient and 

(7) 

as given by Eq. (7 a is related 
to the rms radius r,, by I 

(8) 

If Eqs. (6) and (7 


function 


a plot of the 


(9) 


ndent of @ and 


would show a 
numerically eq 
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Hydrogen 


In Fig. 8(a) we have plotted the values of o(@) for 
hydrogen, taken from Table I, after dividing by F*(40) 
from Eq. (7) and subtracting o.(@) from Eq. (1). We 
have tried to adjust the parameter a so that the points 
lie on a horizontal line, y=const. The line drawn is 
a least-squares fit. The datum points, each based on 100 
measured tracks and having therefore (except for the 
two at smallest angles) a statistical standard deviation 
of 10%, have together an rms deviation from the 
straight line of about the same magnitude and show n« 
obvious trend. We may make three observations: 

(a) The value found for the radius parameter a= 0.86 
(in fermi units, 10-" cm) is determined principally by 
the 4 experimental points at 623.2°; it would have 
been desirable to have had data at wider angles. The 
process of adjustment is sufficiently objective so that 
values of a differing by +10% from that given above 
can be excluded as most unlikely; the standard devi- 
ation from this cause may be half as great. No further 


TasLe I. Experimental differential elastic scattering cross 
sections o(@) in barns/sr at the laboratory scattering angle @ 
degrees. The errors given are statistical standard deviations based 
only on the number of tracks counted. The cross sections of 
Exp. No. E-8 have been normalized to the absolute measurements 
of =. No. 5, those of Exp. No. E-9 to the absolute values of 
Exp. No. 6. 


Exp. No. 6 


0.50 
0.61 
0.68 
0.88 
1.08 
1.42 
1.82 
1.91 
2.30 


1.60+0.18 3 
0.89+0.10 3 
0.82+0.10 3 
0.66+0.08 3 
0.61+0.07 3A 
0.49+0.06 3A 
0.58+4-0.06 3A 
0.42+0.05 3A 
0.39+0.04 3A 


0.32+0.03 
0.35+0.04 
0.30+0.03 
0.28+-0.03 
0.66+0.08 
0.53+0.06 
0.44+-0.05 
0.45+0.05 
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Fic. 8. Differential cross sections for (a) hydrogen and (b) car- 
bon after dividing by a Gaussian form factor and then subtracting 
the calculated Coulomb cross section, ac(@). 


uncertainty is introduced by error in the absolute cross 
section. However, a is subject to any (unknown) 
systematic errors in the cross-section measurements 
which are a function of the scattering angle. 

(b) The value o,(0)=0.54 barn/sr found for the 
forward scattering cross section is virtually independent 
of the value chosen for a. We can assign to it a statistical 
standard deviation of +3%, to which must be added 
the uncertainty in the monitor calibration of at least 
5%, giving a total of about +6%. This contains no 
allowance for systematic errors. 


Carbon 


For carbon, as in the treatment of the hydrogen 
data, the parameter a of a Gaussian form factor was 
adjusted to remove the angular dependence of the 
scattering cross sections. First a was determined from 
the 3 absolute cross sections, Exposure No. 5 of Table 
1(b). The results are plotted as open circles in Fig. 8(b). 
The remaining (relative) cross sections were all multi- 
plied by a suitable normalizing constant so that, after 
dividing by the already-determined form factor and 
subtracting the calculated o¢,(@), they lay on the best 
horizontal line through the absolute points. 

a) The value found above, a= 2.2 fermis, is probably 
uncertain to +10°%, considering the arbitrariness in its 
derivation from the primary data. At 6=3.36° the form 
factor is already small: F?=0.044. It is not surprising 
that the Gaussian function should fail at still larger 
angles and such points were ignored in adjusting a. 

(b) The value o,(0)=36 barns/sr is principally de- 
termined by the single absolute datum point at 1°; it 
should be given a statistical standard deviation slightly 
greater than 10%. (But see below, Note added in proof.) 


Copper 
The copper data were treated similarly to those of 
carbon and the results are shown in Fig. 9(a). Since 
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Fic. 9. Differential cross sections for (a) copper and (b) lead, 
after dividing by an adjusted form factor (see text) and sub- 
tracting the calculated Coulomb scattering. 


there is evidence (Fig. 6) of a secondary scattering peak 
at about the position expected from a “black disk” 
diffraction formula, we tried in this case a form factor 
F(k0)=2J,(x)/x, where x=kRO and J;(x) is a first 
order Bessel’function, instead of a’Gaussian. The radius 
parameter R was adjusted for the 3 circled points in 
Fig. 9(a), derived from absolute cross sections, and 
then used for the relative data after normalization. 

(a) With R=4.43 fermis, the three absolute points 
lie in a better-than-should-be-expected fashion on a 
horizontal line. At 6= 2°, the form factor F?=0.05; it 
naturally fails beyond. However, a Gaussian with 
a=3.7 fermis gives almost equally good results. The 
statistical uncertainty appears to be somewhat less 
than in the case of carbon. 

(b) The Bessel function form factor of Fig. 9(a) 
gives o,(0)=335 barns/sr, the Gaussian o,(0)=430 
barns/sr. This considerable difference must engender 
caution. In the case of hydrogen, any reasonable form 
factor is nearly unity at the measured small-angle 
points which largely determine o,(0). For a heavy 
nucleus like copper, however, this is not so. If the 
experimental point at 2° is used to adjust the radius 
parameter, there is a substantial difference between the 
Bessel and Gaussian functions at 1°. 


Lead 


The lead cross sections from Table I(d) Exposure 7, 
are plotted in Fig. 9(b) after division by an adjusted 
Gaussian form factor and subtracting the Coulomb 
term. 

(a) The value obtained for the radial parameter is 
a=5.15 fermis. Values of a 10% higher or lower give 
noticeably poorer fits. 

(b) From Fig. 9(b), o.(0)=2600 barns/sr. This, 
however, is very sensitive to the value chosen for a; 
the uncertainty is at least +500 barns/sr. 
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DISCUSSION 


Coulomb Interference 


Following Bethe’s treatment, as applied by him to 
the scattering of 310-Mev protons from carbon," we 
write for the differential cross section for unpolarized 
elastic scattering from a point nucleus: 


o(6)/F? (8) = | 9e+9n|?=| got (gnatignse**|? 


=go'+ gar t+gnr’+2¢c(gar Sin2n+gnr CoS2n), (10) 


where gc and g, are the complex Coulomb and spin- 
independent nuclear scattering amplitudes, respectively ; 
£c, Zar, and gq are real quantities which are taken as 
positive for attractive central potentials, and 2n is the 
average difference between the Coulomb phase shifts 
applicable to the Coulomb and nuclear scattering. Both 
interference terms are destructive as long as the real 
nuclear central potential is attractive, i.e., gg>0. 
Bethe gives a method for averaging the phase-shift 
difference over the nuclear volume and derives: 


n=[Ze?/hv | ln(0/8), (11) 


which goes to zero at the angle % given by 


69= 1.06/ka radians, (12) 
where a is the radial parameter of the (assumed) 
Gaussian distribution of the nuclear potential. 

For 310-Mev protons on carbon, Bethe found thar 
gnrKgnr- On the assumption that this is still true at 
3 Bev, we have tried to estimate the various terms in 
Eq. (10), with the results shown in Table II. We have 


Taste II. Calculated values of the terms in Eq. (10). The radius 
parameter a is in fermis, the scattering angle @ in degrees, the 
phase difference 2y in radians. The numbers in the last four 
columns are cross sections in barns/sr. The negative sign is by 
convention associated with a repulsive force, in this case g, 


Hydroger 
0.54 1.04 0.045 
0.54 0.47 0.028 
0.54 0.30 0.021 
0.54 0.167 0.014 
0.54 0.108 0.011 
0.54 0.047 0.006 


0.030 
0.027 
0.026 
0.024 
0.022 
0.019 


0.106 
0.090 
0.074 
0.050 
0.032 


0.204 
0.133 
0 


Lead 
0.24 2600 7070 
0.025 2000 3360 
0.0 2600 435 





SMALL-ANGLE PROTON 
used our experimental! values of @ in Eqs. (11) and (12) 
to calculate the phase difference angle 29. In the 
absence of interference, or in any case at larger angles 
where the calculated value of ¢c(@)=gc¢? is small, the 
quantity y=o(@)/F?(0)—oc(0)~gar?. We can then esti- 
mate the two interference terms, the first of which 
occurs even if the nuclear scattering amplitude is purely 
imaginary, the second only if it has a real component. 
Interference should show up in the plots of Figs. 8 
and 9 by departure of the plotted points at small angles 
from the line y=const. 

In the case of hydrogen, the predicted values in 
Table II of the “imaginary” interference term are too 
small to show up in Fig. 8(a), due to the statistical 
errors in our data. However, we can probably exclude 
the presence of a “real’’ term of a magnitude given by a 
value of gnr20.1g,7. (This conclusion does not depend 
on an accurate evaluation of the phase shift, as long as 
the latter remains small.) 

With carbon, Fig. 8(b), the small angle points appear 
to be significantly high. The predicted “imaginary” 
interference term in Table II would lower the cross 
section ; an increase would result from the second inter- 
ference term if gar were negative, indicating the 
presence of a repulsive nuclear potential.’™* 

For copper, Fig. 9(a), there is no indication of inter- 
ference. Table II predicts a lowering of the cross 
section at 0.53° of nearly 200 barns/sr due to the first 
interference term. In the case of lead, Fig. 9(b), the 
calculated value of y for the point at 0.50° (not shown, 
because it is off scale) is 600+1600 barns/sr. While not 
inconsistent with the large destructive interference pre- 
dicted in Table II, this result is not significant because 
of the large statistical error. 

At angles for which oc(6) >¢,(0), the relative statis- 


Taste IIT. Calculated values of: (1) 7... = (3/2)a fermis, the rms 
nuclear radius calculated from values of the parameter a derived 
in the — experiment. The value for copper, in parentheses, 
is a “black disk” radius. (2) r, is the rms nuclear radius derived 
from electron scattering experiments. (3) ¢,(0) is the nuclear 
elastic forward scattering cross section, in barns/sr, derived from 
the present experiment. (4) The values of [ (&/44)o; F, in barns/sr, 
are calculated from interpolated values of the total cross section 
taken from Figs. 10 and 11 


[ (R/ 4x We F 
0.44 
33 
366 


360 
17530 





@,(0) Form factor 
0.54 
36 
430 
335 
2600 


Gaussian 
Gaussian 
Gaussian 
Black disk 
Gaussian 


103, 1454 
666 (1959) 


Chambers and R. Hofstadter, Phys. Rev 
Ehrenberg et al.. Phys. Rev. 113 

© R. Hotetadter, Annual Renew of Nuclear Science (Annual Reviews, Inc., 
Palo Alto, 1959), Vol. 7, p. 231. 


*E.E 
> H. F. 


1956 


1% Note added in proof. —This conclusion has been confirmed by 
recent data; we have measured absolute cross sections for carbon 
at eight additional angles down to 0.45°. Disregarding the data 
of Exp. E-8, Table I, which were not absolute, the results can be 
described by Eq. (10) with »=0, g,72=30 barns, ¢.”°=3 barns, 
o,(0°)=33 barns. Thus [gaz|=0.3\g.;| and has the 
sign as gc 
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Fic. 10. Total cross sections: C, Cu, and Pb. At 0.86 Bev: 
F. F. Chen, C. P. Leavitt, and A. M. Shapiro, Phys. Rev. 103, 
211 (1956), o; and ¢, for protons. At 0.99 Bev: N. E. Booth, 
B. Ledley, D. Walker, and D. H. White, Proc. Phys. Soc. (London) 
A70, 209 (1957), o. and o; for protons. At 1.4 Bev: T. Coor, D. A. 
Hill, W. F. Hornyak, L. W. Smith, and G. Snow, Phys. Rev. 98, 
1369 (1955) o; and o, for neutrons. At 4.5 Bev: J. H. Atkinson, 
W. N. Hess, V. Perez-Mendez, R. W. Wallace. o; and o, for 
neutrons. The crosses at 3.0 Bev are the values of o, computed 
from the relation o,= (4r/k)[o,(0°) } using values of the forward 
scattering amplitude ¢,(0) from the present experiment. 


tical error in y=[o(0)/F? |—oc(@) becomes unmanage- 
ably great. For heavier elements, the form factor F 
introduces further uncertainty. Even were our experi- 
mental accuracy considerably increased, an analysis of 
the type we have attempted is clearly inadequate to 
determine independently so many parameters. 


Forward Scattering Cross Section 


In Table III we have compared our values of o,(0), 
the nuclear forward scattering cross section, with calcu- 
lated values of [ (k/4r)o, }*. From the optical theorem, 
these should be equal if 7(0°)=g,,’, i.e., if the nuclear 
scattering amplitude is purely imaginary. We have used 
for a, values interpolated between recent total cross- 
section measurements. For hydrogen we interpolate 
from the results of Longo ef al.” a o,=42.940.5 mb. 
For C, Cu, and Pb we use interpolated values from 
Fig. 10. 

In the case of hydrogen, o,(0)—[(k/4r)o, ? =0.10 
+0.05 barn/sr, if we take ¢,=0.043 barn. Since we have 
shown it unlikely that g.”720.01g,;’, the explanation 
for this cannot be the existence of a sizeable real term 
in the scattering amplitude. The principal uncertainty 
in our result is the monitor calibration based on the 
C" (p,pm) cross section; the good agreement for carbon 
shown in Table III between o,(0) and [(k/4x)o.? 
gives confidence in the values we have used. The differ- 
ence would disappear if o, has the value 0.048 barn at 


7M. J. Longo, J. A. Helland, W. N. Hess, B. J. Moyer, and 
V. Perez-Mendez, Phys. Rev. Letters 3, 568 (1959). 
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3 Bev, but this is well above direct measurements. These 
considerations indicate that the excess scattering arises 
from a term, neglected in Eq. (10), which is present in 
p-p scattering but absent in the scattering from nuclei. 
It may come from a spin-dependent force. 

In a recent measurement of p-p scattering at 8.5 Bev 
in emulsions,'® the 


forward cross section was found to 


be at least twice that predicted from a purely imaginary 
central potential. However, no measurements were 
attempted in the region of Coulomb interference so that 
a real term cannot be excluded at this energy 


As stated above 


within our limits 


for carbon o,(0) equals [ k/4ar)o: 
of accuracy. For copper and lead, the 
choice of form factor introduces an additional error into 


our determination of o,(0) and the disagreement is not 


significant. 
Nuclear Radius 


In Table III we compare the rms nuclear radius r,, 
deduced from our data with the corresponding quantity 
For hydrogen, 
0.77+0.05 fermi is widely interpreted as 
being the radius of a pion cloud surrounding a “‘bare”’ 
proton. 

Pion 
Blohincev, 


r, found in electron-nuclear scattering 
the value r, 


proton scattering has been analyzed by 
JaraSenkov and GriSin,” who find a root- 
mean-square radius 0.82-++-0.06X 10~" cm. It is tempting 
to assume that the pion proton interaction proceeds 
entirely by a strong short range pion-pion interaction, 
which would give automatic agreement between the 
pion scattering and the electron scattering radii. 

Other p-p scattering data, in the Bev energy region 
and at wider angles, have been analyzed by Cork 

* Chen Pu-in, V. B. Lubimov, P. K. Markov, M. G. Shafranova, 
and E. N. Tzganov, Document No. P-339, Joint Institute for 
Nuclear Research, Dubna, 1959 (unpublished 

’ D. I. Blohincev, V. S. BaraSenkov, and V. G 
cimento 9, 249 (1958 
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Wenzel, and Causey.‘ The result wide angles are 
of course model dependent nd it is not possible to 
Their various 
ng from 0.9 to 1.0 fermi, 
all larger than the electron scatteru 


obtain a unique value for the rms radius 
models gave proton radii rang 
g value. If one again 
envisages a strong pion-pi interaction, the nucleon- 
the radius 
1.09+0.07 


Nucleon- 


nucleon interaction radiu ymes V2 time 
of the individual 


fermis, in agreement wit! ue of rm. 


DIOI < rr about 


nucleon and pion-nucleon g data have recently 
reviewed by Veksler ho « similar 
conclusions. 

For other nu 
radius for 


been omes to 


el, W | Ln ne 


me an-square 
protot increased by 


about (0.77 ferm yn scattering value. 


For carbon this predicts ar ius of 2.5 fermis; 
our value in Table III is somewhat larger. Perhaps 
effect already enters, rendering the 
vy nuclei. The differ- 
; 


ence is increasingly evident in the 


some opacity 
approximation inadequate for he: 
comparison of fr», 
and r, for copper and lead 
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Further Search for the Decay y* — e*+-+* 


S. Franke, V. Hacoptan, J. HALPERN, anp A. L. WHETSTONE 
University of Pennsylvania, Philadelphia, Pennsylvania 


(Received November 4, 1959) 


A new experiment for determining the upper limit for the branching ratio R of the process w* — e*+-7 


relative to the normal decay mode w* — e*+»+7 


confidence level 


EVERAL reports have recently appeared'* de- 

scribing experiments for determining the upper 
limit for the branching ratio R of the process ut — e*+y 
relative to the normal decay mode y* — e*+¥+ ¢. The 
most accurate of these,’ finding the branching ratio to 
be less than 2 10~* with a 90% confidence level, was 
limited equally by accidental counting between un- 
correlated particles and from real counts originating 
from the radiative muon decay, p— e+v+i+7¥. The 
experiment herein reported was designed to eliminate 
interference from the radiative decay in an attempt to 
increase the sensitivity of the experiment for detecting 
the decay into a 53-Mev electron and a 53-Mev gamma 
ray. 

Our approach differed from those of previous experi- 
menters in that we chose to use large sodium iodide 
crystals to detect y rays and electrons in the 53-Mev 
region. The superior resolution of Nal crystals for high- 
energy gamma rays allowed us to discriminate against 
lower energy electron-gamma coincidences from the 
e+v+i+y7 decay without an appreciable loss in 
efficiency for detecting coincidences at 53 Mev. Calcu- 
lations of the coincidence rates for the e+v+i+y¥ 
process expected for our geometry and energy resolution 
from the work of Fronsdal and Uberall‘ indicated that 
this source of error would be a few orders of magnitude 
smaller than in previous experiments. 

Although the phosphor lifetime of Tl activated 
sodium. iodide crystals is long (0.25usec) the large light 
output at 53 Mev enabled us to obtain resolving times 
of 3mysec full width at half maximum with 100% 
counting efficiency. 

The essentials of the experimental arrangement ar 
sketched in Fig. 1. A beam of 250 Mev/c x* mesons, 
produced by the external beam of the Lawrence Radi- 
ation Laboratory synchrocyclotron and focused to a 
cross section 4 in. 1 in., was slowed by passage through 
10} in. of carbon and brought to rest in a 2 in. lengt! 
of plastic 2 cm high and 4 in. wide. Cl and C2 were 
plastic scintillators and C3 and C4 were Nal crystals, 


* Supported by the U. S. Atomic Energy Commission. 

'H. F. Davis, A. Roberts, and T. F. Zipf, Phys. Rev. Letters 
2, 211 (1959). 

*T. W. O'Keefe, M. Rigby, and J. R. Wormald, Prox 
Soc. (London) 73, 951 (1959) 


Phys 


*D. Berley, J. Lee, and M. Bardon, Phys. Rev. Letters 2, 357 


(1959). 
*C. Fronsdal and H. Uberall, Phys. Rev. 113, 654 (1959) 


yields a value of R of less than 1.2 10~* wit 


a 90% 


4} in. in diameter and 6 in. in length, for registering the 
energies of the 53-Mev electrons and the cvincident 
53-Mev gamma rays expected from the desired events. 
Fast coincidence circuit No. 1 indicated in the 
electronic block diagram of Fig. 2 gave the count rate 
of C3, C4, C1, C2. This condition was satisfied by the 
passage of an electron of any energy, resulting from 
the secondary yw decay, through C1 and into C3 in 
coincidence with a photon which skipped C2 and was 
detected in C4. Fast coincidence circuit No. 2 counted 
electrons in C4 and photons in C3, while fast coinci- 
dence circuit No. 3 was a duplication of No. 2 but with 
the pulse from C3 delayed by 8mysec to give a measure 
of the chance coincidence rate. In practice circuits 2 
and 3 were alternately placed out of time alignment. 
To insure long time stability the coincidence circuits 
were operated with a resolving time of Smysec at 100% 
counting efficiency. Their triggers were gated on and off 
with the cyclotron radiofrequency of 18 megacycles 
second at a 50% duty cycle and were also off between 
the 300usec long beam pulse of the machine. The rf 
gating was such that the circuits were off during the 
time that beam arrived at the target thus 
preventing the detection of photons from neutral pions 
produced in the target by charge exchange. The gating 
also eliminated a large fraction of the background 
produced by fast neutrons and was essentia: to the use 


the 


of such large crystals near the cyclotron in our 
experiment. 


The energies of the electrons and photons were 


176° 
Aiyminum 


Fic. 1. Experimer ta 
arrangement 
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determined by integration and amplification of the 
pulse from dynode 5 of the photomultipliers viewing 
the Nal scintillators. Two single channel discriminators 
with a 20% window selected those events with energies 
of 53 Mev from the 2 crystals. The discriminator 
outputs were placed in slow coincidence and the 
resulting output applied to the coincidence circuits 1, 
2, and 3. Scalers 4, 5, and 6 then counted events which 
were in fast coincidence and of the correct energies. 

Scalers 7, 8, 10, and 11 monitored the number of 
decaying muons, denoted by m. The number then, of 
those beta rays from the uw spectrum, u — e+v-+ 3, that 
would fall in the energy channel is given by 


Ng= nafSdQ, 


where dQ is the solid angle of the detectors, a that 
fraction of the spectrum of appropriate energy, and 8 
the photofraction for the detection of 53-Mev electrons 
in the Nal. The number of 53-Mev electrons detected 
that proceed through the mode u — e+7 is 


V.=nRBdQ, 
and the number in coincidence with the 53-Mev photon 


Ne=N Bg, 


where the photofraction for a 53-Mev electron is 
assumed roughly equal to that of a 53-Mev photon 
and g is the coincidence efficiency (assumed unity for a 
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point source). R then becomes 


Although a and 6 can be separately calculated from the 


shape of the muon beta spectrum and the properties of 
the Nal, the product 


Nz No. in channel 
aB = 


nd2Q total No. counted 


are experimentally determined. The agreement is 
excellent. Our values for a, 8, and g are 0.35, 0.4, and 
0.8, respectively. 

The experiment was carried out over a two week 
period with a total of Ng=9X 10° counts. When the 88 
counts N,, from the misaligned coincidence circuits 
were subtracted from the 78 aligned counts, the result 
was — 10+ 16 events. This yielded a value for R of less 
than 1.2X10~ with a confidence level of 90%. 

We should like to thank Professor Robert Thornton 
for extending to us the hospitality of Lawrence Radi- 
ation Laboratory. We should also like to express our 
appreciation to Professor Kenneth Crowe, Professor 
Owen Chamberlain, and Mr. James Vale without whose 
sympathetic assistance the experiment could not have 
been done. 
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Evidence for a Forbush Type of Decrease in the Intensity of Heavy 
Nuclei of the Primary Cosmic Radiation 


S. Biswas,® P. J. Lavakare,? K. A. NEELAKANTAN, AND P. G. SHUKLA 
Tata Institute of Fundamental Research, Bombay, India 
(Received November 13, 1959) 


In an emulsion stack flown on March 13, 1956 from Iowa, the flux of heavy nuclei with Z>6 in the 
primary cosmic radiation was measured as 15.8+ 1.0 and 3.7+0.6 particles/m* sec sr for particles of kinetic 
energy >0.23 and > 1.55 Bev/nucleon, respectively. The measured flux of energy > 1.55 Bev/nucleon was 
57+11% lower than the normal flux. It is shown that almost the entire part of the reduction must be 
attributed to a large Forbush decrease of the cosmic radiation that occurred at the same time. The exponent 
of the integral energy spectrum of heavy nuclei (Z>6) was measured as 1.78+-0.24 in the energy interval 
0.23 to 9 Bev/nucleon. As this value is not significantly different from its normally measured value, it 
appears that the large reduction in the primary fiux was not accompanied by any significant change in the 


energy spectrum. 


E have recently measured the energy spectrum 

of the heavy nuclei (Z > 6) of the primary cosmic 
radiation, in the energy range 0.23 to 9 Bev/nucleon, 
using a stack of emulsions which was flown from Iowa 
on March 13, 1956. In our experiment, 206 particles of 
charge Z26 were obtained. Energy measurements in 
most of the cases were made by the “knock-on electron 
method”; in this method the energies and angles of 
emission are measured of electrons knocked out by the 
primary particle in elastic collisions along its trajectory ; 
from the kinematics of elastic collisions the energy of 
the primary particle is then derived. Details of this 
experiment are published elsewhere.' The exponents of 
the integral energy spectra of the M (6<Z<9) and 
H (Z2 10) groups of nuclei were obtained as 1.65+-0.27 
and 1.82+0.59, respectively, and for the S nuclei 
(Z>6) as 1.78-+0.24. 

The vertical flux of primary S nuclei as obtained in 
our experiment is shown in Table I; three different 
values are shown, corresponding to particles with 
energies 2230 Mev/nucleon, 2550 Mev/nucleon and 
21.55 Bev/nucleon. About 60% of the total area of 
223 cm? was rescanned and the scanning efficiency for 
these particles found to be 95%. The flux of S nuclei 
of energy 21.55 Bev/nucleon obtained by this experi- 
ment may be compared with the values obtained by 
the following two experiments: 


1. Waddington’ has measured the flux of primary 
S nuclei of energy 21.5540.05 Bev/nucleon at 
\=46°N, using emulsions exposed on a balloon flight 
over Northern Italy on September 14, 1954. 

2. The flux of primary S nuclei of energy 2 1.5+0.1 
Bev/nucleon (which is the experimentally deduced’ 
geomagnetic cutoff energy over Texas, \=41°N) was 


* Now at the University of Minnesota, Minneapolis, Minnesota. 

+ Now at the University of Rochester, Rochester, New York. 

1S. Biswas, P. J. Lavakare, K. A. Neelakantan, and P. G. 
Shukla, Nuovo cimento (to be published). 

c<. d Waddington, Phil. Mag. 2, 1059 (1957). 

* Pp. S. Freier, E. P. Ney, and C. J. Waddington, Phys. Rev. 114, 
365 (1959). 


measured by Appa Rao ef al.‘ using emulsions exposed 
on a balloon flight from Texas on February 6, 1956. 


The flux values obtained in these two experiments are 
also shown in Table I. Absorption mean free paths of 
33 g/cm? and 29 g/cm? have been used for the M and H 
groups of nuclei, respectively, to obtain the flux values 
at the top of the atmosphere in the present experiment 
and that of Appa Rao ef al., so that a strict comparison 
can be made with the experiment of Waddington, 
wherein these values have been employed. It may be 
seen from Table I that: 


(a) There is no significant difference in the values of 
flux for September 14, 1954 (Waddington) and Febru- 
ary 6, 1956 (Appa Rao ef al.). This indicates that long 
term variations (normally due to the 11-year solar 
cycle), in the flux of S nuclei were absent or small 
between 1954 and 1956. 

(b) On the other hand, there is a reduction of 
57411% and 59+11% in the flux of S nuclei on 
March 13, 1956 (this experiment) compared to that on 


Tasxe I. Flux values of S nuclei (Z 26). 





Flux of S-Nuclei (in particles/m* 
sec sr) of energy 

> 0.23 >0.55 > 1.55 

Bev/n Bev/n /n 


Author and date 
of flight 


Present work ‘ 
(March 13, 1956) 15.8+1.0 12.141. 3.7+0.6 
Appa Rao ef al.‘ 
(February 6, 1956) 9.140.7* 
Waddington? 
(September 14, 1954) 8.640.6" 
Kaplon e¢ al.’ 
(September 24, 1950) 


15.8416 





* Flax calculated from tracks with zenith angle < 30°. 

* The author has used tracks up to 60°. According to agnetic 
theory,® at } «46°, the cutoff evergy, averaged over all azimuths, increases 
for particles with zenith angle >45°. 


*M. V. K. Appa Rao, S. Biswas, R. R. Daniel, K. A. Neela- 
kantan, and B. Peters, Phys. Rev. 110, 751 (1958) 
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Fic. 1. The Zurich sunspot number vs year showing the 11-year 
cycle of solar activity. The levels of solar activity arising from the 
11-year cycle for the periods of different experiments are indicated. 


September 14, 1954 (Waddington) and February 6, 
1956 (Appa Rao et al., respectively. This decrease must 
be attributed almost entirely to a short term effect, 
i.e., a Forbush type of decrease. 


In a recent publication, McDonald® has shown that 
the flux, at the top of the atmosphere, of a particles 
with energies 2280 Mev/nucleon was lower by 30 
+14% on March 13, 1956 and by 12+14% on August 
21, 1956 when compared to the flux on July 7, 1955 in 
the same range of energies. The counter telescope with 
which McDonald measured the a-particle flux, and the 
emulsions used in the present experiment for measure- 
ment of the flux of S nuclei were both on the same 
flight on March 13, 1956. The reduction in the flux of 
a particles on August 21, 1956, i.e., (122 14)%—which 
has to be taken as a trend rather than a statistically 
significant reduction—has been ascribed to increased 
solar activity as part of the 11 year cycle.* On the other 
hand, a large part of the decrease of (30+14)% in the 
flux of @ particles on March 13, 1956, was attributed to 
a Forbush decrease since neutron monitors at \=56°N 
(Fig. 9 of reference 5) also showed a large Forbush 
decrease at the same time; it would be difficult otherwise 
to explain the difference between the flux values for 
March 13 and August 21, 1956, which are not very 
different periods in terms of the 11-year cycle. 

It thus appears that on March 13, 1956 a Forbush 
type of decrease took place as recorded by neutron 
monitors, and there was simultaneously a reduction 
[~ (30+14)%] in the flux of a particles of energy 
>280 Mev/nucleon and a reduction (~57+11%) in 
the flux of S nuclei of energy > 1.55 Bev/nucleon. 

In Fig. 1 is shown a plot of the relative sun-spot 
number vs year for the period 1943-1957. It may be 
seen that the two Bombay experiments (that of 


‘F.B 
F. B. 
(1959). 


McDonald, Phys. Rev 
McDonald and W. 


107, 1386 (1957 
R. Webber, Phys. Rev. 115, 194 
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Appa Rao ef al. on February 6, 1956 and this experi- 
ment on March 13, 1956) were conducted at a time of 
increased solar activity but very close together in terms 
of the il-year cycle, while the experiment of Wad- 
dington was near the solar minimum. The dates of the 
other experiments considered in this paper are also 
marked in Fig. 1. 

We have shown above that a decrease occurred in the 
flux of S nuclei of energy 21.55 Bev/nucleon. It is of 
interest, however, to ascertain whether the decrease 
was the same or different for different energy ranges of 
the spectrum. For this, we have tried to estimate in 
our experiment the reduction in the flux of particles 
with energies 2550 Mev/nucleon (a region of energy 
covered by an earlier experiment of Kaplon ef al.”). We 
find that our value for the 
2550 Mev/nucleon is lower by 
to that of Kaplon ef al determined it 
as Js° (E2550 Mev/nucleon) = 15.8+1.6 particles/m? 
sec sr at A=55°N on September 24th, 1950. It may be 
noted (Fig. 1) that the sun-spot numbers were similar 
during the year 1950 and in 1956 (when the emulsion 


flux of S nuclei of energy 
23+12)% compared 


who have 


stack used in the present experiment was exposed). 
Therefore, if a comparison is made with the vertical 
flux of particles during the solar minimum of 1954, the 
reduction is likely to be greater th 
tioned value of (23+12)% 


in the above men- 


for the following reasons: 


1. The experiment of Kaplon ef al. was conducted 
when solar activity was fairly high and not during the 
solar minimum of 1954; this effect 


(~few percent). 


appears to be small 


2. Tracks at large zenith angles were included by 
Kaplon et al. for flux determination ; 
magnetic theory,® at \=55 


according to geo- 
the cutoff energy averaged 
over all azimuths ses for particles with zenith 
angle >45°; these effects are, at the moment, greatly 
unknown quantities. We ilso like to mention 
that the exposure in the experiment of Kaplon e# al. 
was made at a fairly large atmospheric depth, (~ 20 


incre 


would 


g/cm*), rendering the extrapolation to the top of the 
atmosphere uncertain; there aré some doubts 
about the reliability of charge identification and charge 


resolution in that experiment 


aiso 


} 


In these circumstances, all that can be said from the 
above comparison is the following. Though the decrease 
> 550 Mev/nucleon 
> 1.55 Bev/nucleon in 
the present experiment appears to be not very different, 


in the flux of particles of energy 
and that of partic les of energies 
one cannot say anything definite as to whether the 
decrease is the same or different for the different energy 
intervals. 

A further point is that the large change observed in 
the primary flux is not accompanied by any significant 


'M. F. Kaplon, B. Peters, H. L. Rey 
Phys. Rev. 85, 295 (1952 
*R. A. Alpher, J. Geophys 


nolds, and D. M. Ritson, 


Research 55, 437 (1950 
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change in the energy spectrum. The exponent of the 
integral energy spectrum of S nuclei, obtained in this 
experiment, over the range of energies from 0.23 to 
9 Bev/nucleon is 1.78+0.24; this is, within limits of 
experimental error, consistent with the values 1.54 
+0.16° and 1.60+0.15" obtained in other experiments 
for energy intervals above 1.5 Bev/nucleon. Similarly, 
in the experiments of McDonald,*" for @ particles of 
energy between 0.28 and 0.9 Bev/nucleon, the exponent 
in the integral energy spectrum is 1.5 (as calculated by 


*R. Cester, A. Debenedetti, C. M. Garelli, B. Quassiati, 
L. Tallone, and M. Vigone, Nuovo cimento 7, 371 (1958) 

” P. L. Jain, E. Lohrmann, and M. W. Teucher, Phys. Rev. 115, 
654 (1959). 

“ F. B. McDonald, Phys. Rev. 104, 1723 (1956). 
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us from his data) for the March 13, 1956 flight and 
1.4+0.2 for the July 7, 1955 flight. 

We conclude, therefore, that there is evidence for a 
large Forbush type of decrease in the intensity of the 
heavy nuclei (726) of the primary cosmic radiation; 
unfortunately, one can say very little about the energy 


dependence of the decrease. 
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Relativistic Pion-Hyperon Dispersion Relations*t 
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Relativistic, fixed momentum-transfer dispersion relations are derived (but not proved) for pion scattering 
from = and A particles and the processes r+ A *> x+2. Separate equations for the S- and P-wave amplitudes 
are obtained under the assumptions that high-energy processes and baryon recoil may be neglected. The 
P-wave equations are identical to those derived from ( hew-Low theory for these processes. A brief discussion 


is given of the behavior of the P-wave amplitudes under the assumption of global symmetry 


It is pointed 


out that the production of K—N pairs may play an important role in both the S- and P-wave equations. 


I. INTRODUCTION 


N recent years relativistic dispersion relations have 
become a useful tool in the theoretical investigation 
of the pion-nucleon interaction. Dispersion relations 
have also been applied to K meson-nucleon scattering,’ 
and there is every reason to believe that the dispersion 
approach to the strong interactions involving strange 
particles will become more and more useful the 
experimental data concerning these interactions becomes 
more and more abundant. 

We consider here the possible usefulness of the 
dispersion approach to the following three types of 
interactions involving systems of strangeness minus 
one: 


as 


rt+Y-+4+F¥, 


K+N—>-r+F¥, 
K+N—K+N 


’ 
where the symbol Y denotes either a = or a A hyperon 


* This work was supported by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission 

t Part of this work was done while one of the authors (M.N 
was at the Lawrence Radiation Laboratory, Berkeley, California 

' See, for example, P. T. Matthews and Abdus Salam, Phys 
Rev. 110, 565 and 569 (1958). 


There is much evidence that the K—N—Y interaction 
is somewhat weaker than the pion-nucleon interaction. 
On the other hand, the binding of A particles in nuclei 
is most easily explained by the hypothesis that the 
x—X—A interaction is comparable to the pion-nucleon 
interaction. Hence it is probable that the pion-hyperon 
interactions are somewhat stronger than thee K—-Y—N 
interactions. Thus the relationships among the three 
processes, (la) through (1c), are analogous to those 
among the following three processes: (a) pion-nucleon 
scattering, (b) photopion production from nucleons, 
and (c) photon-nucleon scattering. However, there are 
two important points of difference between the (K,x) 
processes [Eq. (1)] and the corresponding (y,#) 
mentioned (besides the obvious 
differences in mass, charge, and spin). First, the K 
interactions are not really weak as are the electro- 
magnetic interactions. This nonweakness complicates 
the relations between the amplitudes for the three 
processes. For example, the x— Y scattering amplitudes 
may be affected appreciably by the K— Y—N interac- 


processes above 


tions.? The second point of difference is that in the 
reactions of Eq. (1) the total rest mass of the particles 


? R. H. Dalitz and S. F. Tuan, Phys. Rev. Letters 2, 425 (1959). 
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in the strong channel (r—Y channel) is less than the 
total rest mass of the particles in the other channel. 
Because of this fact, the dispersion relations for 
processes (1b) and (1c) necessarily involve an important 
and bothersome unphysical region. 

Despite these differences between the processes of 
Eq. (1) and the corresponding (7,7) processes, we 
believe that much can be learned from the analogy. 
It is likely that the strong r—Y interaction leads to 
one or more resonances in the r—Y scattering ampli- 
tude similar to the low-energy pion-nucleon resonance, 
and if such resonances exist, they will certainly be felt 
in the inelastic processes 


R+N — «+ F. 


Because of the interconnections among the amplitudes 
for processes (la) through (1c), it is worthwhile to 
derive the dispersion relations for pion-hyperon scatter- 
ing, even though this process is not directly observable. 
In this paper we write down (without proof) these 
pion-hyperon dispersion relations for fixed, arbitrary 
values of the momentum transfer. In Sec. III we 
derive approximate equations for the S- and P-wave 
amplitudes by neglecting various recoil terms and 
high-energy processes in the dispersion relations. The 
P-wave equations are analogous to the Chew-Low 
equations for Ss« attering; have 
previously been discussed by one of the authors,’ and 
by Amati, Stanghellini, and Vitale.‘ A brief discussion 
is given of the effects of the K—N channel on the 
location of possible resonances in the r— Y system 


pion-nucleon these 


Il. THE DISPERSION RELATIONS 


We assume that the strong interactions are charge 
independent, and make the usual isotopic spin assign- 
ments. It is further assumed that the Z and A are spin 3 
particles of the same parity. For each different angular 
momentum and parity state there are five different 
pion-hyperon scattering amplitudes, corresponding to 
w— scattering in states of total isotopic spin 2, 1, 
and 0, w—A scattering in the state J=1, and the 
reaction r+A— r+ in the state 7=1. These ampli- 
tudes are denoted by the symbols Me, Miz, Mo, Mia, 
and Myx,, respectively. In order that the crossing 
relations be expressible in simple form, it is convenient 
to work with the following five combinations of the 
isotopic spin amplitudes, 


M = (7/12)M2+-4Mizs+}Mo, 
M 5/12)M2—4Mizx—4 Mp, 
M® =4M.+4Myy, 
M® = Mi, 
M M iz4/V2. 

* Michael Nauenberg, Phys 


*D. Amati, A 
(to be published). 


Rev 


Stanghellini, and B 


Letters 2, 351 
Vitale, 


1959 


AND 


Nuevo cimento 
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The amplitudes M™ are simply related to amplitudes 
for scattering in states of particular pion and hyperon 
charge, i.e., 

M =4[ M(xtZ*; xd 


[M iL 


. . ’ 
+ M (x-2*; x St) | } 


M (422* ; x32" (3a) 


v+ 
» Wie T 


M® 


M (at; 2 2" 


M (9 .>* 


[M (xtd+: xt? 


bil M (2+; 32d" 


M® = M (x°S*; 2S" 

M==431 M(xtA; xtA)+M(x-A; 237A 
[M (riA; m:A)+M(42A; 2A) |, 

M (x > 

M (xX 


(3b) 


"Wh ) 


(3c) 


(3d) 
M ‘5 == 4 


s| M (x*Z°; wtA 


hil M (w\D°; woA 


; w A”) | 


(3e) 


-ayA 


where M(8;a) is the amplitude for the production of 
the state 8 from the state a. The 
are defined by 
= 7. 


The method of derivation of the dispersion relations 


and 3 
'(a;t+i7n.) and 


States Wi, F2, 


the ¢ juations, rT 2 


the same as that used for 
other meson reactions by Capps and Takeda® and by 
Jin®; hence only a brief sketch of the derivation is 
given. As in references 5 and 6 no attempt is made to 
prove the rhe makes use of 
Heisenberg picture matrix elements of the pion current 
Ji, Jo, and J defined 
by the equations 


to be used here is essentially 


relations derivation 


operators, these operators are 


J .(x), (4) 


where ¢, is the pion field operator for pions of charge 
state a in the Heisenberg pi: The form of J.(x) 
depends on the nature of the interaction ; we assume the 
pion-hyperon interaction Hamiltonian density H to 
be of the form, 


ture 


H(x) -G,[ = v)tysA(a 


where ys is anti-Hermitian, are the field 


operators for the = and the dot and 


cross refer to scalar and vector products in charge 

, and ¢. The 

The global 

the cl oice’ G2=G 

current J,(x) may be 
ind is given by 


space of the isotopic spin vectors &, S (x 
constants ft and ¢ are taken ¢ to one. 
symmetry model corresponds 
14 in this equation.) The 


computed by the method of Low,' 
9 2... 
+ H.c.+1G; 1823 


+du*di—APg*oi, (6) 


—G, (S17 5A 


J y(x) = 


= 


and J;(x). The last 
renormalizations 


with similar equations for J 


resuit trom 


associated 
pion-pion interaction, 


terms 
with the pion mass and the 


two 


respet tively 


*R. H. Capps and Gyo Takeda, Phys. Rev. 103 
‘y.s Jir Nuovo cimento 12. 455 (1959 
7 Murray Gell-Mann, Phys. Rev. 106, 1296 


* F. E. Low, Phys. Rev. 97, 1392 (1955 


1877 (1956). 


1957 





RELATIVISTIC PION 
The four momenta of the initial pion, initial hyperon, 
final pion, and final hyperon are denoted by the 
symbols, k,=(kj,w,;), pi= (pi,E,), ky=(kywy) and py 
=(p,,£,), respectively. We write the dispersion 
relations in the Breit-Lorentz system, defined as the 
system in which the three momenta of the initial and 
final hyperon are equal and opposite. We denote 4 the 
three momentum-transfer by q, and the average 
meson energy and three-momentum by w and k, i.e., 


q= p= —p. = }(k.—k,), 
k= 4(k,+k,). 


We define the quantity & by the equation 


8=4(Ey—E,)=4[ (me+¢@)!— (m2+@)*), 


w= 4(w;+ay), 


where m, and my, are the masses of the initial and final 
hyperons. This energy difference vanishes, of course, 
for the elastic processes. The average pion momentum 
k is related to w and q by the equations® 


(7a) 


k= qw&y a4 vk,, 
= (w#—— P+ 8 — a’ Bg *)}, 


where v is a unit vector perpendicular to q. The perpen- 
dicular momentum &, is defined for nonphysical 
energies by analytic continuation in the upper half 
w plane. For real values of w in the unphysical region 
w < (w+ ¢— &)/(1— &q*), ky is imaginary, but k, 
satisfies the relation k,*(—w)= —k,(w) for all real w. 
It may be shown by well-known methods that the 
amplitude for the reaction ta+Vo.— ms+Y», as a 
function of q, w and vy, the initial spin state ¢,, and the 
final spin state ¢,, may be expressed in terms of the 
commutators of the meson current operators, i.e., 


(7b) 


M (Yor; Vata: &,4,¥,01,00) 
= i292? (E,E,/mam, f d*z ths 


X Wo(q.ts) | n(OLJst (4x), Ja(—4}x) ] 
—85(t)[ Jat (4x), ba(—4x)]|\Wa(—a,fo)), (8) 


where kx is the four-dimensional scalar product k-x 
—wt, n(t) is unity for ‘>0 and zero for <0, and y,, and 
¥» represent the Heisenberg state vectors of the initial 
and final baryon. The normalization is that of reference 
5. The term involving ¢ is energy independent and will 
not enter into the dispersion relations if the proper 
subtractions are made; hence we will consistently 
disregard this term.’ Equation (8) defines the “‘causal”’ 
amplitude for real values of the momentum-transfer 
and arbitrary values of the energy w in the upper half 
complex plane. The dispersion relations result from the 


* These equations are equivalent to Eq. (2.5) of reference 6 

” A discussion of this term is given for the analogous case of 
pion nuclear scattering by M. L. Goldberger, Phys. Rev. 99, 
979 (1955). 
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assumption that this amplitude, divided by a suitable 
polynomial! in the energy, is analytic and bounded in 
the upper half energy plane. 

In the usual manner we define the dispersive and 
absorptive parts of M (D and A) by writing the step 
function 9(f) as a sum of an odd and an even function, 
i.e., 


D=ir (EE mam) f d‘x e~***[2n(t)—1] 


XK (o(a.to) | (Jat (4x), Ja(—4x) ]|\We(—9,f2)), (9a) 


iA =ir (EE, mam) f d‘x ¢~** 


XK (Wo(a.ts) | [Jet (4x), Ja(—4x) ]|\Wal—@, f.)). (9b) 


The casual araplitude may be written as a sum of 
spin independent and spin dependent amplitudes in 
the Breit system, 1.e., 


M=My(w,9°)14+2iMs(w,q@2)e-qXk,, —(10) 


where it is implied that the matrix elements in spin 
space of the unit operator 1 and Pauli spin operator @ 
are to be taken. The form of Eq. (10) follows from the 
invariance of the amplitude to three-dimensional 
rotations and reflections [ note from Eqs. (7) that the 
scalars k® and k-q are functions of the energy and of ¢* ]. 


A. Dispersion Relations for the Elastic 
Scattering Amplitudes 


In this section we treat the elastic scattering process 
involved in the amplitudes M“ through M®, [Eqs. 
(3a) through (3d) ]; the more complicated r+A — #4+-2 
process M“ is treated in Sec. ITB. The subscripts a and 8 
in Eq. (8) are chosen to refer to pions in the states 1, 2, or 
3; hence the current operators J, and Js are Hermitian. 
We derive the crossing relation by making use of the 
Hermitian property of the operator iLJ,(4x), Js(—4x) ]. 
For any amplitude in which the initial and final 
hyperons are the same, it may be shown from Eq. (8) 
that the crossing relation is 


M* (x8; ta: @,G,%,f0)¢b) 


M (43; %a: —w, —@G, ¥, fs, 00). (11) 


This equation implies that the amplitudes M™ defined 
in Eqs. (3a) through (3d) satisfy the simple crossing 
relations, 


eM” (—w, —q, v, $s, f«), (12) 


M”* (w,4,¥,00,¢) 


where 


© =1 for \=1, 3, or 4, 
€) —1 for A= 2. 


From Eq. (12) and the relation k(w)=—k*(—w) it is 
seen that the spin-independent and spin-dependent 
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amplitudes defined in Eq. (10) satisfy the relations 
M x * (w,¢) = 6M w™ (—a,¢), 


M 5 '* (w,q) = —0M 5 (—wa,¢@’). (13) 


It may be shown that the dispersive parts (D) of the 
spin-independent and spin-dependent amplitudes are 
real, and the absorptive parts (iA) are imaginary; the 
proof of this is identical to that in reference 5 and will 
not be given here 

The form of the dispersion relations depends upon 
the behavior of the amplitude My or Mg as the energy 
approaches infinity along the real axis. If the integral 
Sa 
derive relations of the “unsubtracted” type. For each 
amplitude that the symmetry condition 
M*(w)=M(—w) one integrates the function w’M (w’) 
w*) around a contour including the real w’ axis 
and a semicircle of infinite radius in the upper-half w’ 
plane; for each amplitude that satisfies the condition 
M*(w) M (—w), one integrates the function wM (w’)/ 
(w’*—w*) around the same contour. The results of such 
a procedure are 


M \*dw exists, where a is any real energy, one may 
satisfies 


(w’2 


Dy (w,q?) 


KAw™ (w’, q dw’, (14a) 


1 . 1 €) 
Ds (w,q") pf ( P ™ . 
T w—-w w+ 


| 


XA 5 (w’,g?)dw’, (146) 


where the symbol P denotes the principal part of the 
integral. We assume that the spin-dependent amplitudes 
satisfy these unsubtracted relations. However, ‘it is 
unlikely that all the spin-independent amplitudes are 
convergent enough to satisfy equations of this type, so 
that some subtraction procedure must be performed in 
order derive correct dispersion relations. One 
possible subtraction procedure is that used in reference 
5, and results in a dispersion relation for Dy(wy,g’) 

Dy(wo,¢?). An alternate procedure is to derive 
equations for Dy(w,g;°)— Dw(w,g2"); if this procedure 
is used one may simply subtract two equations of the 
type, Eq. (14a), to obtain the result. For simplicity 
we will write only the unsubtracted dispersion relations 
in this section; in the discussion of applications (Sec. 
III), the modifications resulting from appropriate 
subtraction procedures are described. 

The contributions to the dispersion relations from 
the unphysical region w< (u*+¢*)' are more complicated 
than in the pion-nucleon scattering case. The unphysical 
region may be investigated by expanding the products 
of current operators in Eq. (9b) in terms of intermediate 


to 


states. There are two types of terms from the unphysical 
region. First, there is the contribution to the dispersion 
integral from intermediate continuum states; the lower 


M. NAUENBERG 


limit w. of this contribution is determined by the 
intermediate states of type 
formula 


A+, and is given by the 


(my2—m?2+-2um, (2E (15) 


Wa = 


where m, is the mass of the initial (or final) hyperon. 
The value of the absorptive amplitude in this unphysical 
continuum region be determined by analytic 
continuation in the upper half energy plane from the 
physical region. The unphysical 
only for r—A elastic 

The second type contribution 


must 


continuum vanishes 
Q). 


issociated 


scattering when ¢* 
the 
oles corresponding to the 


with 
unphysical region are the | 
single particle intermediate states 2 and A. The energy 
w, of a pole in the x } scattering amplitude corre- 
sponding to the intermediate |} 
the formula 


iyperon Y, is given by 


2E,). (16) 


-m Ts 


The residues of the pole ve determined by 
the method i references 1, 5, and 6. 
residues depend on the 


terms may t 
These 
Heisenberg picture matrix 
elements of the pion current operator given in Eq. (6). 
The symmetry properties of the meson current and of 
the real baryon states under Lorentz transformations 
and rotations in charge space may be used to show that 
the residues may be calculated by using Born approxi- 
mation and replacing the unrenormalized coupling 
constants by renormalized ones 

If the Born approximation 
terms) are evaluated in Eq. 
integrals are cut off at the 
the dispersion relations for the eight 
may be written in the form 


used In 


terms (real hyperon 
14), and the absorption 
lower li 


mit of the continuum, 


elastic amplitudes 


Dy™ ( 


The Born and Bs® 


given by the expressior 


approxim Ltlol 


By® 
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where the Q;, are given by Eq. (16). The quantities Q 
and R are the following functions of momentum 
transfer and the particle masses, 


Ej;+m, ¢ 
= | me Tint : 
(E;+m,;)* 


(m:E.+T in | 


(19) 


2m, 
Rin==1/2m?, 
Pin=3(mit+m,’—p). 
If only terms of lowest order in w/m,, g/m;, and 
(m,—m,)/m,; are considered, the expressions for Q 
and R are simplified to the following forms, 
QVin=4L— (mi— m,)?+ 2+ 2¢ |/ m2, 


¥ (20) 
Rin=1/(2m?). 


We shall make no attempt to prove these relations, 
or to determine for what range of momentum transfer 
the relations are valid. Only small values of ¢ are 
considered in deriving the S- and P-wave equations 
of Sec. ITI. 


B. Dispersion Relations for the Inelastic 
Amplitude M® 
The derivation of the crossing relation is more 
complicated in the case of the inelastic amplitude M™. 
If one follows the procedure used to derive the crossing 
relation, Eq. (11) of Sec. A, the result for the inelastic 
amplitude M (#,=°; x2A°) is 
M*(x,2°; r2A: w,q,v,02,04) 
= M (mA; 422°: —w, —q, v, £4, £2). (21) 
Since the order of the hyperons in this equation is 
reversed, it is convenient to define the amplitude M“" 
which is the reversed amplitude to that of Eq. (3e), i-e., 


M Sr) = 3PM (xtA; xtD")—M (x A:r >)] 
= }i0M (wsA ; 332°) — M (2A ; 2°) J. 


The spin-independent and spin-dependent amplitudes 
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for M“ and M“-” are defined by Eq. (10). The crossing 
relation of Eq. (21), together with the relation &,*(w) 
= —k,(—w) implies that My and Ms™ satisfy the 
equations 


M y* (w,g) = —My*”(—w, @), (22a) 
M s*")(—w, @). (22b) 


Because M“ and M“” refer to different processes, 
a further symmetry property of the amplitude is 
needed. We will derive the needed symmetry property 
by investigating the behavior of the causal amplitude 
under Wigner time reversal, working in a representation 
in which the pions are in states of definite charge (+ 
or —) rather than in the linear combinations of these 
states denoted by the indices 1 and 2. The behavior of 
the pion field operators under time reversal is given by 
the equation, 


M 5®* (w,q*) = 


To. ()T"=nds(—1); To_()T"=9*o_(—9, 


where 9 is a complex number of unit magnitude, and T 
is the Wigner time reversal operator that does nol 
take a particle into its antiparticle or reflect the space 
axes." Since the operators __? and ,y? are invariant 
under time reversal, the time-reversal properties of the 
current operators J,(x) are the same as those of 
¢o,(x). These relations, together with the property 
J,(x)=(J_(«) }f, imply that the matrix elements of 
J, satisfy the relation 


(a| J,(1) | b)=n*(b"| J_(—2b)\ a"), 


where a’ and 0’ are the time-reversed states to @ and 6. 
If this equation is applied to the current operators in 
Eq. (8), it may be shown that the causal amplitude 
satisfies the following time-reversal property, 


M (x*X°; x*A: w, 4,9, 02,04) 


= M (w*A; #*°: w, q, —v, £4", f2"), (23) 


where the upper signs go together, and the lower signs 
go together. Equation (23) implies that My and 
M;" are identical to the corresponding reversed 
amplitudes, i.e., 


My=My*”, Ms9=M,g%”, (24) 


Finally we combine Eqs. (22) and (24) to deduce the 
following symmetry of the inelastic amplitudes: 


M y*(w,q) = —My™ (—w, &), 


M s* (w,q*) = M ;(—w, ¢). (25) 


The procedure of reference 5 may be used to show that 
Dy®™ and Ds are real, and iAy™ and iAg™ are 
imaginary. 

Since the amplitude My satisfies the odd symmetry 
condition, the unsubtracted dispersion relations for this 
amplitude are those of Eqs. (14) with g=—1. The 
lower limit of the unphysical continuum is again 


“ These equations are equivalent to Eq. (1) of T. D. Lee, 
R. Oehme, and C. N. Yang, Phys. Rev. 106, 340 (1957). 
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determined by intermediate states of the type A+z, 
and corresponds to the energy value 


Wa" (may— E,8—¢) E. (26) 


We use here the symbols E, and Ey to represent the 
hyperon energies, rather than EZ; and Ey, so that the 
formulas are valid for the amplitude M“” as well as 
for M“. The symbol E denotes the average of E, and 
Ex. 

Only the real 2 state contributes to the Born approxi- 
mation term. The energy at which the Born approxima- 
tion pole occurs is given by 


, ; 
, { 
Wh 2 , 


0 = (Ex8—4hy?—@)/E. 27) 
The calculation of the Born term is done in the same 


manner as that discussed in Sec. II A. The resulting 
dispersion relations for the rA £> r= process are 


Dy 6 (w,g") 


* Of 
GaGy| G) 


(28b 


If only terms of lowest order in w/m, g/m, and 
(mzy—m,)/m are considered [where m= 4(mz+ ma) |, 


the expressions for Q’ and R’ are quite simple, i.e., 
-ms)?+- 2g" |/ m?, 
(29) 
Only this no-recoil limit is used in the applications. For 


completeness we write down the general expressions 
for 0’ and R’, however: 


1 ( 2Z7\ (1 
2Emem, 


A l g T 2EskE) T GE 


my’ +l+msE 
g(m?+l+msE 


+ 


7 


R’ =} (m+ E)/mym,Z, 
where / and Z are defined by the equations, 
l & , Au? 
2Z = (Exs+mz)'(E,+my)!. 
Ill. APPROXIMATE EQUATIONS FOR 
S AND P WAVES 
A. The Static Approximation 


The relations between the Breit system and center-of- 
mass system values of the particle momenta may be 


AND 
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obtained easily by evaluating the two scalars, (p;— py)? 
and — (k;+k,)(p:+ py) in the two systems. The resulting 
relations are 


2W 2—m? 


where the 


index c denotes a center-of-mass system 
variable, and W, is the total energy in the center-of-mass 
system. The separation of the center-of-mass amplitude 
into spin-independent and spin-dependent parts is of 


the form 


M.= My. -(w , cos6.) +io-k * ky. M g,-(w, cos,). (33) 


In general the relation between My,, and Ms and the 
corresponding Breit system amplitudes, [Eq. (10) ], is 
quite complicated.’ For similicity, will 
make the no-recoil approximation by assuming that 
m=4(my+mz) is with w, g and 
(mzy— my). The relationship between ¢ and 6,, Eq. (31), 
is not changed in this approximation, but the other 
ind center-of-mass 


system quantities are given by the following simple 


however, we 


large compared 


relations between the Breit system 


equations : 
34a) 
(34b) 
(34 ) 


M;s%=M 5g (34d) 


the quantity & is now given simply by 
The center-ol-mass 


section for unpolarized initial 


Furthermore, 


 —— 


&=4(m;— mz). differential cross 


hyperons is related to 


the scattering amplitude by the equation 


k, 
do Vi. t n’é| Ms 
7 


In the no-recoil approximation, 
(20) and (29), the Born 
spin independent amplitude is linear iu 
while the spin-dependent Born 
g. Thus the Born term contributes only to the S and 
We make the furtl 


considering only S a 


is seen from Eqs. 
term in the 
(or in cosé,), 


approximation 


term is independent of 
er approximation of 
terms of the 
lation, together with 
termed the static 


such as the process 


P waves. 


1é 
nd P waves in all 
This 
the no-recoil approximation, will be 
approximation. Inelastic processes 


dispersion relations approxin 


r+ VY — K+N, are nol neglected 


n this approximation. 


B. Static P-Wave Equations 


center- 
be dropped. If only 


In this section all rantit wil refe r to the 
of-mass system, so th " 


S and P waves are present, 33 


M T, Ww +k, k T ‘ T te k, xk-T ys Wi), 


may be written 
(35) 
and 7;5 are 


where To, Ti, the amplitudes for S wave, 
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spin-independent P wave, and spin-dependent P wave. 
If we denote by 7; the P-wave amplitudes correspond- 
ing to states of total angular momentum j, the 7; are 
given by 

T\= A(T wt Tis) ; T\= 4(Tin _ 27s). 
In order to exhibit the normalization of the amplitudes, 
we define the matrix R=(S—1)/2i, where S is the 
unitary scattering matrix [i.e., Raa=exp(id,) sind, }. 
The relation between the amplitudes 7; and the 
corresponding matrix elements R; of R are 


T= Ry\ky\—"y|-2. 


It is seen from comparing Eqs. (33), (34d), and (35) 
that 


(36) 


(37) 


T1s(w)=Ms(w), 


so that in the no-recoil approximation, the spin- 
dependent equations are the equations for 7,5. Further- 
more, as seen from Eqs. (31), (33), (34c) and (35), 
the spin-independent P amplitude is given by, 


Tw (w) = —}$(0/0g*)M w(w,¢"). 


9 


Since a derivative with respect te ¢ is taken, one 
effectively uses a dispersion relation for the difference 
M w(w,g:*)— Mw (w,q2). This subtraction improves the 
convergence at high energy, and we assume no further 
subtraction is necessary. Hence we may simply differen- 
tiate the equations [Eqs. (17a) and (28a)] for the 
spin-independent amplitudes with respect to ¢ and 
make the static approximation in order to derive the 
static equations for T,y. 

The Born approximation terms and the unphysical 
continuum contributions are simplified in the no-recoil 
limit. The limits of integration in Eqs. (17) and (28) 
become w.=y (for #—A scattering), w,.=y—A (for 
x—Z scattering), and w,’=yu—4A, where A is the mass 
difference A=mz—my,. The quantities 2 of Eqs. (16) 
and (27) are Qyzy=Qa,=0; Qea=—A, Qaxr=A, and 
Q’=4A. The no-recoil forms of the quantities Q and R 
are given in Eqs. (20) and (29). 

The equations that result from the procedure 
described above are the static P-wave equations for 
x—Y scattering. These equations may also be derived 
fron Chew-Low theory.’ We shall write the equations 
in terms of the amplitudes corresponding to fixed 
values of the total isotopic spin, rather than the 
amplitudes with simple symmetry properties that were 
used in Sec. II. The amplitudes 7; are those of Eqs. (36) 
and (37), where now j indicates both total angular 
momentum, isotopic spin, and whether 2’s or A’s are 
involved. There are ten P-wave amplitudes, correspond- 
ing to j=(2,3), (2,4), (12,9), (12,4), (0,4), (0,3), 
(14,3) (14,3), (12A,3) and (124,35), where the second 
index denotes the angular momentum, and the first 
index refers to the appropriate one of the five processes 
discussed at the beginning of Sec. II. In order that the 
equations for the processes 2+ Z, A-—» A, and A-—+Z 
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Taste I. Values of X;. 


J 

2h} 
(2,4) 
(12,4) 
(12,4) 
(0,4) 
(0,4) 
(14,4) 

1A,4) 

1ZA,4) 


(12A,4) VU afe 


may easily be combined, we write all the equations in 
terms of the energy variable wy, i.e., the center-of-mass 
energy of the pion accompanying a 2 particle. The 
center-of-mass energy of the pion in the process 
r+A— +A is related to wz by the equation w,=wz 
+A, and the average pion energy w in the process 
r+A— 4+ is given by w= }(wr+ws)=wz+ 4A. The 
static P-wave equations are: 


1 X/ » Fan Xx f= X IV 
( + + t +) 
Su? \wr—-A wey wrtA wet+2d 


ImT ;(wy’) 


ReT7; Ws: 


1,/ Im7,(wz’) Aj?! ImT(wz’) 
+> ( 4. na a 
wy’ +wr+A 


‘ - 
Wr TWr 


Aji" ImT j(wy’) 
+ dra )I (38) 
wy’ +wz+2A 


The X,, expressed in terms of the coupling constants 
fx=Gay/2m and fe=Gyu/2m, are given in Table I. 
The elements of the matrix A, are nonzero only if 
i and j refer to }—- elastic scattering processes; the 
nonzero elements are given by 


(2,8) (2,4) (12,8) (12,4) (0,4) (OA) 
1 2 3 6 2 4 
4 -—1 12 —3 8 —2 

—-2 —-4 

-# 2 

—12 2 4 

40 - —24 6 ~ 


5 3 6 
20 —! 12 —3 
10 ; —6 








—23 


The finite elements of A,/" and A,/" correspond only 
to the process r+A-—+ #+2Z, and to r—A scattering, 
respectively. These elements are given by 


(1ZA,3) (12A,}) (14,4) (14,4) 
2 


1 —| —2 1 
Au= ( ), Alla ( 
3 —4 1 3 4 —1 
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It should be pointed out that the integrand in Eq. (38) 
was expanded to lowest order in wz’/m, so that this 
equation is valid only if the contribution of Im7)(w:’) 
can be neglected for wy’/m21. 

In the case of global symmetry (/:*= f,’= /*), if we 
neglect the >—A mass difference A, the r—Y P-wave 
equations for isotopic spin 2 and 0 reduce to the r—N 
P-wave equations for isotopic spin } and }, respectively, 
i.e., 


1X, 1 
Re T ;(wz) = T pf dusy’ 
3 pw T 


“ 


7 | | 
wy’ —w ws +ws 


Im7Tj(wz’) 3); Ay ImT;(wy’) 
x( 4 ), 
where 
Xj=XJ4+X"4xM, 
Xan=4P, Xas 


Xan 


-§ fs, 
and the matrix A is given by, 


2,8) (2,4) 


3 1 
3 (0,8) (0,3) 


2 4 


The r—Y P-wave equations for isotopic spin 1 can 
then be written as linear combinations of the isotopic 
spin 2 and 0 equation of the same total angular momen- 
tum, i.e., 

Tiz=$72+§T», 

— , 

1 1A 3 7 at 47», 

T xa = V2(4T2—4T). 


Both the =—A mass splitting and the presence of 
additional K meson channels modify the x— Y equations 
relative to the x—' equations. However, we do not 
think that the static equations (with multiple meson 
production neglected) contain sufficient information 
to calculate the corrections to global symmetry caused 
by these effects. Instead we will find an approximate 
solution in the case of global symmetry, similar in 
nature to the solution obtained for r—N scattering in 
the effective range approximation of Chew and Low.” 
According to our normalization, Eq. (37), the P-wave 
amplitude 7;(w) can be written in the form 


4 \W 


ei sind,/k’. (41) 


We consider here only x— scattering for which k;= k, 
and w=wy; hence we have dropped the subscript 2 on 


2G. F. Chew, M. I 


Goldberger, | 
Phys. Rev. 106, 1337 


(1957). 


E. Low, and Y. Nambu, 
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the energy variable and have set kk=k;=k. For the 
isotopic spin 2 and 0 states 6;(w) is a real function of w 
below the threshold for single #-meson production. If 
we neglect the contribution of the KN channel as well 
as w-meson production, the P-wave equation becomes 
an integral equation for 6;(w). We shall seek an approxi- 
mate solution by substituting 


ImT ;(w 


TAO (w—w,;) 


under the integral in Eq. (38), where A; and w; are 
adjustable parameters and j denotes a state in which 
there may be a resonance. Note that A, must be positive 
since Im7;(w) is positive in the physical region. If we 
assume that the contribution to the dispersion integrals 
of the other channels (the 


ReT j(w 


is small, we get 


(43) 


1 ,; terms 


(44) 


where X; is defined by Eq. (39 
this approximation for all er 


Since Im7; is zero in 

‘rgies satisfying the 

inequality w~w,;, we may write for such energies 
Re(1/7;)=1 (45) 


ReT ‘ w)/e;(w). 


The approximate amplitude described by Eqs. (42) 
and (43) satisfy the unitarity condition 
implied by the reality of the phase shift 6;. We shall 
improve our approximation by finding the amplitude 
that irity condition and, in 
addition, satisfies Eq. (45). It is seen from Eq. (41) 
that the unitary condition may be written in the form 


does not 


does satisfy the unit 


ImT jw (46) 


' 
‘ 
is the 
may be ex- 


and (46 
amplitude, and 


The amplitude defined by Eqs. (45 
familiar resonance 
pressed in the form 


type 


ImT ;(w 


In order that Eq. (48) for Im7;(w) be consistent with 
the delta function approximation which we used under 
the integral, we want k*e;(w) to be as small as possible. 
This implies that ¢;(w) must be small for large w. It is 


if we choose 


seen from Eqs. (44) and (40) that this condition may 
be achieved for the state 3 


Aap | 3" 3 : U 
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For the other three states j= (2,4), (0,3), and (0,4), 
d— (1/3u2)X,)>0, 


so that the delta function approximaticn is not as well 
justified for these states. 

It has been pointed out by Chew, Goldberger, Low, 
and Nambu,” in their discussion of pion-nucleon 
scattering that Eq. (47) is an approximate solution of 
the dispersion relation at low energies for an arbitrary 
value of the resonance energy w;. The position of the 
resonance is determined by the high-energy contribution 
to the integral, about which nothing is known. In the 
x—N P-wave equation, this contribution is summarized 
by a cutoff wmax in the integral and is related to the 
position of the resonance by wmax™ f*wj. Because of 
the presence of the additional K-meson channels in 
w—Y scattering, it is unlikely that the same cutoff 
max can be applied to the x— Y equations. Even if we 
make such an assumption, it is not true that we can 
neglect the contribution of the KN channel under the 
integral. In order to illustrate this statement we assume 
that the = and A parities are the same, and that the 
intrinsic K parity is odd (relative to the NY pair), so 
that a P state x—Y system corresponds to a P state 
K—N system. The hydrogen bubble chamber experi- 
ments at Berkeley” show that the elastic and inelastic 
K--proton cross sections at 400 Mev/c far exceed the 
maximum for S waves. Assuming that the cross 
sections for 122 are small at this energy, we find that 
the P-wave cross section for r—Y production must be 
greater than 13 millibarns. This energy corresponds to 
about 270 Mev/c pion momentum in the center of mass 
of the rx—Z system and, by detailed balance, 13 mb 
should also be the approximate minimum P-wave 
cross section for the process r+VY—K+N. Such a 
cross section leads to an appreciable modification of 
the unitarity condition [Eq. (46) ] and may make a 
large contribution to the dispersion integral. 

On the other hand, it is probable that the effect of 
pion production is small. Single pion production by 
pions on nucleons is only about 4 mb at 270 Mev/c 
center-of-mass momentum and is usually neglected in 
the pion-nucleon dispersion relations. Hence we assume 
the corresponding effect is small in the pion-hyperon 
dispersion relations. 

If the intrinsic K parity is even, so that the Py r—Y 
system corresponds to the S-state K—N system, the 
effect of the K—N channel on the r—Y P-wave 
amplitudes is likely to be even more important than in 
the odd parity case. Such an effect has been discussed 
by Dalitz and Tuan.” 

We have emphasized that the production of r—Y 
states by P-wave K—N pairs must be large for lab K 
momenta in the range 300 to 400 Mev/c. The center-of- 
mass differential cross sections measured at Berkeley 


4% Proceedings of the Ninth Annual Conference on High-Energy 
Physics at Kiev (to be published). 
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for the processes K-+p—=*+a~ and K-+p-—>=- 
+2x* at lab K momenta of about 400 Mev/c appear to 
be smaller at 90° than in the forward or backward 
directions.” If we again assume that the K parity is 
odd, this may be taken as crude evidence for the 
presence of an appreciable P, state, since the angular 
distribution corresponding to such a state is of the 
form 3 cos*@+1. It is not unlikely that this P-wave 
pion-hyperon production is associated with a resonance 
in the pi-hyperon scattering. 


C. S-Wave Equations 


In this section we obtain the dispersion relations for 
the S-wave amplitudes in the static limit, using a 
generalization of the method applied by Oehme™ to 
the pion-nucleon scattering problem. The S-wave 
amplitude 7, is defined by Eq. (35). The normalization 
of the S amplitudes is different from that of the P 
amplitudes, [see Eq. (37) ], i.e., 


To= Ro k;| | Ry| ’ 


As a first step in deriving the static equations for 
To, we consider the relativistic amplitude Mo (w,g*) 
in the Breit-Lorentz system, where M»” is defined in 
terms of the spin-independent amplitude by the 
equation, 


Mo (wg) = [1— ¢(0/dg¢) +4 (Ww — w+ &)0/d¢g*] 
XM (wg). 


Since My is an analytic function of ¢ in the upper half 
of the w plane for all values of ¢, it is clear that Mo is 
also an analytic function of w. The crossing relations for 
M,™ are identical to those for My. If Mo diverges no 
more rapidly than linearly at high energy, we may 
derive dispersion relations of the subtracted type by 
integrating the function 


My (w’)[(w’ +a) + 4 (w’ —w) |/[(w*—w*) (w* — we") J 


(49) 


around the contour including the real w axis and a 
semicircle of infinite radius in the upper half w plane. 
The symbol wo represents any constant energy. The 
quantities are then expressed in terms of center-of-mass 
variables, and the static limit is taken. In this limit, 
Eqs. (31) and (34c) may be used to show that My 
is independent of ¢ and is equal to the S-wave amplitude 
T,»™. The Born approximation terms vanish if one 
follows this procedure, and the results may be written 
in the form, 


ReT¢™ (w) — ReT» (we) 


2(w* — wo") ® wd’ ImT,_” (w’) 
? 
mS F , 3 , 5 ? 
™ ("2 — we”) (en? — wy") 


6 


(for \=1, 3, or 4), (50a) 


“ Reinhard Oehme, Phys. Rev. 102, 1174 (1956). See Eq. (29) 
of this reference 
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or 


Ww 
ReT,™ (w) —— ReT»® (w) 


Wo 


2w (w dw’ ImT)™ (w’) 


’ 


, /2 J 
P)(w *— wy") 


(for A=2 


2or 5). (50b) 
All quantities refer to the center-of-mass system and 
the energy variable refers to the average of the initial 
and final meson energies. The constant energy wo may 
be chosen for convenience. 

The S-wave dispersion relations may be written in 
terms of the amplitudes for particular isotopic spin 
states if use is made of Eqs. (2). If it is desired to 
relate the different S-wave processes at the same total 
energy, one may express the energies in terms of the 
energy wz of a pion accompanying a 2 particle. As in 
Sec. III B, the relations are: w=wy for r— = scattering, 
w=w:+A for r—A scattering, and w=w:y+4A for the 
processes r+A‘*3x+2. For all processes the lower 
limit wa of the dispersion integral is that energy at 
which ws is equal to u—A. 

For many considerations it is convenient Lo choose the 
reference energy wo to be equal to uw or some other low 
energy, so that the 7» (wo) are essentially the scatter- 
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ing lengths for S-wave scattering. These scattering 
lengths cannot be determined from the subtracted type 
dispersion relations, of course. If one assumes that the 
odd amplitudes My and My approach zero as the 
energy gets large, one may derive unsubtracted relations 
which, in the approximation, express 7,” (z) 
and 7 (4) in terms of the coupling constant terms 
and S- and P-wave dispersion integrals.'* Our present 
knowledge of the low-energy r— Y processes is insuffi- 
cient to estimate any of the scattering lengths in this 
manner. 

In this paper we shall not attempt to relate the 
S-wave equations to any experimental data in order to 
investigate the possible behaviors of the r—Y ampli- 
tudes. Further study is being given to this problem. 


stati 
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The possibility of distinguishing the pion structure-dependent radiation from t 
bremsstrahlung radiation in the radiative decay of pions into electrons is 


ecmenad 
photon energy spectrum and angular correlation shows that evidence for pion structuré 

if any photons of energy less that 70 Mev were detected in 180° coincidence with r-decay 
probability of such events per unit solid angle is 20.210~7 relative to ordinary 


assumption of a conserved vector current is made to relate the rate of radiative 


V-interaction to the rate of r° — 2y decay 


I. INTRODUCTION 


HE universal V-A form of the Fermi interaction 


and discuss the 
g structure-dependent effects 
effects. We 


the calculation by 
possibility of distinguishi: 


iIngul 


has in recent years been suggested by the evi- 
dence in 8 and uw decay. The other weak interactions 
are then, in principle, consequences of strong couplings 
together with the universal Fermi interaction. In the 
decay of x mesons into electrons, where the momentum 
transfer is large, evidence on the decay mechanism can 


from less interesting structure-independent 
supplement the electron spectrum already presented! # 
by calculating the pl 


g photon spectrum, which be 


may 


ly 


more easily observed « xperimental 


The diagrams for the radiative decay are given in 


Fig. 1. Diagrams b), when defined in a gauge- 


invariant way, give rise to the inner bremsstrahlung by 
a decelerated or accelerated charge or magnetic moment. 


The matrix element for this is proportional to eGm//k, 


be obtained,'* in principle, by observing the associated 


radiative decay * — e+v+-¥. In this paper we amplify 
* This work was performed under the auspices of the U. S 
Atomic Energy Commission. 
1V. G. Vaks and B. L. Ioffe, Nuovo cimento 10, 342 (1958). 
2K. Huang and F. E. Low, Phys. Rev. 109, 1400 (1958) 
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A. Bludman and M. A. Ruder Phys. Rev. 101, 910 
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where e and G are the electromagnetic and Fermi 
coupling constants, m is the electron (or muon) mass, 
and & the photon energy. Diagrams (c) and (d) of Fig. 1 
are structure-dependent, since here the emission of a 
photon depends on the nature of the ‘black box.”’ The 
matrix elements for these diagrams are proportional to 
eG Vk(u/M), where u is the pion mass and M a mass or 
energy typical of the intermediate states involved in 
the “black box.”” The two processes—inner bremsstrah- 
lung and “black box” (or structure-dependent) radia- 
tion—are coherent, but the interference term is 
negligible in * — e+v+y decay. (In x — u+v+7 the 
reverse is the case: because of the small momentum 
transfer involved, the structure-dependent radiation is 
small compared with the inner bremsstrahlung, and the 
interference term dominates the square of the structure- 
dependent matrix element. For this reason radiative 
x — yu decay, although more frequent by several orders 
of magnitude than radiative *—+e decay, reveals 
nothing indicative of the pion decay structure.) The 
interesting question is not whether radiative r* decay 
occurs, but whether the interesting structure-dependent 
effects can be disentangled from the ordinary quasi- 
classical bremsstrahlung. We find that a unique proof 
of structure to the x-decay mechanism can be obtained 
if any photons of energy less than kngx=70 Mev are 
detected in 180° correlation to the direction of the 
decay electron. The probability of such a decay per 
unit solid angle per x decay is, however, approximately 
0.2 10-7. 


Il. INNER BREMSSTRAHLUNG (IB) 

The matrix element for the inner bremsstrahlung 
is defined as the gauge-invariant part of diagrams (a) 
and (b) of Fig. 1. On invariance grounds this is of the 
form 


Mip=e(m/V/k) fa(P WL (p-€/p-k—O-€/P-k) 

+ io F p»/4p-k W,, 
where f4(@*) is the amplitude for the nonradiative 
decay, ® is the pion four-momentum, p the electron 
four-momentum, ¢ the photon polarization four-vector, 
F ,,=€,k,—e,k,, and y, and y, are, respectively, the 
electron (or muon) and neutrino field operators. The 
two terms in My, correspond to emission of radiation 


__ 3's 
wt 
(a) 


y 
A 


(c) 6 


Fic. 1. The possible diagrams for the radiative 
electron decay of the pion. 
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by the accelerated charge and magnetic moment, 
respectively. 

This matrix element leads to the differential transi- 
tion probability, 


fWip=W, {up ~(p-k)?, a 


” 


1 
(2r)* 7 


+2(Ek—p-k)(uk— Ek+p-k)} 
plik 5(u—E—E,—k) 
x —_—————,, (1) 
(Ek—k-p)? EE,k 
where a=e*/4r is the fine-structure constant, Z the 
electron energy, /, the neutrino energy, and W,, the 
nonradiative decay rate. The electron energy spectrum 
resulting from this expression has been given pre- 
viously'* and is not repeated here. 

We suspect that, because of the overwhelming back- 
ground of x — e+vand # — uw — e electrons, the photon 
radiation (or at least the hard component in which we 
are interested) may be more easily distinguished than 
the spectrum of electrons. The spectrum of photons 
into solid angle d2Q= 2x sinéd#, where @ is the angle 
between the photon and the electron, is obtained by 
integrating Eq. (1) over electron energies. This relation 
is generally complicated by the energy condition 
p= E+k+ | k+p). 

If the photon and electron emerge in opposite direc- 
tions so that = 180° and |p+k|*=(p—&)*, the energy 
condition becomes (u—E— p)(u—E+p—2k)=0. The 
photon spectrum obtained from Eq. (1) is then 


(—*) a pk (u— E—p) 
Va ; 
dkdQ F o-150° we (E+p) pu-k(p+E)] 


where p and E are determined by the energy condition. 
Now up—E—p=0 unless k= (u—E+p)/2 which lies 
between (u—m,)/2 and kmax= (u?—m2)/2p. Thus ac- 
cording to. Eq. (2), the only inner bremsstrahlung 
photons at @= 180° are those of essentially maximum 
energy Amex. The probability for the emission of such 
photons is, according to Eq. (2) (setting k= Ruex), 


Wiz a m2 : 
( ) =W, (: ——. ) =1 sec, 
dxdQ F 6 = 180°, k = hmas (29)? iT 


where k= xkmex. The inner bremsstrahlung spectrum at 
180° vanishes then except for photons of very near max- 
imum energy. 

For angles other than 180° (or 0°) the photon spec- 
trum will be adequately described by setting m,=0. In 
this approximation, we obtain for any angle 6 between 
photon and electron 


(x—1)?+1 1 


Wiz ie (—— 
dxf oO? 


(2a) 
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Equation (2a) is thus applicable to all angles except 0° 
and 180° provided k< (u—m,)/2=69.6 Mev. 

Integrating Eq. (2a) for photon energies greater 
than some low-energy cutoff 6, we obtain the electron- 
photon angular correlation, 


dW p/dQ= W,, (a/2)(2x)*x* 
* {A+ (1—A)(1— 2a?) In(1—2) 
+2n(1—A)[In(1/amin—1]}, (3) 


J 


where A=sin’6/2 and xmin=26/u. The rate of re 
+v-++ decay per unit solid angle with e and y at 180° 
to each other is 


(dW p/dQ)o—180° 
1.2 10~*/steradian. (3a) 
Ww» 
Equation (3) agrees with Eq. (21) of Vaks and Ioffe, 
since when the minimum photon energy is 6 the maxi- 
mum electron energy is approximately u/2—6(1—A), 
so that ymax in Vaks and Ioffe equals 1—(1—A)xmin 
above. 


Ill. STRUCTURE-DEPENDENT (SD) RADIATION 


Out of the pseudoscalar pion field operator ¢ and the 
electromagnetic field operator A, only two vectors 
aoF’,,0, and b¢F,,?, can be constructed in a gauge- 
invariant manner. Here F,,=A,k,—A,k,, and 


~ es . 

F yv= (4/2) €perpl’ rp 
is the tensor dual to F,,, and a and 6 are functions of 
®-k, which must be, assuming PC invariance, relatively 


real. The gauge-invariant contribution of diagrams (c) 
and (d) of Fig. 1 must therefore be of the form, 


My=- i(a)'GyagF ,.O Pey,4 A +r, 

Ma i(a)'G 4boF ,.P bey,4 (1 +75). 
Writing 
qu= Put Px’, B, Vevuh (1 +s)v,, 


one finds that Eqs. (4) take the form 


Gy» = quB, - qrB,, 


My=—(i/2)(a)'Gya@F,,G,,, 
M. 


= (i/2)(a)'G 100F Gy». 


The matrix element for the gamma decay of pseudo- 
scalar 7° mesons is, on invariance grounds, 


M = —(i 2)acoF’ ,.F u», (6) 


from which the rate of 2° decay is 


W °= (a®/4) (29), (7) 
where ¢ is a constant depending on the pion decay 
structure. In lowest-order perturbation theory (where 
the “‘black box” in Fig. 1 stands for a nucleon-anti- 
nucleon loop, each of mass M, coupled to the pion field 


AND J] 


YOUNG 


via (g V2 )vyse¥ v-¢@), we have‘ 
c=a=4(xr)'g/M (8) 


This relation between the electromagnetic de ay of the 
7 and the vector radiative decay of the x2 holds, for 
photons of near maximum energy, to all orders if the 
Feynman-Gell-Mann principle of conservation of the 
weak vector current® is assumed. (Generally a is a 
function of k which equals ¢ strictly only when k=y/2, 
the photon energy in 7” decay. We are neglecting this 
possible energy dependence and setting a= c= constant.) 
This assumption, which was also made in reference 1, 
determines the over-all rate of r* decay, and will be 
made in the remainder of this paper 


Photon Spectrum and Angular Correlation 


The differential transition probability obtained from 
Eqs. (4) or Eqs. (5) is 
PW sp = (2G,y’ a)(2r (Mi 

4 1 TY )' 1 


W ok 
8 cos#@ cosé) + 24 cos@— cos) | 
X6(E+E,+k u)d* pd®k, (9) 
where @ is the electron velocity, @ the angle between 
neutrino and photon and y=0dG, ’ 
From Eq. (9) we obtain the photon spectrum angular 
distribution 


PW sp 


ahr, 


dxdQ cosé—1) }* 
}> cost | 
1 cost - 


In the case of = 180° Ex 


(= 
dxdQ ) 


These equations show that, at 


reduces to 


8 


least for y~1, structure- 
dependent radiation is predominantly hard and in the 
backwards direction. This is to be contrasted with the 
inner bremsstrahlung which is predominantly soft and 
in the forward direction. In order perturbation 
theory b=a, and Eq. (10 for the angular dis- 
tribution of photon and elect 


dW sp/dQ= 


lowest 
give 
ron 
uW, 
XK {47/44 (1—A)A h?+- 15)? 
—45+35) In(1—A)+ (1—A) (125 
X [3A*(A+-4?-+A+ 1) + 10(5\*— 3344-42) J} 


~ 4 | 
(G*/4ar) (La 


(12) 


76, 1180 (1949 
Feynman and M. Gell-Mann, Phys. Rev 


‘ J. Steinberger, Phys. Rev 

‘R. P 
(1958) 

* Equation (9) agrees with the ponding result in 
1 except for an over-all factor it the 
obtained from Eq 9 
obtain 


dW ap dy= G ha 2s 


109, 193 


reference 
electron spectrum 
vith that of reference 1. We 


does no 


where y= E/Emax 
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Equations (3) and (12) are plotted in Fig. 2, with the 
lower limit’ assumed to be 0.5 10'* sec" for W.*. The 
electron-photon angular distribution is the superposi- 
tion of two noninterfering mechanisms: (a) the inner 
bremsstrahlung, Eq. (3), and (b) the photon emission 
by the intermediate states in #* decay, Eq. (12). In 
calculation of the latter the rate of radiative decay 
through the V interaction has been related to the rate 
W,° of #° decay by the assumption of a conserved 
vector current. The decay through the A interaction 
can be related to that through the V interaction by 
choosing y= (bG,4)/(aGy)=1 as is suggested by lowest 
order perturbation theory.® 


IV. DISCUSSION 


We have seen that at @=180° no inner bremsstrah- 
lung photons occur of energy less than (u—m,)/2, 
while structure-dependent photons of all energies occur. 
Thus if any photons are detected of energy less than 
69.6 Mev when photon and electron are in anticoinci- 
dence there is unambiguous proof of structure mediating 
the #* decay. The number of such decays per unit 
solid angle about 6= 180° per x — w+ decay is calcu- 
lated, according to Eq. (12), to be 


(dW sp dQ)¢ =180 g , 
> 0.2 10~7/steradian. 
W 


ue 


This conclusion rests on the assumption relating the V 
interaction + — evy matrix element to the rate of 2° 
decay but is insensitive to the particular choice of the 
parameter 6 in the A interaction matrix 
provided 6¥ —a. 

The lowest published upper limit on the rate of 
radiative x — e decay is that obtained by Cassels and 
collaborators.** This group measured the rate of elec- 
tron-gamma production at 6=180° and used a calcu- 
lated electron-photon angular correlation function to 
convert these measurements into a total rate of radia- 
tive x -+ e decay relative to normal # — yu decay: 


element 


W ory /W pe (345) 10-*, (13) 


In the earlier work® the angular correlation function was 
calculated assuming an ST §-decay interaction, while 
in the later work’ the V-A interaction was used but 
the interference term between V and A was neglected. 


7 G. Harris, J. Orear, and S. Taylor, Phys. Rev. 106, 327 (1957) 

* This result b=a agrees with that obtained by N. Cabibbo (to 
be published). G. H. Burkhardt, J. M. Cassels, M. Rigby, A. M 
Wetherall, and J. R. Wormald, Proc. Phys. Soc. (London) 72, 
144 (1958), on the contrary obtain b=}a. These latter authors 
neglect the inner bremsstrahlung contributions and the inter 
ference term between the V and A matrix elements, which con 
tribute to the electron spectrum and to the electron-photon 
angular correlation 

* J. M. Cassels, M. Rigby, A. M. Wetherell, and J. R. Wormald 
Proc. Phys. Soc. (London) A70, 729-734 (1957) 
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From the rate (13) quoted in reference 9 and the fact 
that the relative probability for emission into the back- 
wards direction (1/W)dW/d(cos#) was taken 
3.0, we can work backwards to find 


to be 


(dW w,/dQ)eniso 3.0 
(3+5)K10~° 
W _r 


(1.54 2.5) 10~*/steradian. 
Since we calculated 


(dvi 1B dQ)o~180 
1.2X10~*, 
Wy 
(dW gp/dQ)oo18 
> 2X 10~*/steradian, (13a) 
W ys 
the experimental sensitivity would have to be im- 
proved by two orders of magnitude to detect the inter- 
esting structure-dependent radiation. In looking for the 
structure-dependent radiation one should discriminate 
against the 70-Mev inner bremsstrahlung “line spec 
trum.” If these photons are not observed one will have 
to conclude either (a) that the vector current is not 
conserved, and that if the pion decay structure involves 
baryons at all, the typical energies of the intermediate 
states involved probably exceed the nucleon rest mass, 
or (b) that the pion decay should be regarded as 
primary. In either case applying the idea of the uni- 
versal Fermi interaction to other weak decays will have 
practically lost its attractiveness. 
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A general formula for the transition rate of the muon capture 
1,Z) —»> v+(A, Z—1), where the final nuclear state 
has definite spin and parity, is given in terms of the total and 


reaction, «+ 


orbital angular momenta of the emitted neutrino and of the spins 
of the initial and final nuclear states. The induced pseudoscalar 
interaction and the interaction due to the assumption of conserved 
vector current 
axial 


are taken into account, together with the vector 
The the muon 
capture reaction is defined in a manner analogous to the theory of 


and vector interactions forbiddenness of 


the beta decay 
(0+, 1+), (O—,1-—,2 [n(—)", n+1 (—)*] 


first forbidden, and nth (n> 2) 


Che spin and parity changes can assume the values 
for the allowed, 
forbidden transitions, respectively 
For these 
number of reduced nuclear matrix elements in 


(+ and mean the parity change ‘“‘no” and “‘yes’ 
transitions, the 
The transition 


rate of muon capture reaction is reduced by a factor of 10°, ap 


volved is nine, sixteen, and fourteen, respectively 


1. INTRODUCTION 


N the past three years, remarkable progress has been 

achieved in the study of beta decay, both theo- 
retic ally and ¢ Xp rime ntally. The basi que stion of the 
types of interaction has been settled in favor of V—A 
—1.2Cy, Cy Cy’, andC, Cs 
that the V-—A interaction is 
generally acceptable for the weak processes involving 


interaction, with C4 
It has also been shown 
elementary particles.2~* Among these weak processes, 
muon capture by an atomic nucleus and beta decay are 
of particular interest, as they involve no strange par- 
ticles. Nevertheless, both theory and experiment in- 
volving the muon capture reaction are not yet well 
established compared with those of beta decay. One of 
the reasons is the complexic ity of the muon capture re- 
action, where the released energy is quite large (of the 
order of 100 Mev). This energy will excite many nuclear 
levels of the daughter nucleus. Therefore, the partial 
transition rate between the definite nuclear states is 
difficult to measure experimentally, while that of beta 
dec ay is quite easy On the other hand, the total « apture 
rate, which is much easier to obtain experimentally, is 
rather insensitive to the type of interaction, because the 


character of the elementary process is masked by nuclear 
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Phys. 31, 783 (1959 
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proximately, for a tw ddenness, if the 


The 


lower one is 


atomic number and tl! e! ry of neutrino are constant 
to the 
in the medium and light nuclei. I 


for the transition rate are given for the all |, firs 


contribution from the | 
less than 0.1°; xplicit formulas 
t forbidden and 
nth forbidden transitior hey are related to the corresponding 
formulas of beta decay vas applied to the calcula 
tion of the partial muor yture rate by ( 
state of B®. The licates that measurement of 
this capture rate can termine whether the 

current interaction terr f ts in IT ire niy if the coupling 
constant of the induc« scalar interaction 


* ending in the ground 
numer 
conserved vector 
and the nuclear 
wave functions are KT t t ion rates are given in 
Table V and Fig. 1, fo 
oscillator 


given by I 


nodel and harmonic 
wave smaller than those 


effects. The 
present has been revi 


theoreti experimental status at 
Primakoff.* 
Since, however, the partial transition rate between 
two definite nuclear sta e€ muon capture reaction 
depends strongly on tl ype of the interaction, it is 
worthwhile to formalism for this 
problem, in anticipation of future experiments. One such 
attempt among many is by of the 
A] lepton bare- 
nucleon coupling to be V—A, they derived an effective 
Hamiltonian. The nuclear matr 


mated by using a 


develop a genera 


Primakoff and one 


present authors Assuming the 


elements were esti- 


specu nuciear mode! 


Since they 
worked out only special cases of spin and parity changes 
(C? — B®, Li® > He®, and He* — H 
less genera! respet 


momenta of the 


, their treatment 
Ww it h 


eptons and tl 


is somewhat t to the angular 
e spins of nuclear states. 
Furthermore, they neglected some nuclear matrix ele- 
ments and all cross terms between the remaining nuclear 
matrix elements 

The purpose of the p t pay is to preseni a 
general formalism for the | ion rate of muon 
capture between definite 1 tates. This formalism 
is completely analogous to 
to the the 


the muon by an electron. Sin ir calculation 


ta decay, and leads 
ory of orbital electron capture, if we replace 
is com- 
pletely in the spherical rey ! ion, the relations 
among nuclear spins and lepton angular momenta are 
very clear 
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ALLOWED AND FORBIDDEN Tt 
interaction and the interaction due to the assumption of 
conserved vector current are both taken into account. 
In Sec. 3, the nuclear part of the interaction Hamiltonian 
is transformed into a nonrelativistic form while the 
lepton part is still kept relativistic. In Sec. 4, all matrix 
elements of the muon capture reaction are evaluated, 
where the muon is absorbed by the nucleus from a given 
orbital state, a neutrino of given total and orbital angu- 
lar momenta is emitted, and the nucleus changes from 
one state of given spin and parity to another state. 
Using the result of Sec. 4, a general formula for the 
transition probability is given in Sec. 5. This formula is 
also applicable to the orbital electron capture rate, 
which will be investigated in a future paper. In nature, 
the muon is mostly absorbed from the K orbit of the 
u-mesonic atom. The transition rate for this case is given 
in the approximation aZ<1, in Sec. 6. In Sec. 7, we dis- 
cuss the definition of forbiddenness in the muon capture 
reaction, which is the same as that in the theory of beta 
decay. We further classify all possible reduced nuclear 
matrix elements according to forbiddenness. This classi- 
fication is somewhat different from that of the theory of 
beta decay. The former focuses its attention on the rank 
of the tensor, the latter on the orbital angular mo- 
mentum of the lepton system. In this way, the contri- 
bution of the (n+ 2)th forbiddeness to the nth one is less 
than 0.1% in both cases.* The transition rate is reduced 
by a factor of 10° in the muon capture, assuming the 
level distance between the initial and final nuclear 
states and the atomic number to be constant, and by a 
factor of 10° in the beta decay. In Sec. 8, explicit formu 
las for the transition rate are given for the allowed, first 
forbidden, and nth forbidden transitions. In Sec. 9, the 
muon capture rate is related to the transition rate of 
beta decay. In Sec. 10, our formalism is applied to muon 
capture by C". The j-j coupling shell model and the 
harmonic oscillator functions are adopted, for the esti- 
mation of the nuclear matrix elements, as was done by 
Fujii and Primakoff.’ Our theory gives a 9-13% de- 
crease in the transition rate compared with theirs. The 
numerical analysis indicates that the measurement of 
the muon capture rate between the ground states of C” 
and B" sheds light on the assumption of the conserved 
vector current, provided our knowledge of the induced 
pseudoscalar coupling constant, Cp, and the nuclear 
wave functions is fairly accurate. In Appendix, the re- 
duced nuclear matrix elements for muon capture by C” 
are evaluated. The reader who is not too interested in 
mathematical detail may skip Secs. 3-6 entirely. 
Although we adopt the muon wave functions (G_, and 
F_,) for a point nucleus in Secs. 6-8, the genera] results 
in Secs. 4 and 5 hold with modified G_, and F_, for a real 
nucleus. Explicit calculation for this is being made 


§ Although the beta-ray spectrum in B” —+ C® varies about 10% 
in the whole energy region, the effect in its /t value is about 0.15% 
This is due to the cancellation of the energy integral of 4K Lo+N, 
In most beta decays, this effect is less than 0.01%. 
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2. INTERACTION HAMILTONIAN FOR MUON 
CAPTURE REACTION 


We assume the lepton bare-nucleon coupling is via 
vector and axial vector interactions of the Fermi-type. 
Thus, the most general interaction Hamiltonian density 
for the reaction, u-+p — v-+n, is® 


H=¥,KY >, 


with 


VK =n LCv (bw) +Cv' (Werrv,) ] 
tin Ca(brirvbs)+Ca' (vrirw,)] 
+7 Cr(vrvh,)—Cr’ (Vh,) ] 
+or[ Cup lb-ivrw)+Cu'p\drirvw,) ], (1) 
v=¥'y,, and »,=4[nry—- Wn). 


The dagger and asterisk mean the Hamiltonian conju- 
gate and complex conjugate, hereafter. Here the sub- 
script, m, p, v, and mw stand for the neutron, proton, 
neutrino, and muon, respectively. In the fourth line of 
Eq. (1), the differential operators p,, [—i¥, —0/dt)], 
act on the lepton covariants, but not on f,. The first, 
the second and the third lines represent the vector, axial 
vector and the induced scalar interactions, respectively. 
The fourth line is the interaction, which is introduced by 
the assumption of the conserved vector current.’ As- 
suming the time reversal invariance of Eq. (1), we can 
choose all coupling constants C,; and C/ to be real. The 
relative strength of C, and C,’ is not specified in the 
above, but the fact that the helicity of the neutrino is 
almost completely left handed concludes! 


Ci=C/. (2) 


We assume that the relation also holds in muon capture 
reactions. Comparison between the ‘‘weak current” and 
electromagnetic current gives* 


Cu=Cy(pp—tn)/2M, pyp—pn=3.706. (3) 


Here uv, and yu, are the anomalous magnetic moments of 
the proton and neutron in nuclear magnetons, and M 
is the nucleon mass. By the dispersion-theoretical ap- 
proach, Goldberger and Treiman® obtained the relation 


Cp=8C,. (4) 


The experiments on the beta decay of the neutron and 
nuclear 0-0 transitions give’ 
1.21Cy. 


Goldberger and S. B. Treiman, Phys. Rev. 111, 354 


Ca (5) 

°M. L 
(1958). 

” We note here that the interaction due to the assumption of 
conserved vector current is automatically taken into account in 
the theory of the elementary particles given by S. Sakata, Progr. 
Theoret. Phys. (Kyoto) 16, 686 (1956), where fundamental par- 
ticles are assumed to be proton, neutron, and lambda only. There, 
the pion is considered as a bound state of the nucleon-antinucleon 
system. Thus, the detection of Cy term becomes of twofold 
importance, namely for verification of Sakata model of elementary 
particles and for that of the Feynman-Gell-Mann interaction of 
beta decay. One of the authors (M.M.) would like to express his 
sincere thanks to Dr. S. Okubo, University of Naples, Italy, for a 
stimulating discussion. 
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We adopt the following representation of the Dirac 
matrices, which is common in the theory of beta 
decay." 


0 ig —1i 0 
iBa ( ), 74 8 ( ), 
ig 0 0 


0 
tay 3 


ce 0 


Here 1 and @ are the two by two unit and Pauli matrices. 
Using Eqs. (2)—(6), the Hamiltonian density becomes 


H=y,'Hy,, 
with 


H=Cyf1-L(1)—a-L(a)] 
+ Cule Lie) v5" L(ys) 4 C pBys5- L (8 5) 


+ (Cy/2M)(up—pn)[| —i8e-pX L(a) 
+Ba-pL(1)—iBa- pL (ae) |. 


Here the lepton covariants are abbreviated as 


L(e)=y,'| \/v2 joy, etc. (8) 


(1+75 
Therefore, 


Lia)=L(e), and L(1)=L(¥s). (9) 

In the theory of beta decay, the interaction Hamil- 
tonian is expanded in the multipole order of the emitted 
electron-neutrino system, and the whole calculation is 
The the 


nucleon part of this expansion) are also left in relativistic 


relativistic. nuclear matrix elements (i.e., 
form, as phenomenological parameters which may be 
determined by experimental data, e.g., by the shape of 
the electron spectrum. On the other hand, we know only 
the transition rate in the muon capture reaction, but not 
the spectral resolution of the neutrino. Therefore, we 
cannot leave the nuclear matrix elements as phenomeno- 
logical parameters. (The situation is the same in calcula 
tion of the ft value of beta decay.) For this purpose, it 
is necessary to reduce all the relativistic nuclear matrix 
elements (namely, the momentum-type matrix ele- 
into nonrelativistic forms. We thus transform, 
first, the nuclear part of the interaction Hamiltonian, 
Eq. (7), into nonrelativistic form leaving the relativistic 
lepton part, whose evaluation is very easy. In the entire 
calculation of the muon capture rate, Eq. (11) below is 
expanded in the multipole order of the emitted neutrino 


ments 


in a way analogous to that of the theory of beta decay. 


NE. J 
(1941) 

2M. Yamada and M 
8, 431 (1952 


Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 


Morita, Progr. Theoret. Phys. (Kyoto) 


AND A. FU 


JIl 


3. NONRELATIVISTIC REDUCTION OF 
NUCLEON OPERATORS 


The interaction Hamiltonian density, Eq. (7), in- 


volves odd and even operators. We transform these 
operators into equivalent even operators by the Foldy- 
Wouthuysen transformation modified by 
Osborn."* We replace the 
function 


and 
wave 


Ry sc 


relativistic nucleon 


where u and v are large and small components of the 
Dirac spinor, corresponding to the eigenvalue —1 and 
+1 of B, respec tively 

The transformed interaction Hamiltonian 


by" 


is given 


H=u,'Hu,, 
with 
H=Cy1-L(1)+Cye-Lie 
+(Cy/2M)| 2L(a)-p+p-Li(a 
+(C4/2M)| 2L(ys)o-p+ea-pL( 
—(Cp/2M )e-pL (Sys 


Ty rv Cy/2M 


tie-pX Lia 


io pX Lia (11) 


In Eq. (11), all terms of order (p/2M)? are omitted. The 
differential operators p standing on the left of the lepton 
covariants act only on them, 


but not on #,. Equation 
(11) is equivalent to Eq. (4) of Fujii and Primakoff,’ 
since the nonrelativistic muon wave function obeys the 
relation 

By (12) 


4. THE SPHERICAL COMPONENTS OF THE 
MATRIX ELEMENTS 


Throughout this paper, we adopt the units h=c=m, 
=1. The free neutrino state is specified 
momentum q and the direction of 
panding the plane wave neutrino in the 


spherical spinor x,,,' 


by its linear 
spin m=+4. Ex- 
normalized 


(13) 


¥.(q,m;r)=> i'l bu—mm 


<s 


with 


Ven” 


Xap 


1315 


tor and the 


1954) 
pseudo 
Table I of 


3M. E. Rose and R K. ( ort *T Rev 93 
4 We have opposite sign for the ax ‘ 
scalar interactions compared wit 
reference 13 
16M. E. Rose, Elementar Theor | ular Momentum John 
Wiley & Sons, Inc., New York, 1957), Chap. IX. 


ts given in 
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Here j:(gr)’s are spherical Bessel functions, ¥,"'’s are 
the spin wave functions of two dimension, and S, is the 
sign of x. The total and orbital angular momentum, / 
and /, of the neutrino for a particular value of « is given 
by 

j=l—} for 
j=l+}4 for 


For example, «= —1, 1, —2, and 2 corresponding to 5;, 
pi, ps, and dj, respectively. Here summation over « 
means the sum over all possible values of j and I. In the 
above, subscripts, / and l of the spherical Bessel func- 
tions denote the orbital angular momenta corresponding 
tox and —x, respectively. @ and # are the unit vectors in 
the direction of the neutrino momentum and space 
coordinate, respectively. The normalization of , is such 
that 


x>0, 
«x<Q, 


l=x and 


l=—x-—1 and 


ford m' ; r)W,(q, m, ; T)dr=5mmd(q'—q), (18) 


where the integral extends over whole space. 

The bound state wave function of the muon is ex- 
pressed in the same way as that of the neutrino, but it 
has only a single value of corresponding to a definite 
orbit. Namely, 


—iF Xa 
Gren 


(19) 


G, and F, being the radial wave functions of the bound 


1 (mpl 1) x’p’) = (— ett! F597” — pp’ | ww’ —p) Down” * (Pe Ge Sewn 


with 
Dovu”’—*(#) = (49) V,"—*(#). 


@ (xp ol n'y’) = (— errr rt Spy! — ap’ | ep’ 


vu 


with 


Dieu” *(?,e) => (le —m m—pt+y'|u p’—p)Y,"**'-*(#)D.-"(@). 


a 
™ 


TRANSITIONS 
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state. Explicit forms of these wave functions for a point 
nucleus are given, e.g., by Bethe and Salpeter,'* for 15,, 
254, 2p4, and 24. In the lowest state 1s, 
= +4, 
G 1= (2Z ao)! 

XL (1+y)/20 (2y+1) Jle-4"!*°(2Z7/a9)™, (20) 
F_y= —[(1—y)/(1+7) }G_, with y=[1—(aZ)*}}. 
Here a» is the Bohr radius of the u-mesonic atom and Z 


is the atomic number of the nucleus. If we assume aZ (a 
fine structure constant) to be very small, they become 


c= —1, 


G_\=2(aZm,')'e-42™"", 


F_,=0, m,'=m,[ 1+(m,/AM)}". (21) 


Here m, is the muon mass. The m,’ is the muon reduced 
mass in the parent u-mesonic atom. The normalization 
for y, is such that 


with 


fore, yu’; rw ylk, wu; r)dr =BbcxByy’- (22) 

Using these lepton wave functions, we evaluate the 
spherical component of the interaction Hamiltonian 
defined by 


(ku H xp’) = (Wan ’ Hye). (23) 


Calculz.tion of the spherical component of each term in 
Eq. (11) can be performed by a method similar to that 
developed by Rose and his collaborator,""*” Takebe,"* 
and others. Here we give the results only. 


KK )— fal Soul, —K’) Bou (24) 


(25) 
(26) 


(27) 


Here Y ;,” and ¥)," are the spherical and solid harmonics defined in reference.” In Eqs. (24) and (26), Soe, and Siex 


are given by 


S wou(x,x’) = (2(21+ 1) (21 +1)(27+1)(27'4+ 1) P00} 00) | j j’ 


f Yo) 
| 
| 


jj | => (2f+1) Wl th Af) W jhe’ Lf) WW jj'vk uf). 


la a kd 


a 
for k=0 and 1, 


<2 
» = 


(29) 


‘© H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- and Two-Electron Atoms (Academic Press Inc., New York, 1959), 


7L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 (1953). 


1H. Takebe, Progr. Theoret. Phys. (Kyoto) 12, 561 (1954). 


” They are given, e.g., by A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton University Press, Princeton, 


1957), p. 124. 
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Here k, v, and u are the resultant spin, orbital, and total angular momentum of the neutrino-muon system, re- 
spectively. 


(ups e xu’) -p { = pata’ +i'+t $° ( 57’ — pp’ up —p)il fGeSu(—«, x’) 4 ge. ‘. . x’ 1), ae *(?,p). (30) 


vu 


Here the definition of ¥),,.“’~*(?,p) is similar to Eq. (27). 


pr (mps| ee x’u”) = 38(— ere te et S57! — pp" | ew’ —p) 


x {L(t t 1)/(20+3) }Do os: a *(P)be41 wD, —[1 ‘(20—1) }*9) r Taf (PS. 1 D } 
XOf.GueSiwul—k, x 4 gF eSieu 
d v+1 


D,=—-- _=—+— 
dr r dr r 


bo PX (xps| | x’yu") = 68(— eral rt S057” — wy’ | 4 p’— yp) 


X((o4 1)#W(1 1 wv, Lo+1)9): og a” *(#,¢)D,—vW(11 40, 1o—1)9); 1" *(F,o)D 
x iG, Siew! ~ Ke, x T g.F Siew K, —x’ } }. 
(xu |ys|x'u’)o- p= (—)et'+" $9 (57? —pp’| up’ —p) 


vu 


X Dou” "(PC f Gu Sovul—x, Sovu(k, —«’) Jo-pbsy. (34) 


SH ar sieiet 557" — yp’ |e we’ —p) 


* {L(o+- 1)/ (204-1) Ys oa u’*(%,e)D, — [0/ (20+1) 99). 1 (FP ,)D_} 
XO f.GeSovul—«, «’ +-¢,F, Soul K; x’) Bow. (35) 


As is well known, the transition rate for the C,’*C,/ term is exactly the same as that for the C;*C; term. Therefore, 
we shall not give here the spherical components for C,’ terms. 


5. TRANSITION RATE 


To illustrate the method of calculation, let us consider the matrix element of the reaction, u-+ p — »+n, induced 
by the main even part of the axial vector interaction. By Eqs. (11), (13), (19), and (26), 


M.E. Caf (upteu,)(y,tov,)de 


> (u,'ou,)i-"(1 § u—m m| jw) Vr-*(9) (nul ol «’y’) 


wu 


Cad dtl 4h p—m m| jw) Vr -™*(g)(— etree (gy —p lap’ —p 


<p tu 


x fu Din*,0)[8.6. Steulk ne )— fF eS x, —K«’) ]u,dr. (36) 


The matrix element for the reaction, u-+(A,Z) — »+(A, Z—1), is obtained from the above equation assuming 
that every dressed nucleon in a nucleus does not perturb the other. We introduce the subscript s labeling the 
nucieons and the operator r_* which transform the sth nucleon from proton to neutron state. The wave functions 
of the neutron and proton in Eq. (36) are replaced by those of the initial and final nucleus, whose total and magnetic 
quantum numbers are represented by J/;M; and J ;M,;. Thus 


A 
M.E. =Ca f Usp" > o@,7_-h,op,U 1" dridre- - «dra. 37) 


s=l 


* The subscripts of D are inverted compared with those in Eq. (47) of reference 13, because our D, (D 


) increases (decreases ) 
the order of the spherical Bessel function by one unit. 
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Taste I. C’” and M,,"" in Eq. (40). Mu” is defined by 


TRANSITIONS IN 


MUON CAPTURE 611 


A 
fuss EZ Ber Ua Mideydty- --deg= (Jeu My My — MJ, MMe, 
a7 


where 2, is given in the table. In the last line, + and — signs refer to i=7 and 8, respectively. 


cw 
Cy 
fis 
—Cv/M 
—V3Cy/2M 


— (§)'Cy (1+p,—pn)/M 


C4/M 
—C A/ 2v3 M \ 
Cp/2v3M § 


C(o+1 OW (1 1 0,104 1)Ds og oO (7,0) D, 


IDoww! —™* (Ff GeSovu(— 


(CL (e+-1)/(204+1) PDs 41 oO (F,,0,.)D, 


Dove” —™6(F, )LgGe Some (xx’)— fel vSoeul—«, —*’) Bou 
Drew! —™6(F,,0) cGeSiee (an )—feFeSivu(—«, —«’)] 
Lf GeSroul(—K, «+A geF ee Siew(s, —«’) Drew —™ (Fe) 
(L(o+1)/(20+3) Do ons wl (Foes oD, 


[o/(20—1) Do or wl - (PF, 8, wD} 
XO Ge Soul —a, «Age eSieu(s, —0’)) 
vtW (11 w0,lo—1)Ds 1 oP, 0,)D_] 
XO/GeSiew(—a, «+ geF eSien(x, —«’)] 
—«')\O.° De 


(v/(20+1))*D 1 w-™*(F,,@,)D_) 
XL Ge Soon! ~«, «a gek a Soeu (a, —«') Pew 


a, « )+geF Soul, 


“urthermore, we define the reduced nuclear matrix element by using the Wigner-Eckert theory,'® 


A 
fuse > (Drew *(¥4,0.)_cGu'S oul ak )—- fel’ Siew! — —«') \}r ‘Us, drjdrz: : dta 
el 


(J uMiy'—plJ,;M)M.. (38) 


The reduced nuclear matrix element J,,, does not depend on the magnetic quantum number and it is, in principle, 
calculable if one knows the nuclear wave functions of the initial and final states, by the defining Eq. (38). 


M.E.=> } i-'(1 3 p—m m| j mV r-™*(g)(— errr gy —p | u’—p) (J uM, p'—p| JM CDi. 


<p tu 


Generalizing the argument to the Hamiltonian density 
of Eq. (11), the matrix element is obtained by replacing 
C~Mew by 

Li COM,.. 


Here C and Wt,” are given in Table I. The super- 
script (i) specifies the individual term in Eq. (11). We 
now sum over all magnetic quantum numbers, integrate 
over q, and average over the initial substates in the 
absolute square of the matrix element. The result is 


(|M.E.|*)sy 


=((27/+i(W4pyPpia,>dc > 


my’ Mi My, 


M.E.|? 


=[(2J +1)/(2j’+1)(2F,4+1)] 


XE CC CcOlT MLO Mes]. (40) 


dince the subscript « of the nuclear matrix element 
indicates the rank of the tensor, we have no cross term 
between two Jt’s with different u. The orthonormality 
of the x., brings the sum over x, which specifies j and / 
of the neutrino simultaneously, outside of the absolute 
square. On the other hand, there are some cross terms 
among Qt’s with different ». By the definition of M,..“°, 
the parity changes of the nuclear states is (—)" for 
i=1,2and (—)**' for i=3, 4, ---, 8. Consequently, two 
matrix elements interfere with each other, if >—v’ = even 


(39) 


and i and ¢’ are in the same group, or »—»v’ = odd and i 
and i’ are in different groups. 
The transition rate of the muon capture reaction from 

a particular nuclear state, /,;, to another one, J; is given 
by 

W = 29r(| M.E.|*)avq*dg/dEy,, (41) 
with 

dq dE;= [i-—g(m,+AM) ‘}, (42) 
and 


g= (m,—W)[1—4m,(m,+AM)*], (43) 


Here W, is the energy difference between the initial and 
final nuclear states plus one electron mass. 

In this section, we did not specify any particular value 
of x’ for the bound muon. This means that our formula 
applies to the capture rate of the muon from any orbit 
of the u-mesonic atom, or to the capture rate from two 
or more orbits, if necessary. However, the muon in the 
higher orbits goes down to the K orbit (x/=—1) by 
electromagnetic transitions before being captured by the 
nucleus. Consequently, the muon capture takes place 
from the K orbit. The general results in Secs. 4 and 5 
hold with more realistic muon wave functions than Eq. 
(20) or (21). We can take the finite size and the rela- 
tivistic effects on the muon wave function into account, 
with modified G_; and F_, for a real nucleus.” 

% These effects would be of order of aZ, which is 4.4% in C™. 
After this work was completed, a paper by Flamend and Ford, 
Phys. Rev. 116, 159 (1959), has been called to our attention. 


They showed, in fact, these effects for muon capture in C* to be 
— 67%, correction in the capture rate. 





M. MORITA 


6. MUON CAPTURE RATE FROM K ORBIT 


= —1 for the K orbit 
(1s,). We assume the nuclear charge to be not so large, 


The muon quantum number is «’ 
aZ<1. In this approximation, the radial wave functions 


W =4P(aZm,')'*[ (2 -+1)/( 
with 
zi 


P 


+34(Cyvg/2M){[ (1+-1)/ (214-3) PMO 1+-1 w + ors w+ [Ll (2l—1) Mo! 
1+pyp—mun){(l+1)W(11ul 114+ )Mi1l+144 


+ (3)*(Cyg M 


x S1,'(- 


Here we use the following abbreviations: 


S pu(k) =Skoulk 1 


[2(2j+1) }}W(4171,4u)d, for k=1 (47) 


[(2j+1)/ (21+1) }%,, for k=O, (48) 


and 


Seu’ (—x«) S Skul), Se sign of x. (49) 


The reduced nuclear matrix elements listed in 


Table II. 


In the expression for P, the summation over 1 


are 


dis- 
appear, because the muon has zero orbital angular 
momentum /’=0, and consequently v=/ or v=/. Sum- 
mation over u« for a fixed « is necessary only for the 
second, the third, and the fifth terms in Eq. (46). In 
fact, this summation consists of only two terms because 
of the triangular condition among the arguments of the 
Racah coefficient in Syu(x) and S,,’(—«). Although 
Eq. (46) looks complicated, the selection rule on the 
spin and parity reduces the number of the nonvanishing 
reduced nuclear matrix elements into manageable size. 
This will be done for different forbiddenness in the next 


section. 


TABLE IT. Definition of reduced nuclear matrix elements in the 
muon capture reaction, 


’ A 
fuse" D cetera Us Mideidts: + -dra 
¥ aml 


=(M(kwu)] or MikwusZ))(JiuM,; Ms—M,\ Js M;), 


where ®, is given in the table 


MC J 


MLO w 
ML w 
MLO w 
M1 w 
MO w 


M1 ww 


2J +1) |[1—q(m,+AM 


AND A. jit 


of the muon are given by 
G ’ 2(aZm,,’ le cm and | 0 (44) 
Using the results in Secs. 4 he muon capture rate 


is given by 


(45) 


>. CyMLO!/ u WSou(« bru —C ING1 l u |S; \K) = (Cy M M1 lu Pp > 


1 
+00 


K)+(Ca/M)MLO L 4 phSou’ (—K brut (4)4(Ca—Cp) (g/2M) 
« {L(+ 1) (21+1) N11 l+1 u+ T (1 


2i+1 (46) 


7. ALLOWED AND FORBIDDEN TRANSITIONS 
IN MUON CAPTURE REACTION 


In analogy to the theory of bet 
the forbiddenness of 


2 we define 
reaction the 
tion with the forbidden- 


i decay," is 


muon captur in 


following and discuss the connex 
ness of beta decay 

The reduced nuclear mat: 
three numbers, k w u, and tional symbol, + or 
— OF 9d. Their explic it lorms al iven in Table II. We 


list all possible reduced matrix elements ac- 


x elements are specified by 


cording to forbiddenness of the m 
in Table III. The 
actly the same as that in the tl eory ol beta dec ay. It is 
given in the second and third rows of Table III as parity 
and spin changes between the initial and final 
levels. On the other hand, the 


1on capture reaction 


definition of the forbiddenness is ex- 


lear 
of the re- 
to forbidden- 


nu¢ 
issincation 
duced nuclear matrix elements with respect 
ness is somewhat different from that in the theory of 


beta decay, and the number of the nuclear matrix 


elements belonging t orbiddenness is con 
siderably large. It he allowed, first 
forbidden and other tra ons, respectively 
tion rule for the 
J itJ 


sents the rank of the tens he parity 


The selec- 
a matrix element is 

>u>\J ause the third number u repre- 
hange is given 

and (— for 
Rw u p |, respec- 
he rank of the spheric al 
harmonics with the argument ?/ and the 


by the second number 
MLk wu} (or MLk 
tively, because the x 


u + ind W 
represent 
additional 
minus parity is required by 1 yperator p 
v for Mlk w uj ork FilforINlk wu + |. 
Here 2 is the orbital tum of the neutrino. 
k represents tl resultant spin < f the 
system 


is equal to 


neutrino-muon 


The above classification of the juced nuclear matrix 


rank of the nuclear 


elements is based on 
matrix elements and the property of the neutrino wave 


2M. Morita, Phys. Rev 


- Nuclear Phys. 14, 
106 (1959 . 
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Taste III. Reduced nuclear matrix elements in the allowed and forbidden transitions of the muon capture reaction. They are classified 
with three numbers, £, w, u, and additional symbols + or p in each forbiddenness. Here wu is the rank of the tensor. For a capture from 
K orbit M{1 u+1 u —]and M{1 u—1 u +] will not appear, because of the selection rule. In the second row, the plus and minus indi 


cate no parity change and parity change, respectively 


Forbiddenness Allowed 

Parity change + 

Spin change |J,—J; 0,1 
Matrix elements 


ott uu), MiOuu+) 


[ 000* 
Mil ut+iul, MLLu+-iu +) 


121 
M1 ww], Mil ww +) 


Mi lu—iul, Milu—-i1u—] 
MO uu p) 


101 
O11 


Ml w+ uw p) 
Mil uu p) 
Mil u--lu p) 


No. of matrix elements 


* There are no M000 +) and M110 +) 
function involved as an integrand, namely the spherical 
Bessel function of the order w. The argument of the 
spherical Bessel function j..(gr) is roughly 1 or 2 at the 
nuclear radius for light or medium nuclei. Consulting 
the values of j,,(gr)’s in the numerical tables of spherical! 
Bessel functions” in the range of gr=O—2, we conclude 
that 

Jwr2(r) S (10'~10-*) X je (gr). (50 


This leads to 
Mik w+ 2 uw’ |S3K1O MLR w wu], 
Mik w+2 uw’ +)<3K10- Mik wu +], 
Mlk wt2u’ p\S3K1O"MLk w u p }. (51 


Here uw’ may or may not be equal to wu. The above ap 
proximation may not hold in heavy nuclei because of the 
large nuclear radius. Also the atomic number of the 
nucleus becomes large, and consequently, the neglect of 
F_, is not justified. Thus, the theory will be more com- 
plicated, as seen in Sec. 5. For the nuclear matrix ele- 
ments involving p, Wilk wu], which represents the 
relativistic correction, we have 


(1/M)INCR wu p|~(p/M)MER w wu), 


(52) 


with p/M~v2/c~10™, where the p and » are the nucleon 
momentum and its velocity in the nucleus. Taking these 
relative magnitudes of the nuclear matrix elements into 
account, we obtain the classification shown in Table ITT. 
Another relation for the nuclear matrix elements is 


Mlk w u-—- ]=MLk w wu], 


because the second term in the integrand is very small 
compared with the first (see Table II). But IL w u+ ] 
is different from Wk w « | because the two terms in the 
integrand (see also Table II) have almost the same 
magnitude. 


(53) 


% E.g., see National Bureau of Standards. Tables of Spherical 
Bessel Functions (Columbia University Press, New York, 1947) 


Second Third 
+ 


2,3 


Fourth 


1 (m+2)(m+-1) 


lan 
ln(n+1) 
O(n+-1)(n+-1) 


l(m+1) # 
1(m+-1)(n4-1) 
lin—1)m 


14 


Since we have no cross term between two nuclear 
matrix elements with different u’s, the contribution of 
the (n+ 2)th forbiddenness to the nth forbiddenness is 
very small and of the order of 0.1% or less. This means 
that the daughter nucleus of the muon capture reaction 
goes mostly to states which have | J,;—J,| =0, 1 without 
parity change, or |J,—J, =0, 1, 2 with parity change, 
in the low Z region. 

So far we have assumed K orbit capture and neg- 
lected the small component of the muon wave function 
F_,. When more exact muon wave function is used, the 
above classification into forbiddenness still holds. In the 
theory of orbital electron capture or beta decay, the 
quantum number «’ for the initial lepton state is not 
restricted to —1 only. In the conventional theories of 
beta decay" -” and orbital capture,* all quantities are 
expanded in powers of (q+ p.)- 1, which is of the order of 
0.01. Therefore, the lowest term in this expansion is 
always dominant and the higher terms are negligible. 
However, if (q+p,.)-r becomes of the order of 0.1, e.g., 
in the case of beta decays of B® and N”, we must take 
higher order terms, too.* This has been done by one of 
the authors.” The present formalism of muon capture 
has a close analogy to the theory of beta decay with 
higher order corrections, but the difference in the 
classification of the reduced nuclear matrix elements is 
shown in Table IV. As is seen there, the classification of 
nuclear matrix elements in muon capture is made by the 
third number u (the tensorial rank), in beta decay 
theories by the second number w. 


8. EXPLICIT FORMULAS FOR THE 
MUON CAPTURE RATE 
According to the definition discussed in the last sec- 
tion, the muon capture rate will be given for each 


*S. R. de Groot and H. A. Tolhoek, Physica 16, 456 (1950). 
*H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, 1955 (unpublished). 
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Tasie IV. Comparison of the theory of muon capture and that 
of beta decay or orbital electron capture. The reduced nuclear 
matrix elements are classified according to forbiddenness in each 
theory. In the table, “the mth” means the nth forbidden transition, 
etc. t means that the relevant nuclear matrix element is neglected, 
being regarded as a smal! quantity. Two exceptions are mentioned 
at the bottom of the table 


Theory of beta decay or 
orbital electron capture 
With higher Without 
order higher order 
correction‘ correction 


Theory of 


Matrix elements muon capture 


the nth 
the nth 
the ath the ath 

the nth the nth 

the (n+1)th fe 

the (n+1i)th f 

the (n+i)th f 

the (n+1)th the (#+1)th 


the nth 
the (n 


MlOnn), MlOnn ‘ 
Miinn—i),Mlinn i + 
Miinn), Mit nn +) the ath 
Mrinn+1), Miinn+1 } the ath 
MlOnnp), the (n —1)th* 
Miinn—i p) the (n —1)th 
Minny] the (mn —1)th 
Mii nw +1 p) the (nm +1)th 


the ath 
2)th* te 


“Mii Ojland M000 p 

» See reference 23 

M110) and M000 p) are in the first forbidden transition and 
included 


are in the first forbidden transition 


forbiddenness. In the calculation of Eq. (46), we neglect 
all terms of order (p/2M)* except for Cp*, which would 
be large compared with the other coupling constants. 
For J,;#0 the result depends on the assumption that the 


AND A. Fl 


Jil 


hyperfine states of the u-mesonic atom are statistically 
populated.”* This effect of the hyperfine splitting is 
omitted. We also adopt the muon wave function, Eq. 
(44), for the point nucleus in the approximation aZ<1, 
which neglects the smal! component F_;.“ We abbrevi- 
ate Wl k w u | by [k w u | etc., to save space. This should 
lead to no confusion. These nuclear matrix elements can 
be evaluated from their definitions in Table III. Ex- 
amples are shown for muon capture by C™ in the 
Appendix. 
The muon capture rate is given by 


W =8Po(aZm,’)*{ (27 -+1)/(2I +1 


<L1i—¢q(m,+AM)*]¢@, (54) 
with 

2P).=P, and hkh=c=m,=1. (55) 
Here m, and m,’ are the muon mass and its reduced 
mass in the parent w-mesonic atom, respectively. The 
neutrino momentum gq is given by Eq. (43). For a given 
order of forbiddenness, reduced nuclear 
matrix elements for which J;+J Ji—J;\ actu- 
ally should be included. The P» for each forbiddenness 


is: 


only those 


"uu 


I. Allowed Transition 


Po=Cy*0 00 F+-4C,7((1 0 1 F+[1 2 1 P)+Cy’*¢ M000 )[000 — J—§CuCygM 
(1 21))(2*101 —]—[1 21 +])+4Ca(Ca—Cr)gM 
+2401 21+ ]})—(4)!22CYM“"(000][1 10 p]— (4) 4CuCyM 

+3C72M~—((1 0 1)+2!(1 21))[011 p}]+(Cpg/6M 


x (2401 0 1) 
x (101 -— 


(1+un, brn) 

(10 1]+2if1 21) 

(241101 ] [121)})[111p] 
(101 —]+2i01 21+). 


II. First Forbidden Transition 
Po=Cy{0 11 F+4C2((1 1OP+(1 11 P+[1 1 2P+(1 3 2P)+4C gM [0 1 1](200 11 - 


+4(2)ICygM— (1+n,—n)[0 11](—[1 11 — J+ (1 11 +9449) 'CuCvgM 


fiii 


x ((0 11 —J—[011 +] —4CaCvgM—(1+-u,—wa) (401 11((1 11 — +201 11-4 


+4(3'(1 12) 
« (2"01 12 - 


2171 3 2))(3!(1 12 —J]—29(1 32 + )} 4+ (1/15)Ca(Ca—Cr)gM{ (21 1 
]+3!(1 32+])+5(1 10][1 10 +)}—3C2M—[0 1 1}((1 01 p}+-25[1 2 
+3C ,CyM—{(4)*(1 1:19 (2'1 01 p]—[1 21 p])+(4)(—34L1 1 234+-2°[1 3 29) 


[122 p)}) 


+ (4)!12C,2M—-{[1 107[0 00 p+ (4)4(24(1 1 23+39L1 3 2))[0 2 2 p)} 
+ (1/60) (Cpg/M)*{5[1 10 +) 


III. The nth Forbidden Transition 


Po=Cy*L0 nn P+4C.7(T1 nn P+(1 nw nt+1 P+([1 n4+2 n+1 P+ (2n4+1)"Cy*gM 
|+ (n+1)[0 n wn — ]}+[n(n+1)/3}§(2n+1)'Cy*gM 
xX (—[1 nn —)+[1 nn + ))+[n(n+1)/3}4(2n4+1)"CuCrvgM [1 n 2) 
—4CuCvgM— (1+ ,—a.) ((2n4+1)"[1 nn ){n[l nn —)+(n+1)[1 nn + )}4 
X {(n+2)iC1 n n+1)]— (n+1)*C1 n+2 n+1)}{ (n4+2)*11 wn n+1 — ]—(n+1 


X{nL0 nn 4+ 


[Onn 
(i4+u,—u,)[Onn 
(Onn [Onn 
2n+3 


[i nm+2n+1 


+4(2n+3)"'Ca(Ca—Cp)gM~'{ (n+ 1) 501 n n+1)+ (n+2)*(1 n+2 n+1)} 


X ((n+1) C1 mn nt+1 — )+ (m+2)'01 n4+2 n+1 + )}—203(2n+1) P'CyV’?M 
X{n'L1 n—1 mn p)+(m4+1)*01 nt+-1 mn p)}t+§CaCvM™ ((2n+3 
+(n+1)'[1 n+2 m+1)}[1 n+1 n+1 p)+(2n+1)-[1 nn j{(n+1)'L1 
+2[3(2n+3) PC 2M—"{ (n+1)9C1 nm n+1)+-(n+2)'(1 n+2 n+1)}[0 n4 

+5 (2n+3)—(C pq/M)*{ (n+ 1)*(1 nm n+1 — ]+(n+2 
N. Yang, and H. Primakoff, Phys. Rev. 111, 313 (1958 


g., see, J. Bernstein, T. D. Lee, C. 


[Onn 
1"{—(n+2)'"{inn+1 

ln p|—n[i n+1 mn p)}) 
ln+1 p] 


{1 n+2n+1 + j}. 


(58) 





ALLOWED AND FORBIDDEN 


9. BETA DECAY AS THE INVERSE PROCESS 
OF MUON CAPTURE 


The transition rate of beta decay from the state J, to 
the state J;, considered as the inverse nuclear process of 
the muon capture, can be expressed by 

Wo 


Wa= (8/m) f PogF (Z,W) 
1 


x (Wo— WW paWL (2 41)/(2J,+1)). (59 


Here p., W, and W, are the electron momentum, its 
energy and its maximum energy, respectively. F(Z,W) 
is the Fermi function. Pog is given by a formula familiar 


WwW = r(aZm,')* Pog? 1—9q(m,+AM)*] 


TRANSITIONS 


IN MUON CAPTURE 615 
to Po given in the last section. It is called the correction 
factor of the beta-ray spectrum, and can be expressed by 


the already published formulas as follows: 


27 28 


16m’ Pog=> ar. of references (60) 
L 


= > (—)*(2L+1)-%..™ of references**™ (61) 

L 
=C(2J ,+1)/(2J 4-1)] of references™:™. (62) 
Here, it should be noticed that the reduced nuclear 


matrix element is defined in the transition J,;—+ J; for 
beta decay, while J; — + J, for muon capture. 


The transition rates of muon capture and beta decay 


2 #1y? 
(——) 


the relation, 


(63) 


Pol (Z,W)(Wo-WYW paw 


For the allowed transition, we have 


W= (2x8) f(Z,Wo)[CVME(1) +C PM (e) IL (2 +1)/(2I +1] 


= arty stZ,Wa] cr ft) +ce( fo) 


= (8/9) f(Z,Wo)(Cy*L0 0 0) 2+4C,7°11 0 1) ¢)0 (2) +1 


(64) 


(65) 


)/(2F -+1)), (66) 


in the notation of references 27 to 30, of references 31 and 32, and of the present work, respectively. Therefore, the 
muon capture rate is given in terms of the beta decay transition rate as® 


Ww=w 


with 


a(aZm,')!Poli—gq(m,+AM)")] s2J,+1\? 
8 Fr ’ 
f(Z,Wo)(Cr(000]e+4C.71 01 = 2 + :) 


(67) 


Po=[Eq. (56)], 


and 


[kh O RIP (2:4+1)/(2J,+1))=((kOR] with g=m,’=0) 


for both k=O and 1. Here f(Z,Wo) is the integrated 
Fermi function. 


10. EXAMPLE: MUON CAPTURE RATE BY C” 


We calculate the muon capture rate in the transition 
from the ground state of C” to that of B™. Since the 
spin and parity changes are 0, — 1,, this is an allowed 
transition. The relevant nuclear matrix elements are 
[101], (101 —], [121], [121+], [011], and 
[111]. The transition rate W is given in terms of the 
well known transition rate of the beta decay B”’ — C”. 
The nuclear matrix elements are evaluated for the j-j 
coupling shell model with the harmonic oscillator wave 
functions. The detailed calculation of the reduced 
matrix elements is given in the appendix. The results are 


(101]=—(4)*""[(1-pe™* 


—¢(1—4}\+- pA") ]= —0.138, (68) 


(101 —J=—(})'e"L(i-daye™ 


—f{4—#\+ (4/35)\*) ]=—0.135, (69) 


77 Square terms of the interactions, see M. Yamada and M. 
Morita, Progr. Theoret. Phys. (Kyoto) 8, 431 (1952). 

* Cross terms among interactions, M. Morita, Progr. Theoret. 
Phys. (Kyoto) 10, 363 (1953), and Y. Kato and M. Morita, Progr. 
Theoret. Phys. (Kyoto) 13, 276 (1955) with errata, ibid. 14, 174 
(1955). 

*M. Morita, Progr. Theoret. Phys. (Kyoto) 14, 27 (1955) and 
15, 445 (1956) 

*” M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 

" Square terms of the interactions, see E. J. Konopinski and 
G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941). There is a misprint, 
in Coy, the second line of the page 315. 4K*(2L,4+-Me) should be 
read as 4X?(21,+-My) 

= Cross terms among interactions, see A. M. Smith, Phys. Rev 
82, 955 (1951). 

* This is apparently different from Ea. (10) of reference 7, in the 
power of the statistical weight of spins. This comes, however, from 
the difference of the definition in the reduced nuclear matrix 
elements. Taking this into account, our Eq. (63) for the allowed 
transition is equal to Eq. (10) of reference 7. 
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(1 21)=(4)'(2e)"[ hres 


—{{4\— (2/35)d*} ]= 0.00482, (70) 


(121+) 


1 ) if 1 yw~—hl4 
($)*(2ar)| gre 


+ e{4— A+ (1/14)A*) ]= 0.00584, (71) 


[011 p]=(4)*(¢/2m)L8(1— PANE 
—t{1— 4+ (1/14)d’} | 


0.00575M 


’ 


(4)4{q/2m)[ te" 


—t(4—yoA+ (1/70)d7} J 


Li11ip] 


0.00301M, (73) 


with 
ip*q? = q’/a, 


and 


{= (8/3)aZm,! (xa)-'= (8/3)aZ(m,'/q)(A/m)'. (74) 


Here p is the root mean square value of the nuclear 
radius. We use the following experimental values’ : 

p= 2.52 10~" cm, 

g= 91.4 Mev/c, 
for B" 
BY 


W g= 33.15 sec 


f(Z,Wo) 5.625X<10° for 


For the coupling constants, we assume’ 
—1.21Cy*, 
0.972Cy*, 
0.999C ,8. 
Here the coupling constants with the superscript § refer 
to beta decay. 
Using Eqs. (56), ), and (68)—(76), the muon cap- 


ture rate by C™ is calculated for different assumptions 
regarding conserved vector current (see also Fig. 1): 


(67 


I. (4»—an) term included. 


W = 6.28+0.00481[ (Cp/C4)— 21.2 P. 


II. (u,»—p,») term omitted 


W = 4.844+-0.00481f (Cp/C,)—21.2 


Here W are given in units of 10° se 
Our calculation should coincide with that of Primakoff*® 
and Fujii and Primakoff,’ if we replace in Eq. (56): 


[121 by 


O11 p)] and [i119] by zero, 


((101)+2*41 21 by 101 P+[121] 


Taste V. Theoretical and 
muon capture reaction between tl 
The last column giv 
Primakoff.* 


experimental transition rates for the 
d states of C" and B®. 
to that of Fujii and 


es the ratio 


in 14 sec 
ijii and 


makoff 


Ratio 


7.12 
5.68 
10.39 


ROS 


7.26 
6.34 
11.80 
10.25 


0.91 
0.90 
0.88 
0.87 


inc lude d 
omitted 
included 
omitted 


9.05+0.95» 

9.18+0.5° 
Experiments 6.6 +1 
68 +1 
1 


59 


® See references 6 and 7 

> F. B. Harrison, H. V. Arg 4 ruse .. D 
burg Conference on Weak Interact s, Gatlinburg. Tet 
1958 (unpublished), paper S4 

¢jJ. O. Burgman, J. Fischer 
Stroot, and J. D. Teja, Phys. Re 

4 j. G. Fetkovich, T. H. Fields, a cllwait i. Am 
Soc. 4, 81 (1959) 

eW. A. Love, § 
Bull. Am. Phys. So 

'T. N. K 
lished) and Phys 


McGuire, Gatlin 
nessee, October, 


R. Meunier, J. P. 
Phys 
Marder 

4, 81 


Godfrey, Ph.D 
Rev. 92, 512 


Taylor 





ALLOWED AND FORBIDDEN 
This has also been checked in the numerical calculation.™ 
Our values for the muon capture rate are 9-13% less 
than those of references 6 and 7 (see Table V). 

As is seen in Fig. 1, the same transition rate often 
arises from more than one set of parameters. The 
inaccuracy involved in the nuclear wave functions brings 
a further complication.” 
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APPENDIX. EVALUATION OF REDUCED NUCLEAR 
MATRIX ELEMENTS IN MUON CAPTURE BY C" 


By definition, Eq. (38), the reduced nuclear matrix 
elements, [1/1], etc., in the muon capture by C” are 


((121), etc.)(010M\1M) 


- foe) 


KS tt’ U (C™)dridra---dts. (Al 


s=l 


Here ®, is given in Table IT. We assume the j—j coupling 
shell model and the harmonic oscillator wave functions. 
The four nucleons in the 1s shell are assumed to be inert 
during the ground state to ground state transition. As is 
given in reference 7, the nuclear wave function of C” in 
the standard notation is 


*“M. E. Rose and R. H. Good, Jr., Ann. Phys. 9, 211 (1960) 
They gave a formula for the angular distribution of recoils from 
muon capture in 0 — J transitions. Equation (20) in their paper is 
consistent with our P»’s, if we adopt the assumption Eq. (79), 
except for its fourth line. Without this assumption, a formula has 
been given by D. Greenberg and one of the present authors 
(M.M.), the second part of the present paper 

** Using our nuclear wave functions of C¥ and B", Eqs. (A2) and 
(A3), the transition rate, Eq. (65), of beta decay B® — C* is 
calculated, Ws theory = 159 sec. This is 4.8 times larger than its 
experimental value, Eq. (75). This inaccuracy of wave functions 
is almost cancelled in the ratio of W/W ,, as is seen in Fig. 1. It is, 
however, difficult to estimate the limit of error due to the crudeness 
of nuclear wave functions. L. Wolfenstein, Nuovo cimento 13, 319 
(1959) did a similar calculation of the muon capture rate in C™ 
which has been called to our attention after completion of our 
work. The result agrees with ours. There, the errors involved in 
the calculated transition rates due to the inaccuracy of the nuclear 
wave functions are estimated as roughly 20-30%. 
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Uo,°*(C®) 


=(4)'>> > ($3 m—m/00) 


m rath 
x 2754," "9(2,3,- ++, 8)Xe-*(L gy-*(1). 
The nuclear wave function of B” is 
Us,.4-"(B") 
=(})! >> ¥ ep(§ 5 m M—m!\1 M) 
Pom 


XW 494(2,3,--- BX Yee). (A3) 


Here P means the replacement of a member in (2,3,- - - ,8) 
by 1. ep is the sign due to this permutation. 

Inserting (A2) and (A3) into (Al) and integrating 
over the 3X (8—1) dimensions, the result is 


({1 l 1}, etc.) 


? 
2 


=> (—)*"(5 4 m M—m!|1 M) 


x fx mtg-akme'X de. (A4) 


X "=o D (14 m—pp|j mWyYi*(f). (AS) 
The ¢ is the oscillator potential wave function in the 1p 
State, 


@= Nr exp(—ar’/2) with N*=(8/3)e-ta!. (A6) 
Inserting (AS) into (A4), we have, e.g., for [111 p]: 
(111) 


=22L22 (—)r "(5 § m M—m\1 M) 
m « pw’ M’ 


«(11 M’ M—M’\1 M)\(14 M—m—pul} M—m) 

x } —m—p' pw’ ; —m) 

x [ower ~—#( Pp} ji(qr)e a2’ ¥ M-™ (#) 
xD (wy Vio’ (#) @ Jdrd. = (A7) 


Summing over all magnetic quantum numbers except 
for M, (A7) becomes 


[111 pj=—> we '-2-1.3(2/4+-1)100)10) 
«W(1111,11)W(1 914,41) 


x [ve eZms'"i,(ar)(Dip)r'dr, (A8) 
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Similarly, 


[011 pj=> w-34(2/4+1)(1 100/10) 
i 


A11) 


"7i(gr)rdr. 


«(We 14 


1, $2) 


Integrating over radial coordinate, we have the results 


x f ve aZmy'' i) (gr)(Did)rdr. (A10) 


given in (68)—(73) of Sec. 10 
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Application of Dispersion Relations to K,, and K,, Decays*t 
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The decay modes, K,; and Kys, are studied by means of a dispersion relation. It is as 


mental couplings involved are the strong pion and K-meson couplings to the bar 


coupling connecting nucleon, hyperon, and the lepton pair 
the absorptive part of the decay amplitude is expressed in terms of t 


The baryon-antibar 


he imaginary part 


in the same approximation. The decay rate is determined in terms of the various « 
the quantity Z which renormalizes the pion propagator. Comparison with experin 


ny 15 
oo? 5 
Ra / ER 


tude less than the beta-decay strength. 


1. INTRODUCTION 


T is not known whether four-Fermi forms are 
appropriate to represent the fundamental weak 
interactions. However, many authors' have suggested 
various weak couplings of the form Lweax=dJ,J, where 
J, consists of vector and axial-vector combinations of 
various baryon and lepton pairs. So far evidence for a 
universal coupling constant is found only in the strange- 
ness conserving decays ; present data on hyperon decays 
into a nucleon plus leptons indicate that if nucleon- 
hyperon terms are present in J,, they are present in a 
reduced amount 
Aside from the leptonic hyperon decays the most 
the 


serving “current” comes from the K+ 


direct evidence bearing on strangeness noncon- 


>pt+y, K+ >t 

* Supported in part by the University of Wisconsin Com 
mittee with funds provided by the Wisconsin Alumni Research 
Foundation. 

t A portion of this work carried out at CERN while the author 
was a National Science Foundation postdoctoral fellow 

'R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958); S. Okubo et al., Phys. Rev. 112, 665 (1958); J. Schwinger, 
Ann. Phys. 2, 407 (1957) 

2J. Leitner e@ al., Phys 
Crawford e¢ al., Phys. Rev 
Phys. Rev. Letters 1, 380 


Letters 3, 186 (1959); F. S 
1958); J. Orear et al., 


Rev 
Letters 1, 377 
1958). 


he results are consistent with a hyperon leptonic decay coupling « 


+v+n° and K+—et4 y modes, and the 
similar K~ decay modes. The partial lifetimes for these 
processes are fairly well kr nd if it were possible 


to connect them to the strength of a strangeness 


violating Fermi interaction one would have an indica- 


tion of the consistenc y of su h 


a form. 

In a perturbation calculation the divergence problem 
renders this connection im sible. Either one must 
numerica! valu cutoff or. one must 
the form of fundamental K 
Nevertheless there is 


choose a 
introduce counter-terms it 
decay couplings for each process 
some hope that another calculation procedure could 
avoid this problem; that in this case the divergence is 
perturbation expansion. 

Treiman* have used a 
the similar problem of 


really a consequence of the 
Recently Goldberger and 
dispersion relation approach to 
An answer for the decay rate was 
pi-nucleon and mu capture 
same method is applicable to 
the coupling 


x—ptyv decay 
obtained in terms of the 
coupling constants. The 
the K—>+u+v mode,‘ except that 
constants involved are unknown 


nere 


7M. L Rev. 110, 1178 
(1958) 

‘ B. Sakita, Phys. Rev 
Rev. 115, 750 (1959) 


Goldberger Phys 


114, 1650 (1959). C. H. Albright, Phys 





DISPERSION RELATIONS 


In the present work a similar method is applied to 
the K+ — w*+v+7° and K+ — e*-+-v+2 decay modes. 
It is hoped that such an analysis, together with the 
K — u+yv analysis and whatever data emerge on lep- 
tonic hyperon decays, will serve to check the consistency 
of the four-field coupling as the basis for strange par- 
ticle decays. 

The procedure to be followed, while parallel to that 
of reference 3, will be stated in somewhat different 
terms. A dispersion relation will be conjectured. In this 
dispersion relation perturbation theory will be used to 
evaluate the absorptive part arising from baryon- 
antibaryon intermediate states. The calculation can be 
modified to the extent of introducing an exact pion- 
nucleon vertex function (as in reference 3). Whereas 
Goldberger and Treiman express their result in terms 
of an integral involving a complex nucleon-antinucleon 
phase shift, we prefer to relate our approximate answer 
directly to functions involved in a similar approximation 
to the pion propagation function.® In this way it will 
turn out that all unknown information can be expressed 
in terms of the renormalization constant for the pion 
propagator. This also will make the neglect of higher 
physical states more plausible. Subsidiary dispersion 
relations for the intermediate processes are avoided 
while Goldberger and Treiman’s ‘damping due to the 
one pion state” is still obtained by a careful treatment 
of processes on the external pion line. 

The strong K coupling will be assumed pseudoscalar 
(though the calculation may be done for scalar coupling). 
Now it is the vector (rather than the axial vector) part 
of the Fermi coupling of nucleon to hyperon which 
contributes to K,; and K,, decays. That is, the relevant 
weak interaction presumably looks like a sum of terms 
of the form, 


Lw= A( Vay peronY pW nuc toon) 


x (Viepton Yn (1+ 7s) Wiepton) + H.c. (1) 


In order to avoid for as long as possible the problem 
of what particle combinations and what factors should 
be inserted into (1) we shall discuss the dynamics first. 
To this end we abbreviate the sum of contributions 
VnyperonYWaucleon to (1) by the symbol K,,. 


2. DISPERSION RELATION FOR K,;, K., DECAY 


The transition probability per unit time may be 


written as 


mM, 
P K+eue= (2r)-* -— 
2h, Ew wor 


K(X | M|*)6'(p)d*p.d*p,d"p,. 


spin 


(2) 


*K. Symanzik, Nuovo cimento 11, 269 (1959). M. L 
berger and S. B. Treiman, Phys. Rev. 113, 1663 (1959). 


Gold 


AND K.:; AND K,s DECAYS 


M is obtained from the reduction formulas,*® 


M = ty, (1+iys)u,f,0—(g—2), g*), (3) 


where 


SL—(q—k)*, 7] i(Qux)! f ¢ $e-29( — x) 


x (0|[J(0),K,(x)]|K). (4) 


‘Here K,(x) is, as explained above, the baryon con- 
tribution to the strangeness nonconserving weak cou- 
pling. J equals (_)|—*)¢,, again leaving out charge 
indices. k is the K particle four momentum, g is the 
sum of the u and » four momenta. Use has been made 
of the local Fermi coupling; this insures that p, and p, 
enter only in their sum. The variable, (¢q—&)* is the 
pion four-momentum squared. It is this that we shall 
allow to become unphysical. g* will be held fixed at its 
physical value (depending on the point in the decay 
energy spectrum). In reducing the time ordered product 
to a retarded commutator, use has been made of the 
fact that there exist no physical states with strangeness 
+1, number of nucleons equal to zero, and four mo- 
mentum p such that p’?=g* for the range of g defined 
by the real decay processes. 

The quantity /,, defined by (4), is essentially a three- 
point or vertex function. f/, may be written in terms of 
two invariant functions, 


Sul En) = kya(En)+-qub(En), (5) 
with 
§t=—(q—k)*, 9=q’. 

Now we conjecture a dispersion relation for the 
functions a and 4, in the variable £. Perturbation theory 
supports this conjecture in a model in which the decay 
proceeds through the heavy fermions.’ The relation of 
the external and intermediate masses is indeed such 
that, as anticipated from Eq. (3), the cut in the & plane 
will start from the first physical state connected by the 
strong interactions to the single pion. There being no 
direct coupling, K — w+yu+v, we shall assume dis- 
persion relations without subtractions. That is, it is 
assumed that the K,; rate is calculable in terms of a 
fundamental Fermi interaction strength and various 
strong couplings. The dispersion relations take the form 


P f* Ima(é’,n) 
fom § 
and similarly for b(t»). From (3) one obtains 


Im/,(&,9) = 4(2wx)' Fn 5*(k—q— pn) 
x (0| J (0) | n)(n| K,(0) \K), (7) 


where the states, #, include 3x, NN, YY, etc. We shall 


Rea(é,n) = (6) 


WT “to E 


*H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo 
cimento 1, 205 (1955) 

7R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys. 
Rev. 111, 1187 (1958). R. Oehme, Phys. Rev. 111, 1430 (1958). 





adits M, 


Fic. 1. Two kinds of contributions to (VN| K,(0)|K 


take all baryon masses equal and, following reference 3, 
investigate the contribution of the nucleon-antinucleon 
(or hyperon-antihyperon) state alone. 

To find the imaginary parts of a and 3 in this approxi- 
mation the two quantities needed are (0|J(0)!n) and 
(NN|K,(0)|K). The first: factor is the pion-nucleon 
vertex function and may be written 

(0| J(0)|NN 


gF— (pwt+ pr)? jiinysten. (8) 


In the summation, (7), FL—(patpa)*] may be re- 
placed by F(£). Goldberger and Treiman have dis- 
cussed this function in further approximations. However 
we shall not need to know this form. 

The second factor in (7) is the quantity 
(VN K,(0)|K). This will be treated in lowest order, 
assuming the strangeness nonconserving interaction (1) 
and a K coupling to nucleon and hyperon. There are 
two dynamically different contributions to the factor, 
(VN|K,(0)|K), shown in Fig. 1. NV and N are meant 
to stand for any baryon pair connected to the pion. 
For the moment we shall consider the contribution of 
one process of type I and one of type II separately. 
When these are introduced into the sum, (7), and all 
intermediate baryon pairs are included, some combina- 
tion of type I and II contributions will appear, de- 
pending on the specific couplings used. The possibilities 
for this combination will be considered later. 

The lowest order result is, 


(2wx)'VN|K,(0)|K)=\(M/E)gxtivO,uy, (9) 
where 
(py—px)—M 
Yus 
(py— px)?*+M? 
pxr+px)—M 
Y 5- 
(py—px)*+M? 
M is the baryon mass and £ is the baryon energy in 


the center of mass of the pair. Inserting these expres- 
sions and (8) into (7) we find 


—Im/f,!' = (1/41) 
x (ky/M)  p| Agee (£)0(E—4M?), 


Im/,! 
(10) 
where 


avé, p=((&/4)—M*}}. 


Terms of order »/M? compared to (10) have been 
neglec ted. 

Instead of substituting these expressions directly into 
the dispersion relations we want to compare them to a 


SAWYER 


function related to the pion propagator calculated in 
the same intermediate state approximation 
Defining 


P(£) ifee 


we have 
ImP(§)=2 > 8*(pw+pr—k+q) 


7 
« (0! J(0)| NN)(NN|J(0)|0). (12) 


All isotopic spin factors will be included later when the 
problem is considered of what states should be inserted 
for NN in (12). For the sake of consistency with the 
approximation to Im/,, we again 
sion (8) for (0! J(0) 


put in the expres- 
VN), but take the second factor in 


lowest order. Then one obtains, 


ImP(£) = — (g M)F(§)0(§—4M?). (13) 


From (5), (10), that in the 


approximation, 


present 


Imdb 


Ima; 
(14) 

ImP(¢ ImP(¢ 
Now in the Goldberger and Treiman treatment of 
pion decay, an expression similar to (7) was derived 
and approximated by the nucleon pair intermediate 
state. Their term (VN | ¥y,yw!0) was subjected to a 
further dispersion relation and approximated by a u 
capture coupling constant (subtraction) plus a con- 
tribution from a single pion intermediary. This second 
(one pion) contribution 
result which is of critical 


supplies a damping in the 
importance i 
evidently connected to the 


Its existence is 
possibility of self-energy 
processes on the external pion line 
For the real external pion these contribute only a 
renormalization constant, which has already been taken 
into account (by the use of the renormalized field in 
the reduction formula and the rer 
(NNIJ\0 guysu). But for the unphysical momenta 


involved in the dispe rsion relatior 


ormalized coupling in 


there are additional 
ion for Ky; decay 
involves unphysical pion momenta in exactly the same 
manner there is a similar phenomenon here. To obtain 
the damping effect (without subsidiary dispersion rela- 
tions) we must follow a more ac: 
external pion processes 


effects. Since our dispersion relat 


urate treatment of the 


All our various 
field operators may be expressed 


expectatior values of Heisenberg 
n terms of appropriate 
S-matrix elements, (a(in)|8(oul)). These in turn may 
be calculated by perturbation theory in the interaction 
representation. We shall denote modified 
ments with a subscript P 
contribution from Feynman di 


matrix ele- 
for proper) to indicate the 
igrams not containing a 
single intermediate pion line 


The external pion processes are s¢ parated explicitly 





DISPERSION RELATIONS 


when the amplitude, /,, is written in the form, 
Z3(—&+u*)A(—£)f,' (En), (15) 


where f,’ is the contribution from the diagrams which 
contain no single pion intermediate lines. Here A(— &) 
is the renormalized pion propagator and /,’ is given by 
(4) with the modification that when (4) is expanded in 
the interaction representation only proper contributions 
are counted. We write this 


i(2ux)' fe '¢-29(— x) 


xO [J(0),J,(a | K p. (16 


fal&n) 


From (15) we may infer the same analytic properties 
for f,’ as for f,. 

Just as the A-decay matrix element was written in 
terms of the proper contribution, the pion propagator 
itself is to be written in terms of proper contributions, 


1 1 
A= x ; 17) 
k?+-y? 1 - (Rk? +p?) R( 


(k®+-u*)?R(—k*) here is the proper meson self energy 
part and, 


ImR(— k?) =Z;7(k?+p:7) imi f ¢ *-29( x9) 


x (0! [J (x),J(0)]/0)p. (18 


The function /,’(é,») is to be divided as was /,; 


fal (En) = kya’ (En) +," (En). (19) 


The imaginary parts of f,’ and R will be calculated 
in the intermediate baryon pair approximation. In 
analogy to (7) and (12) one has, 


Im/,’=2(2wx)' > 5(pwt+pr—k+q) 
x (0| J(0)| NN) p(NN|K,(0)|K)p, (20) 


and 


ImR(£) = Z;?(—§+u*)? So 6(pw+pr—k+q) 
x (0! J(0)| NN)p(NN|J(0)|0)p. (21) 


Evidently any improper contribution to the inter- 
mediate matrix elements would produce an improper 
contribution to /,’; hence the subscripts P in (20 
and (21). 

We shall concern ourselves only with the ratio of 
Ima’ and Imdb’ to ImR. Again the form of the first 
factor (0|J(0)| NN)», common to all three quantities, 
Ima’, Imdb’, and ImR, is irrelevant. In (2) we again 
take lowest order (with renormalized couplings) for the 
factor (VN|j,(0)|K)p. In taking only a coupling con- 
stant for (VN!J(0)!0)p however we must remember 
that the processes on the outgoing pion line have been 
omitted. These would contribute a factor Z; to the 
amplitude (VN |J(0)|0) 


(as well as a correction ir 


AND K.: AND K,: DECAYS 


form). Therefore we take, 
{ VN J(0)'0 p==Z; ‘gtiny gtta. 
This leads to the result, 


Ima,’ Imay,’ 


(— E+")? Age 
) 


ImR ImR £ £ 


Imbd’ = 0. 
This ratio, the relation [from (15) and (17) ] 


1 

a’'(£,n), (24) 
1+(¢—p*)R(E) 
and the dispersion relation for /, (6), will be sufficient to 
determine the K,; decay rate in terms of the various 
coupling constants and the pion field renormalization 
constant. 

Henceforth the pion mass, y, will be set zero in all 
expressions for the imaginary parts of R and /”’, i.e., 
uw’ is neglected compared to 4M®*. Also the decay ampli- 
tude will be evaluated at zero pion mass. Equation (23) 


then becomes, 
Imay’(£,n) Imay;’ (fn) = CE ImR( én), 

: (25) 

( -2dgx/g. 


From (24) and the assumed dispersion relation (6) 
we have (with w=0) 


oh 


am? § 


a(Q) 


Ima(t)[1+é ReR(¢ 


§ ImR(£) Rea(£) 
x . 


1+€R(£) 


Substituting in (26) the two relations, 


P ImR(¢’) 
fe ; 
Ls g—£ 


1 Ima’ (£’) 
a’(0)+ pf dt’, 
™ £’(’— £) 


and using (25) one obtains, 


ReR(é) 


Rea’ é } 


a(Q) (29) 


-f dt CE ImR(£)— ta(0) ImR(£) 
Hoy & 1+€R(£) . 


The use of a subtracted form in (28) is for algebraic 
convenience. By this procedure [in view of (25) ] the 
integrals under the integral in (26) are seen to cancel. 
The subtraction term a(0) appears under the integral 
in exactly the same way as in reference 3. However in 
achieving an equivalent result we have avoided sub- 
jecting the subsidiary quantities, (VN|K,|K), to a 
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dispersion treatment. The analytic properties of a(&) 
are merely used over again. 
Making use of the fact that a’(0)=a@(0) and that 
ImR(£) 
ImA(— £) ; (30) 
2(£))? 
one find ow 


0 


1 
f dit{ C—a(0) | ImA(—&). 
T | 


4° 


a(Q) 


Provided the 
write’ 


indicated integral converges one 


1 x 
f ImA(—)d§=Z;"! 
z , 


Js 
The solution to (31) is thus 


C(i—Z;). 


ay ay 


3. NUMERICAL ESTIMATES 


It remains to determine the coefficients of the con- 
tributions’ a; and ay to the decay amplitude of the 
real K particle. For simplicity we assume a globally 
symmetric pi coupling. Now the total function (summed 
over nfi, pp, XE etc.) will be just 8 times its value for a 
single nf intermediary. This result depends on the 
universality of the coupling constant magnitude and 
not on relative signs (each g being squared). 
must contend with 
contributions of both signs, and depending on the exact 


In the calculation of Ima’, we 


interaction there may or may not be large cancella- 
tions. However, just from the number of intermediate 
processes, and some kind of universal (or average) 
order of magnitude coupling constants we may infer 
the maximum decay rate. The coupling constants 
required are those for the various processes (for K* 
decay), K* > Pt A, &. Kt >n+St, K* >Dt+z2" 
K+ -— A, =°+2* and for the weak couplings p+aA > 
uty etc. 

It turns out that the sign assignments in the globally 


SAWYER 


symmetric pi taken with the (dynamical) 
result, ay a1, insure no co! tribution from the loops 
beginning K+ — ++ and K+ — 2°+2°. There are in 
total eight additional remaining processes whose signs 
by the symmetry or by 


the K coupling. Our maximum 


coupling 


are unconstrained global 
charge independenc« 


ratio, 


where only one inter- 
and R. 
the weak 
Now 


is the same as a’ n Eq. (25 
mediate 
However, with 


channel sidered for both @ 


another choice of signs in 


coupling this ratio could be reduced to zero. 
assuming 0<Z;<1 we 
transition rate for the K decay. 


and (2) is obtained 


maximum 


1e 
From (33), (5), (3) 


may calculate the 


’ 


T max 
Kau wr 


m,"d 


4. CONCLUSION 


ifter fitting 4 = tO the 
7% of the total K+ 
; the vector « oupling 


With g?/g.2=15 we find, 
total leptonic plus pion dec ay rate 
rate®), Amin2’=~<(1/20)gy? where gy 
constant in 6 decay 

On the basis of the above analysis one could conclude 
either that the fundamental strangeness nonconserving 
I smaller the 


is consider- 


coupling constant is substantially than 
beta-decay coupling constant or that there 
able cancellation among the contributions of various 
baryon pair intermediate states. The same conclusion 
similar analysis of K,» decay.‘ The 


hyperon decay data strongly indicate 


is obtained in a s 
present leptoni 
the reduced coupling constant 


The strongest conclusion is that the frequency of the 
leptonic modes of K decay is not so large as to require 
Fermi 
s the fundamental weak coupling. 


excessive leptonic decays of hyperons if the 


interaction is taken a 
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